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Abstract

This paper presents simple and efficient deformation
methods based on a new class of interpolating N-adic sub-
division algorithms. Our N-adic scheme is a natural exten-
sion of a standard dyadic scheme — each face of the mesh is
more generally divided into N2 sub-faces — and geometric
properties are similar.

This framework enables us to locally deform the surface
using different tools by either modifying the direction of nor-
mals at the vertices of the control mesh, or twisting them.

Experiments show that the N-adic decomposition pro-
vides a more accurate control over deformations, and
proves to be a good alternative to dyadic decompositions.
Keywords: subdivision surfaces, normal control, mesh de-
formation, N-adic scheme.

1 Introduction

Manipulating efficiently and intuitively triangles meshes
is a challenging problem for special effects and animation.
Mesh models may be either created from scratch in an in-
teractive modeling environment or obtained from digitized
models. In general, those models are further edited. For
instance, the surface may be smoothed, deformed, and de-
tails or extra features may be added. Subdivision surfaces
have proved to be an attractive model for creating complex
meshes.

Subdivision surfaces have been in the highlights of the
computer graphics community for the past few years. One
of the greatest advantage of subdivision algorithms is that
they produce smooth surfaces from an arbitrary initial con-
trol mesh. Moreover, subdivision surfaces may be struc-
tured into a hierarchy, enabling the management of level of
detail.
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A number of subdivision schemes have been proposed so
far and may be sorted into two categories. Approximation
techniques move all the vertices of the mesh, whereas in-
terpolation techniques keep the vertices of the control mesh
unchanged. Approximation techniques have been most ex-
tensively studied as they tend to produce better shapes and
are more flexible. Those methods do not provide a tight
control of the surface, which is often crucial in surface
design and character animation. In contrast, interpolation
techniques preserve the vertices of the control mesh, but the
fairness of the surface is more difficult to control.

In general, deformations are performed by moving
control points. Local multiresolution deformations are
achieved by editing the control mesh at different resolu-
tion levels [7, 21, 14]. A very attractive modeling feature
is the ability to prescribe the normals of a mesh at given
vertices using rotations. Such a control is very interesting,
since it provides a complete set of tools in a context of field
controlled shape deformation [12]. Still, performing nor-
mal control for subdivision surfaces remains a difficult chal-
lenge. Several deformations methods using normal control
have been proposed, however most rely on approximation
schemes [8, 2, 15].

In this paper, we present simple and efficient local defor-
mation methods based on a new N-adic interpolating sub-
division scheme. Control is performed with rotations by
moving the normals either around the vertices of the con-
trol mesh, or around the normal axis so that the surface
should be locally twisted. In contrast with dyadic schemes,
we use a more generic N-adic decomposition of the param-
eter space which results in a better shape definition. We
eventually compare deformations produced by our N-adic
scheme and the standard dyadic method.



2 Previouswork

Several authors have proposed techniques for editing
and rendering subdivision surfaces efficiently. Most edit-
ing tools focus on the displacement of the vertices of the
control mesh and try to optimize the internal representation
of the surface with level of details.

Zorin et al. [21] have proposed an approach based on
signal processing techniques. The surface is split into a set
of hierarchical meshes that represent the increasing level of
detail added by each finer mesh. The process is scalable,
it may be performed automatically and enables local mod-
ifications on the surface. Although the Loop scheme [11]
has been tested, it can be adapted to other schemes. Mandal
et al. [14] have proposed a scheme for dynamic manipula-
tion of the limit surface created with the modified Butterfly
scheme [6, 19] using physically based force controls. The
control is provided by tracking vertices at various levels of
the subdivision. Although accurate, the surface deformation
remains global and computationally expensive. Therefore,
it is dedicated to simulation rather than interactive anima-
tion.

Several other methods deal with the deformation of the
surface by modifying the normals at the vertices of the con-
trol mesh. Those methods are restricted to non-interpolating
approximation schemes however.

