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ABSTRACT. A new symmetric local projection method built on residual bases (RELP)
makes linear equal-order finite element pairs stable for the Darcy problem. The derivation
is performed inside a Petrov-Galerkin enriching space approach (PGEM) which indicates
parameter-free terms to be added to the Galerkin method without compromising consis-
tency. Velocity and pressure spaces are augmented using solutions of residual dependent
local Darcy problems obtained after a static condensation procedure. We prove the method
achieves error optimality and indicates a way to recover a locally mass conservative velocity

field. Numerical experiments validate theory.

1. INTRODUCTION

Usually adopted in its mixed form, the Darcy problem is the basic tool in the study of fluid
flow simulations in porous media. However, this mixed characterization is unstable when the
Darcy problem is solved with equal-order linear interpolation via the Galerkin method [2].
Recently, Bochev and Dohrman [4] stabilized such a pair for the Stokes problem with the
addition to the Galerkin method of a symmetric term based on the difference between the
pressure and its local projection onto polynomial spaces of one degree lower than the pressure
space. Unlike most stabilized approaches, no parameter needs to be fixed. This comes at the
price of relaxing consistency, although such error is shown to be at order of leading errors.
A related idea in [3] recovers stability for the Darcy model by controlling the gradient of the
pressure fluctuation instead. This version demands a parameter to be fixed and prevents the
use of low order interpolation spaces. Moreover, the author noted a sub-optimal convergence
in pressure due to the lack of consistency. This work introduces a new stable, symmetric,
consistent, and constant-free method for the Darcy problem which overcomes drawbacks
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stated in [3]. The framework is of the Petrov-Galerkin type and follows guidelines presented
in [1] for the Stokes equation, namely, finite element spaces enhanced with the solution of
local problems which give rise to residual based terms that augment the Galerkin method
and include the local pressure projections proposed in [4]. The method, named RELP, is
based on a continuous linear space for the velocity and both discontinuous and continuous
linear spaces for the pressure. As for the latter pair, the method is proved to be locally
mass conservative. The outline of this work is as follows: this section ends with the problem
statement and notations. Section 2 highlights the RELP method which is then derived in
Section 3. Section 4 is devoted to stability and convergence results which are numerically

validated in Section 5.

1.1. Preliminaries. Let 2 denote an open, bounded domain in R? with polygonal boundary
0€). We seek the velocity and pressure solution (u,p) to the following mixed form of the

Darcy problem:
(1) cu+Vp=0, V-u=g inQ,
(2) u-n=0 ond,

where 0 = £ € R" in , with p and x denoting the viscosity and permeability, respectively,
and ¢ is a given source such that fQ g=0.

We adopt the usual definitions for the spaces L*(D), L3(D), H(div, D), and Hy(div, D)
equipped with norms ||.|Jo.p and ||.|[4iv.p, respectively, where D is a bounded set. The
symmetric weak formulation of problem (1)-(2) reads: Find (u,p) € Hy(div,Q) x L3()
such that

(3) B((u,p), (v,q)) = —(g9,9)a forall (v,q) € Ho(div, Q) x L§(2),

where B((u, p), (v,q)) := (cu,v)q— (V- -v,p)g— (V-u,q)q, and (.,.)p stands for the inner-
product in L?(D). The problem (3) is then well-posed by supposing g € L3(Q2) (cf. [2]).

Next, we introduce a family 7, of regular partitions of Q composed of triangles K with
boundary 0K consisting of edges F. The set of internal edges of 7, is £,. The diameters
of K and F read hyx and hp, respectively, and h := max{hyx : K € 7,}. Also, for each
F=KnK €&, we choose a fixed unit normal vector ny. The standard outward normal
vector at the edge F' with respect to the element K is denoted by n% . and coincides with np
in the case F' C 0f). Moreover, for a scalar function ¢, one denotes its jump as the vectorial
quantity [¢] := q|xn’ + qlxnk’, and its projection by IIp(q) := ‘%‘ Ipa

