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This supplemental material accompanies our EGSR 2015 paper. It contains data from fitting a database
of 100 measured materials [MERL], in order to validate our fitting algorithm against the raw data and a
state-of-the-art fitting algorithm (SGD) [SGD]. Our fittings produce a tabulated model, as well as Gaussian
and GGX models. Each material is rendered and plotted in the incidence plane against each fit. In
addition, we provide plots of our reconstructed microfacet Fresnel term, microfacet normal distribution,
and microfacet shadowing term, as well as color mapped difference images computed in the CIE dEOO color
space. All rendered images were produced at 256 x256 resolution using 512 samples per pixel, and both the
SGD and reference materials were importance sampled according to our tabulated fit in order to speed up
convergence. Before exposing our fitting results, we provide the necessary mathematics to design the fitting
algorithm we used for our fits.

Inverting the BRDF

We show how to invert a microfacet BRDF based on the following equations
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fr(i;0) = 4 cosb; cos b, (1)
Co G1(i) Gi(o)
Gli,0) = G1(i) + G1(0) — G1(i) G1(0) 3)
cosf
Gy (k) = o kb D(IL) e (4)

Given f,, we wish to retrieve a microfacet slope probability density function P and a microfacet Fresnel
term F.

Retrieving the Microfacet Slope Distribution

Mathematical Inversion In backscattering configurations, i.e., when i = o (and hence, h = o), the
microfacet BRDF equation takes a simpler form

Ky D(o) G(o,0)

fr(0,0) = 4 cos? 6, (5)
_ Gi(o)

00 = 36110) - G300) )

Fy = F(0). (7)

Note that the geometric attenuation term G in these equations is only approximate since, as we discuss in
our associated paper, a physically sound model should give G(0,0) = G1(0). We perform the inversion of
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P with the assumption that G produces the correct physical behavior, i.e., G(0,0) = G1(0). In this case,
we can express the microfacet distribution of normals, i.e., D, as a the solution of an integral equation

_ 4f,(0,0)cos? b,
B Gi(o)

=4f,(0,0)cos¥b, /Q oh D(h) dwy,. (9)

FO D(O)

(8)

Due to the link between the microfacet distribution of normals and the microfacet distribution of slopes, it
follows that P is also the solution of an integral equation

Fy P(6) = i K(o0,h) P(h) dwy, (10)

K(o,h) = 4f,(0,0) cos’ 6, oh sec’ 6. (11)
In the mathematics literature, the above equation is known as a Fredholm equation of the second kind,
with kernel K. At this point, we can already retrieve P. However, we can reduce the dimensionality of

the solution if P is isotropic. Indeed, if P is isotropic, then it may be rewritten as a 1D radial function of
elevation angle

P(h) = g(0n) (12)

0, = arctan /a2 + 3. (13)

Hence, the problem of determining a 2D function P simplifies to the problem of determining a 1D function
g, which is also the solution of an integral equation
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Note that this solution is applicable to any isotropic BRDF such as those tested in the remainder of this
document.

MERL Numeric Resolution In order to retrieve the microfacet slope probability density function from
a MERL BRDF, we first re-express our 1D integral equation with the MERL quadratic half elevation angle
parameterization with the change of variable 6, = 62 (df} = 20d6)

V2m/2
Fo g(0,) = / K"(00,01) 9(6n) d6 (17)
0
K"(0,,05,) = 20K'(0,,04). (18)



We discretize the resulting 1D integral equation with a quadrature rule of N = 90 rectangles where the
angles are computed according to the MERL parameterization

N
Fog(0;) = wi K" (6;,01) 9(61) (19)
k=1
7(j —1)2
0; = (‘72 Nzl) (20)
6, = W (21)
wi = % (22)

Letting g denote the vector g = (g(1), -+ ,9(0n))! and K denote the matrix

le”(Gl,Gl) s le”(Ql,HN)
K = : : (23)
wNK”(HN,Hl) e wNK”(GN,QN)

we can rewrite our 1D integral equation as the eigenvalue problem
K-g=Fg. (24)

Since the elements of K are all nonnegative, the Perron-Frobenius theorem states that the largest eigenvector
is a valid solution to our problem. Letting v denote the largest eigenvector of K, we compute it iteratively
using the power iteration method

Vnt+1 = K- (25)
=1. (26)

In practice, we used n = 4 for the entire MERL database. Algorithm [1| provides pseudocode for our method.

Retrieving the Fresnel Term

Once we have recovered the microfacet slope probability density function, we can generate a BRDF whose
microfacets act as “ideal” mirrors, i.e., F'(0y) = 1 for any 6y

D(h) G(i,0)
4 cosB;cosb,

fr zd( ) (27)
By averaging the ratio between the input BRDF and the ideal response at each difference angle 64, we then
retrieve the complete microfacet Fresnel term. The computation is straightforward using Rusinkiewicz’s
BRDF parameterization.

