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Outline

1 3D Extension of the Euclidean Algorithm and Plane-Probing Algorithms

2 E ∗
1 (·), a Way of Generating Planar Patches
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No unique 3D extension to the Euclidean algorithm

Assuming 1 ≤ a ≤ b ≤ c :
Brun: (a, b, c)T → (a, b, c − b)T ;
Selmer: (a, b, c)T → (a, b, c − a)T ;
Farey: (a, b, c)T → (a, b − a, c)T ;
Fully-Subtractive: (a, b, c)T → (a, b − a, c − a)T ;
Poincaré: (a, b, c)T → (a, b − a, c − b)T .
. . .

⇒ ambiguities or null coordinate in case of ties,
with, e.g.,

( 1
2
2

)
,

( 1
1
2

)
.
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A class of generalized Euclidean algorithms

Definition of a set of unimodular matrices

U :=



 1 -1 0
0 1 0
0 0 1


 1 0 -1

0 1 0
0 0 1


 1 0 0

0 1 -1
0 0 1


 1 0 0

-1 1 0
0 0 1


 1 0 0

0 1 0
-1 0 1


 1 0 0

0 1 0
0 -1 1




Algorithm
Given v ∈ N3, with coprime coordinates,

while v ̸= 1,
choose U ∈ U such that Uv ∈ N3 (several possibilities)
and do v← Uv.
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A matrix sequence

Termination, complexity and output
The number of steps is N ≤ ∥v∥1 − 3,
The matrices used as numbered from U1 to UN .

Geometrical interpretation
v 1

UN · · ·U1

e1 e2

e3
v

UT
1 · · ·UT

N

v
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Using a set-membership predicate instead of v

Digital plane

Given v ∈ N3, with coprime coordinates,
and an offset µ ∈ Z,

Pv,µ := {x ∈ Z3 | µ ≤ vT x < µ + ∥v∥1}.
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Interesting fact

Un · · ·U1v ∈ N3 ⇔ ∀i , eT
i (Un · · ·U1v) ≥ 1

⇔ ∀i , vT (UT
1 · · ·UT

n ei) ≥ 1
⇔ ∀i , UT

1 · · ·UT
n ei /∈ Pv,−∥v∥1+1
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Plane-probing Algorithms

Definition
Given a digital plane P and a starting point p ∈ P, a plane-probing
algorithm computes the normal vector of P by sparsely probing it with the
predicate ”is x ∈ P?”.

State of the art

Upward-oriented tetrahedron. No
guarantee that it stays close to the
starting point. [L.P.R.,2016]
Downward-oriented tetrahedron with a
fixed apex (= triangle).

▶ H, R [L.P.R.,2017], R1 [R.L.,2019]
▶ implemented in (dgtal.org)
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Main Features of Plane-Probing Algorithms

They are generalizations of the Euclidean algorithm...
Output: a matrix sequence that reduces the normal v of P, i.e.,

U−1
1 · · ·U

−1
N 1 = v.

...but with very specific features
Input: a predicate ”is x in P?”
At every step n ∈ {1, . . . , N},

▶ Un is chosen from U (for H) or from a larger set (for R, R1),
▶ by a geometrical criterion, depending on U1, . . . , Un−1 for n ≥ 2.

⇒ the column vectors of UT
1 · · ·UT

N are usually shorter with plane-probing
algorithms than with other generalizations.
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Selmer vs H for v =
( 1

13
17

)
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(a) Selmer (dmax ≈ 15)
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Generation of planar patches

State of the art
Based on a digitization model,
Based on 3D generalizations of the Euclidean algorithm:

▶ union and translation of point sets,
e.g., [D.V.,2012], [J.L.P.,2016],

▶ E∗
1 (·): rules that replace square faces by sets of square faces,

e.g., [A.I.,2001], [B.F.,2011].
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Square faces and stepped planes

Three types of face (≈ geometrical alphabet)

∀x ∈ Z3, (x, 1∗), (x, 2∗), (x, 3∗) are as follows: e2

e3

e1 •

Stepped plane
Given v ∈ N3, with coprime coordinates,

Πv := {(x, i∗) | x ∈ Z3, 0 ≤ vT x < vT ei}.

The vertices of the faces of Πv are the points of Pv,0.

12 / 23



E ∗1 (·)

Definition

E ∗
1 (σ)(x, i∗) :=

⋃
i ·s is a suffix of σ(j)

(M−1
σ (x + l(s)), j∗)

It preserves stepped planes for any unimodular substitution

E ∗
1 (σ)(Πv) = ΠMT

σ v.

NB:
σ is a substitution over {1, 2, 3}
l : {1, 2, 3}∗ → N3 is the Parikh mapping
Mσ is the incidence matrix of σ.
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Geometrical illustration of E ∗
1 (σ) with an example

σ :


1 7→ 1
2 7→ 12
3 7→ 123

Mσ =

 1 1 1
0 1 1
0 0 1


M−1

σ =

 1 -1 0
0 1 -1
0 0 1



• • •
•

•

E∗
1(σ)

M−1
σ discretisation

• • •

•

• • •
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Geometrical illustration of E ∗
1 (σ) with an example
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Geometrical illustration of E ∗
1 (σ) with an example
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Geometrical illustration of E ∗
1 (σ) with an example
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Method overview

Input
W0, the lower part of the unit cube:
a matrix sequence (Un)1≤n≤N that reduces a normal vector v

∀n ∈ {1, . . . , N}, choose a substitution σn such that M−1
σn = UT

n

2 possible choices for every matrix UT
n ∈ U ,

one can use a convention (∀i ∈ {1, 2, 3}, σn(i) starts with i).

Output
Patterns (Wn)1≤n≤N , images of W0 by E ∗

1 (σn ◦ · · · ◦ σ1).
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Incremental generation for v =
( 1

2
4

)
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Incremental generation for v =
( 1

2
4
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Another example, v =
( 2

6
15
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Selmer vs H for v =
( 1

13
17
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Topological issues, v =
( 5
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Main features of the generated patterns

Theoretical results
inclusion: ∀n < N,Wn ⊂ WN ⊂ Πv.
periodicity: WN periodically generates Πv with:

M−1
σ1 · · ·M

−1
σN (e2 − e1) and M−1

σ1 · · ·M
−1
σN (e3 − e2),

minimality: WN has eT
i v faces of type i ∈ {1, 2, 3}.

Experimental results
(+) compact and close to W0 when using a plane-probing algorithm,
(−) not necessarily connected...
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Conclusion and Perspectives

Conclusion
Link between a 3D generalization of the Euclidean algorithm and
plane-probing algorithms
(both produce a matrix sequence that reduces a given vector).
Use E ∗

1 to produce a pattern from a matrix sequence:
▶ theoretical properties: inclusion, periodicity, minimality,
▶ observation: compact when using a plane-probing algorithm.

Perspectives
short-term: measure how far from the initial faces the patterns are.
middle-term: find a way of making them necessarily connected.
long-term: use pattern generation for the analysis of digital surfaces.
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