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Wythoff's Nim

Wythoff's Nim is a well-known impartial game with two heaps of
tokens. The rules are as follows:

» The legal move is to remove any number of tokens from a
single heap (as in Nim) or
» remove the same number of tokens from both heaps.

The end position is the state of no tokens in both heaps.
Wythoff's Nim is also called " Corner the Queen.”
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Corner the Queen

The rules of the corner the queen are as follows:
Each player, when it is his turn to move, can move a Chess queen an
arbitrary distance North, West or North-West as indicated by arrows.
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Clearly, this game is equivalent to Wythoff's Nim.
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Wythoff's Nim

The Grundy value of Wythoff's Nim position is not known, but the
following theorem is well-known about P-positions of Wythoff's Nim.

Theorem

Let (m, n) (m < n) be a Wythoff's Nim position.
For n — m = k, the P-positions of Wythoff's Nim are given by

(Lk®], [k®] + k), (|kP] + k, | kP]),

where ® is the golden ratio, i.e. ® =

“f‘a
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Ryuo Nim
Movement of pieces in Chess

» King; can move one by one, vertically, horizontally and
diagonally.

» Rook; can move as many steps as you like, vertically and
horizontally.

There are other pieces of chess, but this time | will only consider

these two.
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Ryuo Nim
Movement of pieces in Shogi (Japanese chess)

Shogi is a Japanese board game similar to Chess.
In Shogi, the movement of the pieces are almost the same with that

of Chess.
» Hisya ("flying chariot”); the movement is exactly the same with
that of Rook.
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Ryuo Nim

In Chess, when a piece called pawn reaches the first row, it is
replaced by a piece of the player's choice (promotion).

In Shogi, some of the pieces turn over and become more powerful
when they reach the third row.

For example, in the case of a Hisya, it turns over and becomes a
Rytio, which is more powerful than a Hisya.

» Ryuo ("dragon king", promoted Hisya); can move both the
Hisya and the king.

v
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Ryuo Nim
Ryto Nim is equivalent to the game played with a Ryiio instead of a

queen in " Corner the Queen.” The legal move is to remove any

number of tokens from a single heap (as in Nim) or remove one
token from both heaps.
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The Grundy value of Rytic Nim
Grundy values of Ryiio Nim are examined and they are shown in the
following table.

» The table of the Grundy value of Ryuo Nim

0|(1|2|3|4(5(6|7 |89 |10(11(12|13|14|15(16(17|18|19|20
0(o0[1[2[3|4 (5|6 (7|89 |10[11[12[13|14|15|16|17[18(19|20
11204 |53 |7 ([8]6]|10|11|9 [13[14]12]|16(17|15[19([20]18
22|01 (5(3[4|8 |6 |7 (119 |10|14(12(13[17|15|16(20(18(19
3[(3|4|5(|0[1[2]|9 10116 |7 |8 |15(16(17 1213|1421 (2223
4 (4|53 |1[2[0|10|11|9 |7 |8 |6 |16|17(15[13|14|12|22(23(21
55|34 (2 (0[1|11|9 (108 |6 |7 |17(15(16|14|12|13|23 (2122
6 (6|7 (89 |10(11(0 1|2 |3 |45 (18[19(20(|21|22(23[12(13|14
7786 |10|11(9 |1 [2]0 |4 |53 ([19[20]18]22|23|21(13[14]|12
8|86 |7 [11]9|10[{2 0|15 |3 |4 [20[18]19]23|21|22[14(12]13
9 (9f10{11|6 |7 (8|3 [4 |5 |0 |12 [21]22]|23|18|19(20(15(16|17
10(10{11|9 |7 (8 |6 [4 |5 |3 |1 |2 [0 [22]|23|21(19(20(18|16|17 |15
11(11{9 |10|8 |6 |7 [5 |3 |4 |2 |0 ([1[23]|21|22|20(18[19|17|15|16
12 (1213141516 |17 [18|19|20|21|22[23[0 |1 |2 |3 [4 [5 |6 |7 |8
13(13[14|12|16(17[15[19|20|18 (22|23 (21 2(0[4[5]|3|7 (86
14 (1412|1317 (15(16[20(18|19(23|21(22[2 |0 |1 |5 [3 [4 |8 |6 |7
15(15[16 |17 |12 (13|14 |21 (22|23 |18|19(20(3 |4 |5 |0 [1 [2 |9 |10|11
16 (16|17 |15|13(14(12(22(23|21|19(20(18[4 |5 |3 (1 |2 [0 |10|11| 9
17 (1715|1614 |12[13[23(21|22|20(18(19|(5 |3 |4 [2 [0 [1 |11]|9 |10
18 (18 (192021 (22(23[12|13|14|15(16(17|6 |7 |8 |9 [10{11]|O0 |1 |2
19(19(20|18[22|23[21 (13|14 (121617157 |8 [6 [10[11|9 |1 [2 ] O
20(20(|18(19(23(21(22|14(12(13(17(15(|16|8 |6 [7 [11|9 |10|2 [0 |1

When you observe them thoroughly, you can see regularity.
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The Grundy value of Rytic Nim

That means it is divided into 3 x 3 blocks.