F(o T 0 00) o 28
)= w—zed / / / Jraaliso) 1O %)
i:Rz-Rx-d (29)
[ cos¢p, sing, O 1 0 0 sin 04 sin ¢g
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. 0 0 1 0 —sinf, cos6y cos By
[ cos¢p, cosOpsing, sin 6y, sin ¢y, sin 04 sin ¢q
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Note that this solution is applicable to any BRDEF. If the input BRDF is an actual microfacet BRDF, then
the recovered Fresnel will match that of the input.



MERL Numeric Resolution For MERL input BRDFs, we perform the inversion with a quadratic
distribution of half-vector elevation angles

B L T p2m pa/T/2—04 M
Fo) = e [ [ oo o, (33)
0, = 6°. (34)

We then compute the Fresnel term for 90 discrete angles uniformily distributed between 0 and 90 degrees

180 360 N fr 1 0

Fba) = 505360 x v 2;; fraa(i,0) (35)
{90\/1 - 2§dJ (36)

~ m(k—1)
o = EET (37)

_m(i—1)
¢a = TR0 (38)
6, = (l 9_01> . (39)

That way, we read all the values from the BRDF. Algorithm [2| provides pseudocode for our method.

Algorithms

Algorithm 1 Extract Isotropic P
function EXTRACT_P_ISOTROPIC
for 1<j<N,1<k<N do > Build kernel matrix

0, = 7(j — 1)2/(2 x N?)
0n, = m(k —1)2/(2 x N?)
o = (sinf,, 0, cosb,)
h = (sin 6y, 0, cos 0)
f(i,j = %fr(o, o) cos® 6, oh sec* 4,

end for

v=1

for 0 <i < M do > Power iteration (we set M = 4)
v=K-v

end for

P = normalize(v) > Normalize the eignevector so that it integrates to one

end function




Algorithm 2 Extract Fresnel Term F
function EXTRACT_F
for 1 <i<90 do
Og=m(i—1)/(2x90)
F(6g) =0
for 1< <180,1<k<360 do
$a = m(j — 1)/180
on =7(k—1)/180

¥= [0y

for 1<I<N do
0, = m(l —1)2/(2 x 90?)
i = Rusinkiewicz(h,d) > Retrieve i from the Rusinkiewicz parameterization
o=2(i-h)h—i > Retrieve o from the Rusinkiewicz parameterization
F(0a) = F(6a) + fr(i,0)/ fria(i; 0)
end for
F(02) = F(62)/N
end for
F(6;) = F(04)/(180 x 360)
end for
end function
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BRDF Lobes in the Incidence Plane (Cubic Root Applied)
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BRDF Lobes in the Incidence Plane (Cubic Root Applied)
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BRDF Lobes in the Incidence Plane (Cubic Root Applied)

ol " sGD —— | ol T Tab ]
MERL - MERL -
81 1 8t 1
7t 1 7t 1
6 1 6 1
51 1 5t 1
4t 1 4t ]
3t 3t 1
2 F 2t
1F 1F
0 0 '
-9 -9 -8
N : : : : : = _ N : : : : : o _
MERL - MERL
st ] 8t ]
7 1 7t 1
6 1 6 1
51 1 5t 1
4t 1 4t -
3t 3t 1
2 2t
1 -
0 0
9 9
Ours: Gaussian
Fitted Microfacet Functions
0.13 450 . Fab 1 ~ 5 Tab
auss auss
0.12 400 T GGX & 08 GGX A&
0.11 350 .
300
041 06
250
0.09
200 0.4
0.08 150
0.07
100 02
0.06 50
0.05 0 0
0 10 20 30 40 50 60 70 80 90 0 10 20 30 40 50 60 70 8090 0 10 20 30 40 50 60 70 80 90
Fresnel (R, G, B) NDF (D) Smith (G1)

14



5 beige-fabric

Renderings

/

2D
il

SGD Reference Ours: Tabulated

Ours: Gaussian Reference Ours: GGX

CIE dEO00

SGD Reference Ours: Tabulated

Ours: Gaussian Reference Ours: GGX

15



BRDF Lobes in the Incidence Plane (Cubic Root Applied)
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BRDF Lobes in the Incidence Plane (Cubic Root Applied)
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BRDF Lobes in the Incidence Plane (Cubic Root Applied)
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BRDF Lobes in the Incidence Plane (Cubic Root Applied)
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BRDF Lobes in the Incidence Plane (Cubic Root Applied)
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BRDF Lobes in the Incidence Plane (Cubic Root Applied)
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BRDF Lobes in the Incidence Plane (Cubic Root Applied)
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BRDF Lobes in the Incidence Plane (Cubic Root Applied)
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