In what follows, V; stands for the finite element space of continuous, piecewise linear

polynomials and we set V; := [Vi]? N Hy(div, Q). Also, @Q; is the space of piecewise linear
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polynomials which are continuous or discontinuous over 2 and belong to LZ(€). Denoting
residuals of the momentum and mass equations, respectively, by RM(vy,q1) := —ov; — V@,
and R (g,v,) := g— V- vy, for (v1,q) in V; x Q,, we define the following finite-dimensional

space:
W .= {q € HA(T)NLAT,) : Aq=V-RM(vy,q) in K, Vg ng =1g(RM(v,q1)) npon F C 0K} ,

and its orthogonal complement in L%(7,), denoted by W+. From its definition one can
prove that W+ N Q, = {0}. Here we use Hy(7,) = © g Hy(K) and L§(7,) =
DD ker, LA(K), and Hy(div, Tp,) := © > ker, Ho(div, K).

2. THE RESIDUAL LocAL PROJECTION METHOD

The symmetric RELP method reads: Find (u1,p1) € Vi X Q1 such that

(4) B((w1,p1), (v1,q1)) = — Z Ik (9), 1)k for all (vi,q1) € Vi x Q1
KeT,
where
B, (w1, p1), (v1, 1)) = B((m(w1), p1), (w(v1), 1)) = Y }W%(HF(HPJ])’HF([[%]]))F
Fee,
(5) - Z %(NK(UI) —p1 + Ui (p1), N (v1) = 1 + g (q1)) e -
KeT, K

The global functions 7(-) and N (-) are defined such that 7(vy) |x = 7 (v1) and N (v1) | =
N (v1), with (g (w), Nk (u1)) given by

(6) mr(ur) = Y Hp(urnf)er and Ng(w) = > Tp(urng) g .
FCOK FCOK

The basis p% = %(X — Xr), where xr is the node opposite to the edge F', generates the

lowest order Raviart-Thomas space and 75 belongs to L3(K) such that Vnk = —o k.

Remark 1. Continuity of the normal component of wy is shared by mw(wy), while the tan-

gential 1s not.

3. DERIVATION OF THE METHOD

We start by looking for the solution (wuy,qn) decomposed into large and small scales,
respectively, (ui,q1) € Vi X Qp and (u.,q.) € Ho(div,Q) x L(7;). Then, the Petrov-
Galerkin enriched method reads: Find (up,pn) € [V + Ho(div, Q)] x [Q1 + L&(71)] such
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that

B((un, pr), (vn, an)) = —(9, an)a

for all (vp, qn) = (7(v1) + vs, 1 + @) € [7(V1) ® Ho(div, Tp)] x [Q1 & W], where (V)
represents the space generated by applying operator 7(-) on functions in V;. Now, using

vy - o = 0 and p. | € LE(K), the problem above is equivalent to the following system:
(7) B((u1,p1), (7(v1),¢1)) + Z [(0 e, m(v1))k = (V- te, 1) k] = —(9, 1)
KeT,

(8) (cte+ Vpe,vp)k + (cur + Vp1,v0)k — (V- e, )k — (V- w1, )k = —(9, %)k

Next, denoting from now on RM = R™(u,,p;) and R® = R%(g,u,), the weak problem (8)

is equivalent to
(9) cu.+Vp. = RM, V.u,—R° €W @Py(K) in each K ,

where Py(K') denotes the piecewise constant polynomial space.
We next choose boundary conditions with the intention of correcting the residual on the
edges and keeping the approach conforming. To this end, we fix

(10) U -np = |RM —IIp(RM) + ?HF([[pl]]) ‘mp on F €&,

and u, - ng = 0 elsewhere.
It comes from (9) that (w.,p.) inherits the degrees of freedom of (uy, p;) and that it may
be split into (ue,p.) = (U, pM) + (uf, p¢) + (u?,pP), where each contribution satisfies,

respectively,
(11) cu +vp=RY | V-u¥ =0 ik,
a’u,éw-nF = (RM —HF(RM)) ‘ngp on I' C 0K ,
(12) culf+Vpi=0 , V-uf—R eWaP(K) ik,
ul np =0 on F' C 0K,
and
(13) cul +VpP =0 |, V-uP ePy(K) inkK,

1
u? -np = —TIp([p]) - nr on F' C 0K .
hFO'
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It remains to set (12) and (13). To this end, we first remark that the solution of (11)
reads uM = —u; + m(u;) and pM = pM(RM) € W is given by
(14) P |k = —p1 + Uk (p1) + Ni(ur) .