» Table of ((x + y) mod 3

Slale||nlo|~|ale =[x |o |~ o = oo |~ o fo [«
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CllalofHale |~ o= |a]e ||~ fo [ |a|e |~ [~ o
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S o e fo |- [a o [ e o | oo [ o [o |~ [ev o |~
B=RE- |~ [ [FIRE]- [ [ERE- |~ (o [=RE
Sl | |nfo |~ |ale | [nfo |~ |a o[- [a|o |~ |~ o [ [
Slalo|=|nle|=|clo|=|nlo =] lo |~ |a|o |~ |~ o [~
Sl |fo|=m|e || fo |- [a]o [ | o | oo [~ |~ o
alo|-|nlof-]alo]-|n]e|~]a]o]~|~]o|~|n]o [~ ]|~
@nfof-]afo|-|a]e]=]alo]-|a]o]~]x]o [~ |n]o]~
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wnfo-afel=|n]o|~]alo]=]x]o|~]a]e]=]~]o |~
<[~ fafola|ale~]alolmla]e|~]n]o = ]|a]o]~|~]o
oo |~ |n o |- |a]o |~ [n o[~ ]ao [~ [~ o |~ fo [~ [~
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((x 4+ y) mod 3) is the remainder obtained when x + y is divided by 3.
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The Grundy value of Rytic Nim

When you add this term to the table, we get the table of the Grundy
value of Ryuo Nim

> Table of ((x 4+ y) mod 3) +3([5] & [%])

0f(1|2|3|4(5(6|7 |89 (10(11(12|13|14|15(16(17|18|19|20
0(0[1[2[3|4 (5|6 (7|89 |10[11(12[13|14|15|16(17[18(19|20
1(1[(2[0f4 |5 (3|7 ([8]|6|10|11|9 [13[14|12|16|17|15[19([20]|18
2(2|o0o|1|5[3[4|8 |6 |7 [11[9 |10]|14|12(13[17|15]|16(20(18(19
3[(3|4|5(0[1[2]|9 10116 |7 |8 |15(16(17 (1213|1421 (2223
4 (4|53 |1[2[0|10|11|9 (7 [8 |6 |16|17(15[13|14|12|22|2321
5[(5|3|4|2[0f1|11|9 |10({8 |6 |7 |17|15[16[14|12]|13|23|21(22
6 (6|7 (8|9 |10(11({0 (1|2 |3 |45 (18[19(20(|21|22(23(12(13|14
77 (8|6 |10|11(9 (1 [2 |0 |4 |53 [19[20]18]22|23(21(13[14|12
88|67 |11|9(10[2 0|1 |5 |3 |4 [20[{18]19]23|21|22(14(12]13
9 |9 f10|11[6 |7 |8 |3 [4|5]|0|1]|2([21|22]23|18(19|20(15[16]|17
10(10{11|9 |7 (8 |6 [4 |5 |3 |1 |2 [0 [22]|23|21(19(20(18|16|17 |15
11(11{9 |10|8 |6 |7 [5 |3 |4 |2 |0 ([1[23]|21|22(20(18[19|17|15|16
12 (121314151617 [18|19|20|21 (22230 |1 |2 |3 [4 [5 |6 |7 |8
13(13[14|12|16(17(15(19(20|18(22(23(21|(1 |2 |0 (4 [5[3 |7 |8 |6
14 (1412|1317 (15(16(20(18|19|23|21(22[2 |0 |1 (5 [3 [4 |8 |6 |7
15(15(16 |17 |12 (13|14 [21|22|23|18|19(20(3 |4 |5 |0 [1 [2 |9 |10[11
16|16 (17 |15[13|14 (12 (2223211920184 |5 [3 [1 |2 [0 [10[11]9
17 (1715|1614 (12[13[23|21|22(|20(18(19(5 |3 |4 (2 [0 [1 |11]|9 |10
18(18 (1920212223 (12|13 |14|15(16(17[6 |7 |8 |9 [10[11]|0 |1 |2
19(19(20|18|22 (23|21 [13|14|12|16|17(15[7 |8 |6 [10f11[9 |1 |2 |0
20(20(|18(19(23(21|22|14|12(13(17(15|16|8 |6 (7 [11|9 |10|2 [0 |1
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The Grundy value of Rytic Nim

Definition (Grundy value)

Let G be an impartial game position. The Grundy value G(G) is
defined as

G(G) = mex{G(G") | G’ € G}.

