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t
4.2 6!

 2)4 6! 
(a(t), v(t), y(t))

d ( J!- ^�^+)2! -�� .((5652. )�� d -. 3) !--! ! -. 4�-) )�� � ��DD! ��,- +5()+��-
+!- *�2(!- F, J.446)F,!2�� 6!-  ,& !- ! 6!- 56.- )F,!- !� (!- 4�)� - d ��,- 4�,3��- (.6(,6!2 6!,2
.((56.2. )�� /2�(! � 6. +!," )9D! 6�) +! � !	  �� c

∑−→
f = m−→a

[6 !- 4�--)&6! d � 4.2 )2 +! 6. 4�-) )�� ! +! 6. 3) !--! � 6 J)�- .� 
t

+! 6!- +5 !2D )�!2 � 6 J)�- .� 
t + ∆t

+! 6. D .�)92! -,)3.� ! c

v(t + ∆t) =

∫ t+∆t

t

∑−→
f

m
dt + v(t)

y(t + ∆t) =

∫ t+∆t

t

v(t)dt + y(t)
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6 J�� .446)F,! .," +!," !" 25D ) 5- d �" 25()42�F,!D !� d 6!- *�2(!- F, J)6- 5"!2(!� !� *��( )��
+! 6!,2 5 )2!D !� �

Intensité de la force f

Élastique f
Longueur

��� � $ �# � 8�+,6! +! ��,�/
Z! D�+,6! +! ��,�/ !- 6. 4 !� ! +! 6. +2�) ! � b� 42. )F,! d 6. 6��/,!,2 �! (2�) 4.- 6)�5.)^
2!D!� � 6 J)�_�) d D .)- -! - .&)6)-! � 4.2 )2 + J,�! (!2 .)�! )� !�-) 5 +! 6. *�2(! d .3.� F,!
6 J56.- )F,! �! (.--! �

Z. *�2(! F, J!"!2(! ,� 56.- )F,! - J5(2) .)�-) c
−→
F = −k−→x
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�56.- d )6 � J!- 4.- 4�--)&6! d ., D�)�- !� 42. )F,! d + J)� 5/2!2 4.2*.) !D !� −→a =
∑−→

f
d 4,)-F,!

6!- *�2(!- −→
f

+54!�+!� /5�52.6!D !� +!
y(t)

`!� (! F,) ��,- (��(!2�! d 6!- *�2(!- F, J!"!2(!� ,�
56.- )F,! +54 !�+!� +! 6. 4�-) )�� +! (!- !" 25D ) 5- d F,) !66!-^D %D! +54!�+!� +! (!- *�2(!-a �U) �� �! 4!, 4.- (.6(,6!2 6 J)� 5/2.6! d �� 4!,  �,' �,2- 6 J!- )D !2 d ! 4�,2 (!6. )6 !")- ! ., D�)�-
,�! D 5 I�+! )� ,) )3! c







a(t + ∆t) =
∑−→

f

v(t + ∆t) = v(t + ∆t) + a(t + ∆t)
y(t + ∆t) = y(t + ∆t) + v(t + ∆t)

[6 - J./) +! 6. D 5 I�+! + Jb,6!2 � ���(29 !D!� d 3�)() � F,�) !66! 6 2!--!D&6!5 c
@�,2 (.6(,6!2 ∫ t+∆t

t
f(t)

d �� (.6(,6! 6 J.)2! +, 2!( .�/6! +���5! 4.2 6!- 4�)� -
(t, 0)

d
(t + ∆t, 0)

d
(t, f(t))

! 
(t + ∆t, f(t)

� @ 6,-
∆t

!- 4 ! ) d 4 6,- 425()-! !- 6 J.442�" )D . )�� �
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y

y(t)

   t

��� � $ �0 � [� 5/2. )�� + Jb,6!2

[6 !")- ! + J., 2!- D 5 I�+!- + J)� 5/2. )�� $ (!2 .)�!- -�� )�.446)F,.&6!- (.2 !66!- 2!F,)92!� 
+! (���.� 2!

f(t + ∆t)
^ (! F, ) !- 425()-5D !� (! F, J�� (I!2(I! � ��! D 5 I�+! 4.2 )(,6)92!D !� 

)� 52!--.� ! d ! .,--) (!66! F,! ��,- , )6)-!2��- d ! 6. D5 I�+! +! S,�/!^�,  . + J�2+2! $ `+) ! .,--)
��)M" L% ��$)�L a c

y(t + ∆t) = y(t) + v(t)∆t +
1

2
a(t − ∆t)∆t2

v(t +
∆t

2
) = v(t) +

1

2
a(t − ∆t)∆t

v(t + ∆t) = v(t +
∆t

2
) +

1

2
a(t)∆t

�!  ! D 5 I�+! d F,) (!2 !- 25(6.D ! 46,- +! (.6(,6- d !- 46,- 425()-! �
K3!( 6. D 5 I�+! + Jb,6!2  �, (�DD! .3!( S,�/!^�,  . �, � J)D4�2 ! F,!66! D 5 I�+! + J.4^