Nasri [15] has proposed a simple yet efficient technique
for the Doo-Sabin [4] scheme. The first subdivision step
aims at creating new vertices that are relocated to adaptto a
given normal. The Doo-Sabin specific corner cutting algo-
rithm locates new vertices in the vicinity of initial control
points. Further subdivision steps simply smooth the mesh.
Halstead et al. [8] has improved the Catmull-Clark [3]
scheme in order to directly generate the limit surface. Con-
ditions for interpolating normals are given. Unfortunately,
using normals to control the limit surface dramatically in-
creases the resolution cost. Biermann [2] has proposed an-
other method for approximating various schemes such as
Loop or Catmull-Clark. This is achieved by adding a cor-
rection step after each classical subdivision step. Resulting
points from this correction step are oriented relatively to the
normal.

Some authors have proposed other iterative and easilly
deformable reconstruction methods.

Volino [17] uses blended spheres to perform a N-adic
tessellation of triangles. Points and normals from the initial
mesh are directly involved in its construction. Vlachos [18]
uses a N-adic tessellation to perform his PN Triangles (or N-
patches). Primitives used here for reconstruction are poly-
nomials, based on a more current Bézier patch model. Its
construction uses points and normals as well. This method
has been proposed with a view to being implemented in the
graphics hardware.

In our paper, we propose a N-adic interpolating subdi-
vision scheme which enables us to perform intuitive one-
step deformations based on a normal control. Section 4
describes the N-adic reconstruction processs whereas sec-
tion 5 describes the different deformation tools.

3 Background

In this section, we present the notations and some results
that are useful in the remainder of the paper.

Subdivision surfaces are addressed from both a topolog-
ical and geometrical point of view. The topology defines
the structure of the mesh with vertices, edges and faces,
whereas the geometrical aspect purposes the geometric rep-
resentation of the vertices in R%. When designing topologi-
cal vertices, we use small letters whereas capital letters de-
note their geometric coordinates.

During the subdivision process, new vertices are inserted
into the topology. Most subdivision schemes make use of a
dyadic decomposition. Edges are split in two by inserting
a new vertex in the middle of the edge, hence, triangles are
subdivided in four. The geometric coordinates of the new
vertices, refered to as elevation, are evaluated with a given
transformation associated to the vertices of the mesh (Fig-
ure 1).
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Figure 1. Subdivision process: new vertices are in-
serted into the topology (left) so that each old triangle
(upper row) may be divided into four (bottom row).
Coordinates are obtained after embedding the mesh
into R? (right).

The transformation may be characterized by masks that
define the elevation of each new vertex as a barycentric
combination of the coordinates of neighboring vertices.
Masks depend on the local topology around each old ver-
tex. They are represented with stencils that take into ac-
count the valence of the vertex, which is the number of ad-
jacent vertices. In our work, we start from the modified



Figure 2. Modified Butterfly mask for an extraordi-
nary vertex. Vertices involved in the computations for
the black vertex belong to the 1-neighborhood of the
central vertex.

1-neighborhood Butterfly masks described in [20]. Figure 2
illustrates the associated stencil applied near a vertex with
valence K. Coefficients used for the barycentric combina-
tion are as follows, if K > 5 then:

5T K \4 K 29K
If K = 4 we have:
3 1
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Eventually, K = 3 yields:
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These coefficients are chosen so that the elevation of the
new vertices should reproduce polynomial surfaces. Let g,
and ¢, denote the end vertices of an edge. For the mod-
ified irregular Butterfly scheme the elevation of the mid-
point will be a combination of the two elevations B; and
B, produced by the masks associated with g, and g, (see
Figure 3).

In the next section we extend this edge decomposition to
the insertion of a new vertex m at any location of a trian-
gle Aqg;0,05. The related elevation denoted as B(m), is
defined on A ¢, q,05 to be split as follows, as several basic
contributions Bq, (m). In this paper, we restrict the support
of Bq, to the 1-neighborhood of the vertices q;. Therefore,
only the three elevation functions Bq,, Bg, and Bq, par-
ticipate to the final computation as shown in equation (4).

B(m) = _6122 Bai Bq,(m)
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Figure 3. Inserting a new vertex between two ver-
tices with the modified Butterfly scheme. The final
elevation of vertex m is a combination of the eleva-
tions at vertices g, and d,,.

