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@Test
public void testSetGetModulo() {

CL a = new CL(3);
a.set(0, 7); a.set(4, 8); a.set(2, 9);
assertEquals(8,a.get(1));

}



@Invariant("s>=0")
public class CL {

/**
* s: size of the circular list (CL)
*/
public final int s;
/**
* a: array used to model a CL
*/
private int a[];

CL(int _size){
s = _size;
a = new int[s];

}



/**
* set the value of an element of the CL
* 
* @param _i index in CL understood modulo the size of the CL
* @param _x value of the new element
*/
@Requires("_i >= 0")
public void set(int _i, int _x){

a[(_i%s)] = _x;
}



/**
* get a value from the CL
* 
* @param _i index in CL understood modulo the size of the CL
* @return the value at index _i modulo the size of the CL
*/
@Requires("_i >= 0")
public int get(int _i){

return a[(_i%s)];
}



Set of rotations of A:

,!. "	 = 	! .: " ≤ . < " + '
,!. "	 = ,!. " + '
#,!	 ≤ '



@Test
public void testRot() {

CL a = new CL(3);
a.set(0, 7); a.set(1, 8); a.set(2, 9);
int[] expected = {8, 9, 7};
assertArrayEquals(expected, a.rot(1));

}



/**
* rotate a CL by an offset of _i
* 
* @param _i
* @return an array that represents the rotation of the CL
*/
@Requires("_i >= 0")
public int[] rot(int _i){

int[] res = new int[s];
for(int j=_i, k=0 ; j < (_i+s) ; j++, k++){

res[k] = get(j);
}
return res;

}



,: 			012 ≡ 	 ∃", 6 ∷ ,!. " = ,(. 6

Postcondition:



@Test
public void testRot_eq() {

CL a = new CL(3);
a.set(0,7); a.set(1,9); a.set(2,8);
CL b = new CL(3);
b.set(0,9); b.set(1,8); b.set(2,7);
assertTrue(CL.rot_eq(a, 0, b, 2));

}



/**
* @param _a CL
* @param _i offset used to rotate _a
* @param _b CL
* @param _j offset used to rotate _b
* @return Is the _ith-rotation of CL _a equals to the _jth-rotation of CL _b?
*/
@Requires({"_i >= 0", "_j >= 0"})
public static boolean rot_eq(CL _a, int _i, CL _b, int _j){

return Arrays.equals(_a.rot(_i), _b.rot(_j));
}



Naïve solution:
Compare ! with each element of ,(

,: 			012 ≡ 	 ∃", 6 ∷ ,!. " = ,(. 6



@Test
public void testCL_eq() {

CL a = new CL(3);
a.set(0,7); a.set(1,9); a.set(2,8);
CL b = new CL(3);
b.set(0,9); b.set(1,8); b.set(2,7);
assertTrue(CL.eq(a, b));

}



/**
* 
* @param _a a CL
* @param _b a CL
* @return Are the lexicographically sorted versions of a and b are equal?
*/
@Requires("_a.s == _b.s")
public static boolean eq(CL _a, CL _b) {

for(int i=0 ; i<_a.s ; i++){
if(Arrays.equals(_a.a, _b.rot(i))) return true;

}
return false;

}





The naïve solution doesn’t scale:
8 '9



@Test(timeout=30000)
public void testCL_eq_scale() {

int SIZE = 100000;
int[] a_vals = new int[SIZE];
for (int i = 0 ; i < SIZE ; i++) {

a_vals[i] = i;
}
CL a = new CL(SIZE, a_vals);
int[] b_vals = a.rot(SIZE/2);
CL b = new CL(SIZE, b_vals);
assertTrue(CL.eq(a, b));

}





,! and ,( are either disjoint or equal

∀	., ", 6 ∷ ,!. " ≡ ,(. 6 ⇒ ,!. " + . = ,(. 6 + .



It is sufficient to compare canonical elements

!!: first element of ,! sorted lexicographically

, can be solved by computing !! and ((



To find the solution 012 ≡ <0=1, we can:
(a) Find a pair ", 6 such that ,!. " = ,(. 6

To find the solution 012 ≡ >?@21, we can:
(b) Observe !! ≠ ((



Weakening (a) into a loop invariant:

B: 		0 ≤ ℎ				 ∧ 				 ∀	. ∶ 0 ≤ . < ℎ ∶ ,!. ". . = ,(. 6. .

B ∧ ℎ ≥ '			 ⇒ 				<0=1 ≡ 	 ∃	", 6 ∷ ,!. " = ,(. 6

To find the solution 012 ≡ <0=1, we can:
(a) Find a pair ", 6 such that ,!. " = ,(. 6



@Test
public void testCL_inv_P() {

CL a = new CL(3);
a.set(0,7); a.set(1,9); a.set(2,8);
CL b = new CL(3);
b.set(0,9); b.set(1,8); b.set(2,7);
assertTrue(CL.inv_P(2, 0, 2, a, b));

}



@Requires({"_h >= 0", "_i >= 0", "_j >= 0"})
public static boolean inv_P(int _h, int _i, int _j, CL _a, CL _b) {

boolean res = true;
for (int k = 0 ; k < _h ; k++) 

res &= _a.rot(_i)[k] == _b.rot(_j)[k];
return res;

}



Weakening (b) into a loop invariant:

G!: 		0 ≤ "				 ∧ 				 ∀	. ∶ 0 ≤ . < " ∶ ,!. . > ((

G! ∧ " ≥ '			 ⇒ 				>?@21 ≡ 	 ∃	", 6 ∷ ,!. " = ,(. 6

Symmetrically for G(
The two CL differ if:

G! ∧ G( ∧ " ≥ '	 ∨ 	6 ≥ '

To find the solution 012 ≡ >?@21, we can:
(b) Observe !! ≠ ((



@Test
public void testCL_inv_Q() {

CL a = new CL(3);
a.set(0,7); a.set(1,9); a.set(2,8);
CL b = new CL(3);
b.set(0,9); b.set(1,8); b.set(2,8);
assertTrue(CL.inv_Q(2, b, a));

}



@Test
public void testCL_smallest() {

CL a = new CL(3);
a.set(0,9); a.set(1,8); a.set(2,8);
int[] expected = {8, 8, 9};
assertArrayEquals(expected, a.smallest());

}



public int[] smallest() {
int aa[] = a.clone();
for (int k = 1 ; k < s ; k++) {

int rot_k[] = rot(k);
boolean new_smallest = false;
for (int i = 0 ; i < s ; i++) {

if (aa[i] == rot_k[i]) {
// do nothing

} else if (aa[i] > rot_k[i]) {
new_smallest = true; break;

} else if (aa[i] < rot_k[i]) {
new_smallest = false; break;

} else assert false;
}
if (new_smallest) aa = rot_k.clone();

}
return aa;

}



@Requires({"_i >= 0", "_a.s == _b.s"})
public static boolean inv_Q(int _i, CL _a, CL _b) {

boolean res = true;
int bb[] = _b.smallest();
for (int k = 0 ; k < _i ; k++) {

int rot_k_of_a[] = _a.rot(k);
for (int j = 0 ; j < _a.s ; j++) {

if (rot_k_of_a[j] == bb[j]) {
if (j == (_a.s - 1)) { res = false; break; }

} else {
if (rot_k_of_a[j] > bb[j]) {res &= true; break; }
else { res = false; break; }

}
}
if (res == false) break;

}
return res;

}



We have the sketch of a solution…



@Requires("_a.s == _b.s")
@Ensures("result == CL.eq(_a,_b)")
public static boolean eq2(CL _a, CL _b) {

boolean res = false;
int h,i,j;
h = i = j = 0;
assert CL.inv_P(h, i, j, _a, _b);
assert CL.inv_Q(i, _a, _b);
assert CL.inv_Q(j, _b, _a);
while (h<_a.s && i<_a.s && j<_a.s) {

assert (h+i+j) <= (3*_a.s - 3);
// increase h+i+j while maintaining P & QA & QB

}
assert CL.inv_P(h, i, j, _a, _b);
assert CL.inv_Q(i, _a, _b);
assert CL.inv_Q(j, _b, _a);
assert (h>=_a.s) || (i>=_a.s) || (j>=_a.s);
if (h >= _a.s) res = true;
else if (i>=_a.s || j>=_a.s) res = false;
return res;

}



When ,!. ". ℎ = ,(. 6. ℎ (i.e., !. " + ℎ = (. 6 + ℎ ):

B: 		0 ≤ ℎ				 ∧ 				 ∀	. ∶ 0 ≤ . < ℎ ∶ ,!. ". . = ,(. 6. .

ℎ ← ℎ + 1 will maintain B and assure progress.



,!. ". ℎ > ,(. 6. ℎ			 ∧ 				B
⇒ {def. P, 0 ≤ L ≤ ℎ}

,!. ". ℎ > ,(. 6. ℎ			 ∧ 				 ∀	. ∶ L ≤ . < ℎ ∶ ,!. ". . = ,(. 6. .
⇒ {lexicographic ordering}

,!. " + L > ,(. 6 + L
⇒ {def. BB}

,!. " + L > ((

B: 		0 ≤ ℎ				 ∧ 				 ∀	. ∶ 0 ≤ . < ℎ ∶ ,!. ". . = ,(. 6. .
G!: 		0 ≤ "					 ∧ 				 ∀	. ∶ 0 ≤ . < " ∶ ,!. . > ((

G!		 ∧ 			B		 ∧ 			!. " + ℎ > (. 6 + ℎ
⇒ {see above}

G!		 ∧ 			 ∀	L ∶ 0 ≤ L ≤ ℎ ∶ ,!. " + L > ((
= {renaming the bounded variable: " + L = .}

G!		 ∧ 			 ∀	. ∶ " ≤ . ≤ " + ℎ ∶ ,!. . > ((
= {def. G!}

G! "\i + ℎ + 1



int progress;
while (h<_a.s && i<_a.s && j<_a.s) {

assert (h+i+j) <= (3*_a.s - 3);
progress = h+i+j;
// increase h+i+j while maintaining P & QA & QB
if (_a.get(i+h) == _b.get(j+h)) h = h+1;
else if (_a.get(i+h) > _b.get(j+h)) {i = i+h+1; h=0;}
else if (_b.get(j+h) > _a.get(i+h)) {j = j+h+1; h=0;}
else assert false;
assert CL.inv_P(h, i, j, _a, _b);
assert CL.inv_Q(i, _a, _b);
assert CL.inv_Q(j, _b, _a);
assert h+i+j > progress;

}



@Test(timeout=60000)
public void testCL_eq2_scale() {

int SIZE = 100000;
int[] a_vals = new int[SIZE];
for (int i = 0 ; i < SIZE ; i++) {

a_vals[i] = i;
}
CL a = new CL(SIZE, a_vals);
int[] b_vals = a.rot(SIZE/2);
CL b = new CL(SIZE, b_vals);
assertTrue(CL.eq2(a, b));

}
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