Hence, we reinforce the dependence of the enriching functions in terms of residuals and

preserve the compatibility condition by closing (12) and (13) as follows:

1 1
15 V-uf = RC —Tlg(RY) — MoVoul = —— -nf

where we have used a standard dimensional argument to balance p.

We can now state the RELP method corresponding to solving (7) with (w.,p.) given by
(11)-(13) and (15). Using (11), integrating by parts, and (10), the method reads: Find
(u1,p1) € Vi X Q1 such that

B((m(w1),p1), (m(vy Z h2 (N (1) = p1 + Ok (p1), =Nk (v1) + @)k
KeT,
+ Z (ul, om(v) + Vg )k — Z h HF([[pl]])aHF([[(h]]))F
KeTy, Fegy,
(16) == 3 [(k(9). an)c + (0 ul(g). mic(01))]
KeT,
where u%(g) is the solution of (12)-(15) related to g. The final step consists of remarking

that, as ||7g[o,x is of order A%, the term Y- 7 (o uf(g), m(v1))k is of small size compared
to the leading error, and the term ZKeTh(ueD, m(v1) + Vg1 )k may be handled as in [1], and

then neglected without compromising optimality. This results in the symmetric method (4).

4. ERROR ANALYSIS

We define the following mesh dependent norm:

4 wpl, = [olulie+ Y S+ Y eI

KeT, Feéy,
Being residual-based, the method (4) is immediately consistent. Uniqueness for the RELP
method (4) holds from the following result:

Lemma 1. Let By(.,.) be the bilinear form in (5). Then there exists a positive constant 3,

independent of h and o, such that

sup  Delna). (wur)) gy ol

(wir)evix@i—foy  l(m(wa), m)ll,
for all (vi,q1) € Vi X Q.
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Standard interpolation results, Lemma 1, and consistency yield the following error esti-

marte:

Theorem 2. Let (u,p) € [HY(Q)? N Hy(div, Q)] x [H2(2) N LE(Q)] be the solution of (3)
and (m(wy),p1) be the solution of method (4). Then, there exists a positive constant C,
independent of h and o, such that

1
It n(w)p=p0ll < Ch (Valulia+ e |

1
lp — pilloa < Ch? (\/E‘u‘l,ﬂ + %W&Q) .

If the space Qy is discontinuous and u € [H*(2)? N Hy(div, Q)], we further have

1
|lu — m(w1)]|give < Ch <|U|2Q + E|P|2,Q) ,

and for all K € Tj,

5. NUMERICAL EXPERIMENTS

We set @ = (0,1) x (0,1), o0 = 1, and we give the exact pressure p = sin(27z) sin(27y).
The velocity is computed from the Darcy’s law, g is obtained from the divergence of velocity,
and the boundary condition b is taken to be its normal component on the boundary. Figure 1
depicts error curves for the discontinuous pressure case which are in agreement with theory.
In addition, we observe optimal convergence in the L? norm for w;. Mimicking [4] in the
context of Darcy model, i.e., stabilizing Galerkin method through a pressure projection only,
convergence is lost. It seems that consistency is a necessary condition to recover convergence
(see Figure 1). Similar conclusions arise in the continuous case as well. Finally, Table 1

verifies the local mass conservation property.
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FI1GURE 1. Convergence study with discontinuous pressure. The pressure pi*

is calculated using the non-consistent method (or in another words, Nx(.)
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TABLE 1. Mass conservation property for discontinuous pressure interpolation.
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