4 N-adic surface reconstruction

In this section, we describe the subdivision scheme we
designed to deform the mesh with normal control. The
algorithm relies on the computation of the elevation de-
scribed in the previous section. Let us recall that the ele-
vation at a given point m is obtained by combining the lo-
cal elevation functions Bq,, Bq, and Bq, centered at the
1-neighborhood of the vertices of the triangle A g,0,05.

4.1 Computation of a single elevation function

Let q a vertex of the mesh with valence K. We operate
on the 1-neighborhood of g, which is defined by a K-sided
polygon with vertices g, --,0x_;. We aim at inserting
a new vertex m in the 1-neighborhood of g and computing
its corresponding elevation Bg(m) as a function of existing
vertices 0,0y, - +,0x_;. The position of m in the local
configuration will be described with its polar coordinates
(p,0) (see Figure 4).

To perform this step, we rely on the eigenanalysis devel-
oped by Zorin [20] which was first proposed in [1] and [5].
This scheme aims at reproducing polynomials that char-
acterize the local geometry for specific vertices. It may
be generalized to m(p, ) over the first triangle. Formu-
las may be derived for other neighboring triangles by cir-
cular permutations. The elevation function Bqg(m) may
be written as a barycentric combination of the coordinates
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Equation (5) may be compacted into a specific mask
parametrized by p and 6 (see Figure 4). The coefficients



sg"’a) depend on the value of the valence K:
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Figure 4. Subdivision mask for a vertex (p, 8).

It is worth noticing that for p = 0, we have the interpo-
lating condition Bq(q) = Q. When 6 = 0, the new vertex
is located on the edge. Therefore, if p = 1/2, we obtain
the modified Butterfly mask for extraordinary vertices [20]
when the new vertex is inserted at the middle of the edge. If
p = 1/3, we obtain the coefficient computed by Labsik [10]
that characterizes the elevation for the v/3-subdivision inter-
polation scheme.

4.2 N-adic scheme

Creating a N-adic scheme requires that each triangle
A g, 0,05 should be split into N2 triangles. Thus, we need
to define the elevation for each new vertex m; as a function
of Bg,, Bq, and Bq,. The final elevation will be defined
using the barycentric combination described in formula (4).
In our implementation, the coefficients (a1, as, as3) are de-
fined as the barycentric coordinates of the vertex m; in the
triangle. Those coordinates define the adequate coefficients
(pi, 0;) for each single elevation function Bg, as well.

This scheme provides a recontruction method that cre-
ates coherent shapes. Figure 5 illustrates the smoothing of
a werewolf like character after several triadic subdivision
steps using our scheme. The N-adic decomposition pro-
vides a general framework for surface evaluation. Our de-
formation method strongly relies on the sampling properties
of the N-adic scheme.

5 Surface deformation

In this section, we present our algorithm that controls
the orientation of the subdivision surface in the neighbor-

Figure 5. Recursive subdivision for a triadic scheme.
From left to right; original mesh, after one triadic
step, after 3 triadic steps.

hood of the vertices of the control mesh. First we assume
that a normal denoted as N§ is evaluated at each vertex g
of the control mesh. This normal is often provided with the
mesh for rendering purposes. We deform the surface in the
neighborhood of each involved vertex g by modifying the
orientation of the single elevation function Bq associated
to this vertex. This modification is controled with different
rotations parametrized by several action tools on the nor-
mal. Either the rotation changes the normal direction (nor-
mal rotation), or uses its axis as a rotation axis (twist). The
final elevations of the new vertices are obtained by applying
those rotations on the previous elevations.

5.1 Normal rotation based deformations

The first deformation tool aims at re-orienting the new
normals that result from the subdivision process. The re-
sulting configuration must be aligned with the normal Nq
specified by the user. This orientation is characterized by
a unique rotation Rq centered at g transforming NCO] into
Ng. Rq is then applied to the points to be computed by the
function Bq (see Figure 6).

This control of the normals provides a simple and intu-
itive control on the shape deformation at the vertices of the
control mesh. Deformations are performed after the first
subdivision step. The next steps are applied without any
deformation, for smoothing purposes.

Figure 7 illustrates one local deformation on a torus. Fig-
ure 8 shows a cube deformed by perturbing the normals at
the four upper corners.