Therefore, we found that the Grundy value of Ryiic Nim can be
expressed as follows:

Theorem
Let (x,y) be a Rytio Nim position, then we have

G(x,y) = ((x +y) mod 3) + 3([5] @ [5])-

The Grundy value of Wythoff's Nim position is not known, but we
were able to obtain the Grundy value of Ryiio Nim position.
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Generalized Ryuo Nim

Restrict the diagonal movement by p € Z~ 1.

(The total number of tokens removed from the both heaps at once
must be less than p.)

If p = 3, then this game is equivalent to Ryuo Nim.
If p =4, it will be a movement like adding a movement of Knight to
Ryuo.
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Restrict the diagonal movement version

The Grundy value of this game position turned out to be as follows:
Theorem

Let (x,y) be a Generalized Rytic Nim position, then we have

G(x,y) = ((x+y) mod p) + p([ 5] @ [7]) (p € Z>1).
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Generalized Ryuo Nim

Restrict the diagonal movement by p € Z~; and side movement by
q € Z>1.

(It is possible to take up to a total of p tokens when taking them at
once and up to q tokens when taking them from one heaps.)

£
P
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Restrict the diagonal and side movement version

In this case, Grundy value is known only in the following cases:

Theorem
If g =0 (mod p), then we have

G(x,y) = ((x mod g +y mod q) mod p) +p(| "] @ [*"2%4 )
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Restrict the diagonal and side movement version

Theorem
If g=1 (mod p), then we have
(1) x=0 (mod g), y =0 (mod q), x #0, y #0,

G(x,y)=q
(2) Otherwise

G(x,y) = ((x mod g + y mod q) mod p)
+p(| 2] @ [ LT )

In other case, it becomes complicated and generally difficult.
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Restrict the diagonal and side movement version

Restrict the diagonal movement by p € Z- 1, the horizontal
movement by g € Z~; and the vertical movement by r € Z- 1.

Theorem
If g=0 (mod p) and r =0 (mod p), then we have

G(x,y) = ((x mod g +y mod r) mod p) +p(|*"2%4] @& [ ~75%"])
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3-dimensional Ryuo Nim

3-dimensional Rytio Nim is an impartial game with three heaps of
tokens. The rules are as follows:

» The legal move is to remove any number of tokens from a
single heap (as in Nim) or

» remove one token from any two heaps or

» remove one token from all the three heaps.

The end position is the state of no tokens in the three heaps.

Tomoaki Abuku (University of Tsukuba) Ryl Nim 23-25th October, 2017 20 / 25



The P-positions of 3-dimensional Ryuo Nim

We could not get the indication of Grundy value for 3-dimensional
Ryuo Nim but we get the P-positions as shown in this theorem.
Theorem

Let (x,y, z) be a 3-dimensional Rytid Nim position.
The P-positions of 3-dimensional Rytic Nim are given as follows:
(x+y+z)=0 (mod 3), and moreover

(A) f x=y =z=1 (mod 3), then
zlelslelflel=0
(B) Otherwise
slelslels) =0
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3-dimensional Ryuo Nim

- Let's change the rule of 3-dimensional Ryuo Nim as follows:
(We will eliminate the rule of taking tokens one by one from the

three heaps.)
3-dimensional Ryuio Nim is an impartial game with three heaps of

tokens. The rules are as follows:
» The legal move is to remove any number of tokens from a
single heap (as in Nim) or
» remove one token from any two heaps or
> remove-one-tokenfrom—al-thethree-heaps:

The end position is the state of no tokens in the three heaps.
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The Grundy value of 3-dimensional Rytio Nim

Then, we can obtain the Grundy value of this game as follows:

Theorem

Let (x,y, z) be a 3-dimensional Ryu6 Nim position, then we have

G(x,y,2) = ((x +y +z) mod 3) + 3([3] ® [5] @ [5]).

We considered that this could be expanded and made the following
conjecture:

Conjecture

Let (xi, ..., X,) be a n-dimensional Rytid Nim position, then we have

G(xt,-. %) = (e + - + xa) mod 3) + 3(| 2| ® -~ B | 2]).

In the near future, We'd like to consider whether or not it will be
expanded.
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