Figure 9 shows two examples of complex deformations.
Left image represents a local deformation, whereas right
image shows a model where all normals have been per-



Figure 6. Local rotation at a vertex g of the con-
trol mesh: after computing B, each vertex inserted
in the 1-neighborhood of q is rotated using Rq that
transforms Vg into Ng.

Figure 8. Deforming one face of a cube.

Figure 7. Perturbing one normal on a torus.

turbed. The process allows us to complete the design of
local curvatures of objects only by moving the normals of
its mesh. Figure 10 shows the enhanced features on the head
of a werewolf character. Left image is obtained without nor-
mal deformation, whereas right image has been created by
perturbing the control normals. The curved ear has been
modeled by turning down the normal at its end. Modifying
the normals of the neck produces a new curved shape be-
low the chin and on its nape. The mouth and the face were
modified as well.

5.2 Twist based deformations

Another basic deformation tool consists in twisting the
surface around a vertex q of the control mesh. The points
of the local configuration turn around the normal axis Na
of the surface.

The user adds an extra angular information 6 to the nor-
mal direction, to control the amplitude of the deformation.
Therefore, those two parameters define a single extra ro-
tation Tq, which characterizes the twist entierely. Like the
normal rotation operator Rq, the twisting operator Tq is ap-
plied to the points obtained with the elevation function Bq
(see Figure 11).

Twisting proves to be a very intuitive method that offers
extra degree of freedom for quick shape deformation. Fig-
ure 12 shows the influence of the angular parameter 6 on the
deformation. The method still does not preserve the volume
of the object for strong deformations. Figure 13 shows an
example of twisting perturbations on an icosahedron.

Figure 9. Several deformations applied on the previ-
ous torus.

5.3 Combining normal rotation and twist

Normal rotation and twist can be easilly combined as a
unique extended operator. During the process, twists will
be actually applied to the previously rotated surface.

For a vertex q, the points resulting from the elevation
function Bq are first moved using the rotation Rg which
aligns the configuration along the specified normal Nq. To
this modified elevation function B'q = Rq (Bq) we apply
the twist Tq with the new normal Nq to the new vertices.
We eventually obtain the final configuration (see Figure 14).

Thus a single transform Pgq = Tqo Rq defines the defor-
mation characterized by a normal direction and an angle of
twist that are specified by the user. Experiments show that
this order of composition proves to be crucial to have an
intuitive deformation tool. This general tool may be used
to generate a vast variety of shapes given an initial coarse
mesh (see Figure 15).

6 N-adicvs. dyadic schemes

This section compares the properties of our N-adic sub-
division scheme with a standard dyadic scheme. Let us
point out the following remarks.

The very first steps of subdivision aims at defining the
global shape of the object, whereas the last steps only
smooth the object and have very little influence over the
shape.
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Figure 10. Redesigning a werewolf character.

Figure 11. Twist around a vertex q of the control
mesh: each vertex inserted in the 1-neighborhood of
q is rotated using Tq. The new local configuration is
finally turned around N&, with an angle 6.

Dyadic subdivision schemes are popular for final
smoothing, but their recursive structure increases the num-
ber of inserted vertices dramatically. The resulting lack of
scalability leads to a poor control over the geometric def-
inition of the shape. Therefore, those algorithms prove to
be ill-suited for deformation purposes. Figure 16 illustrates
our deformation method with the standard dyadic scheme:
the lack of definition for the first sub-mesh results in some
defaults in the final shape.

A scalable definition of the first steps is crucial for a
quick design or deformation purposes. To fulfill this goal,
iterative schemes like the Spherigon [17] or N-patches [18]
are very interesting as they generate adaptive meshes. Their
natural N-adic one-step decomposition makes them very
attractive, since they enable to add extra vertices of the
new sub-mesh. Those extra vertices provide extra informa-

Figure 12. Twisting a tetrahedron for different val-
ues of 8. From left to right: without deformation, 30
degrees, 60 degrees.

Figure 13. Perturbation on an icosahedron, obtained
by twisting the upper control vertices (left: without
deformation; right: after twist).

Ng

Bq Rq(By)  TgoRq(Bq)
Figure 14. Combination of a rotate and a twist
around a vertex g of the control mesh: each vertex
inserted with Bgq in the 1-neighborhood of q is first
rotated using Rq. The new local configuration is then
twisted around the new normal Nq, with T .

tions wich results in a better sampling for a one-step shape
control. Therefore, such schemes are often used for fast
hardware rendering. Unfortunately, they are ill-suited for
smoothing. Stam [16] proposed a method that combines
the scalability of an iterative scheme and preserves the re-
cursive properties of subdivision schemes. The method re-
lies on an N-adic subdivision algorithm which reproduces
Catmull-Clark surfaces. Maillot [13] enhanced the previ-
ous scheme with some extra rules and obtains a better shape
control for rendering. This method produces a larger variety
of meshes for a scalable rendering process.

Our N-adic scheme actually aims at following the same
ideas for butterfly surfaces. The first N-adic step generates
a more accurate shape for our deformation methods, while
the last steps perform some smoothing. Figure 17 shows
both dyadic and triadic subdivisions we used in practice
to perform our experiments, and illustrates this improved
shape definition for a tetrahedron. This sampling accuracy
improves the quality of the mesh definition after the first
subdivision step. Figure 18 illustrates the deformations of a
face of a cube using the dyadic and the triadic schemes. The
triadic scheme produces a smoother surface, and creates a
deeper carving than the dyadic scheme. The N-adic version
of the modified butterfly algorithm has one drawback how-



Figure 15. Combinations of rotate and twists on a
cube on its upper control points. Left: deformations
after single rotations; right: deformations after a twist
add-on.

Figure 16. Deformation of a tetrahedric mesh after
one step of dyadic decomposition (left). The poor
number of new vertices for the mesh definition re-
sults in a bad final shape structure or a drift between
the true normal to the surface and the modified one

(right).

ever for deformations applied on high level meshes. Extra
inserted points can alterate the quality of the final shape at
limit of deformed aeras and create creases or cusps. Exper-
iments show that these artefacts increase for oversampled
meshes. In these cases, the limit surface may significantly
differ from the original Butterfly surface. As a conclusion,
the N-adic subdivision scheme lends itself for controling the
first subdivision steps. Standard dyadic subdivision meth-
ods are more suitable for final smoothing.

7 Conclusion and future work

We have presented an interpolating subdivision scheme
based on an N-adic decomposition of the parameter space.
This approach creates a general surface framework for sub-
division surface deformation.

We have implemented the triadic case so as to locally de-
form the surface according to a modification of the normals
at the vertices of the control mesh. Several tools allow us
to control the different parameters of the normal configura-

Figure 17. Structure of a dyadic (middle) and a tri-
adic decomposition (right) after one subdivision step.
The original object is displayed on the left.

Figure 18. Deformation of a face of a cube for the
dyadic (left) and the triadic case (right). Upper row:
structure of the mesh after one deformation. Bottom
row: final shaded shapes after some smoothing steps.

tion: normal rotation which changes the normal direction
and twist which rotates the surface around its axis.

We have compared both dyadic and N-adic schemes.
Our N-adic decomposition provides a better one-step shape
control when invoking the deformations, whereas the
dyadic decomposition method produces smoother surfaces.

Several topics need further research. A major drawback
of most subdivision methods is the recursive form of the al-
gorithms. All subdivision levels need to be computed, even
for triangles that will be discarded in the rendering pipeline.
The iterative aspect of our method enables us to avoid subdi-
vision wherever unnecessary. It could be applied to perform
view dependent subdivision.

Our method currently deforms the surface by modifying
the position of the vertices of the first level subdivision step.
The extra steps are used for smoothing purposes. We plan



to extend the deformation to other levels so as to emphasize
deformations at higher levels of detail. In the near future
we plan to implement multilevel dyadic deformations and
compare them to the current results.

In our shape generation method, the edges are uniformly
subdivided into IV sub-edges of equal length for each trian-
gle. A smarter repartition of the new vertices would create
a new mesh that would fit the surface better. We could mi-
grate vertices towards regions of high curvature, leaving flat
areas with fewer points. In this scope, the surface could be
computed by our elevation function at arbitrary vertex posi-
tion.
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