42�" )D . )�� d (I�)-)2 ,�
∆t

 2�4 )D4�2 .� �! (�D4�2 ! 4.- F,! 6! 2)-F,! +! *.,--!2 6 J)� 5/2. )�� d
D .)- .,--) (!6,) + J�& !�)2 ,� -G- 9D ! �-()66.� .6�2- F, J)6 .,2.) +� -! - .&)6)-!2 �

� �� ����� ��� ��� ������	

[6 *., /.2+!2 !�  % ! F,! -!,6- F,!6F,!- .22.�/!D !� - 425()- +!  ,&!- d + J56.- )F,!- ! +! *�2(!-
��,- )� 52!--!� � ��,- � J.3��- 4.- 4�,2 �&' !( )* +! -)D,6!2 ,�! (!66, 6! +.�- 6!- (��+) )��- !" 2%D!-
`( J!- ^�^+)2! d -�,D )-! � +!- *�2(!- +)-42�4�2 )���5!-a � �!6. ��,- 4!2D ! +! 6)D ) !2 6! +�D.)�! +,
-)D,6. !,2 .," -G- 9D !- �" )6 � JG . .,(,�! (�66)-)�� +!  ,&! �, + J56.- )F,! ��� 2! -)D,6. )�� (.6(,6! 6! D �,3!D !� +!- -�DD! - `4�)� - !" 2%D!- +!- &� ��- ! +!- 56.-^
 )F,!-a � 
 (I.F,! 4.- +!  !D4- d !66! -! +5(�D4�-! !�  2�)- 5 .4 !- c

� � �.6(,6 +!- *�2(!- +!- 56.- )F,!- d ! (.6(,6 +! 6. ��,3!66! 4�-) )�� +!- -�DD! - - J)6 � JG .3.) 
4.- +!  ,&!- +.�- 6! -G- 9D ! $

$ � K446)(. )�� +!- (�� 2.)� !- )D4�-5!- 4.2 6!-  ,&!- `6. +)- .�(! !� 2! +!," 4�)� 2!6)5- 4.2
,�  ,&! +�) 2!- !2 (��- .� !a �U,2 (!  ! _/,2! d K ! \ -�� 6!- 4�)� - + J�2)/ )�! d 2!6)5- 4.2 ,�  ,&! !� 2�,/! ! 4.2 +!-
56.- )F,!- +�� -!,6!- 6!- *�2(!- F, J)6- !"!2(!� .44.2.)--!� �

A1
! 

B1
2!425-!� !� 6!- 4�-)^

 )��- F, J.,2.)!� K ! \ -) 6!  ,& ! 5 .)   5 +, -G- 9D ! $
A′

! 
B

J -�� 6!- 4�-) )��- _�.6!- d
(��-!23.� 6. 6��/,!,2 +,  ,&! �

A′
! 

B′
-��  �,' �,2- -) ,5- -,2 6. +2�) !

(A1B1)
+! D .�)92!

� (! F,! AA1

BB1

= B1B′

A1A′

`b� + J., 2!-  !2D !- d 46,- 6. +)- .�(!
AA1

!- /2.�+! 4.2 2.44�2 � 6.
+)- .�(!

BB1,
46,-

A′
-!2. 42�(I! +!

A1a $
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)�) ).6 .429- .446)(. )�� + J,�! *�2(! 4!�+.� ,� (!2 .)� 6.4- +!  !D4- �
� 	� 	� ���� ����	
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-(��$ '( -(�#�( )M'� ) * � !(M. 1�

��,- .3��- 4, 352)_!2 (!- 42�4�- 4.2 6. -)D,6. )�� d !� .446)F,.� ,�! 42!--)�� -!�-)&6! -,2
 �,- 6!- -�DD! - +, + D! d 4.2 )(,6)92!D !� (!," F,) -�� 6! 46,- 4.22.6696! � ,� IG4� I5 )F,! -�6
`._� +! -)D,6!2 ,�! (�,(I! +! �!)/! 46, - 54.)--!a c

@.2 6. -,) ! d 6 J., !,2 42�4�-! ,� -G- 9D ! +! + D! � +�,&6! (�,(I! ._� +! 4.66)!2 (!- +5*., - �
�!- ��,3!.," + D!- -�� .,--) -)D,6.&6!- d D .)- �5.�D�)�- d 6! +�, ! 4 !2-)- ! d ��,- .3��- ' ,/5
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 )F,!- � b� !�! d 4�,2 ,� -F,!6!  ! d )6 � JG . 4.- 2)/�,2!,-!D !� & !-�)� +! D .)� !� )2 6!- 6��/,!,2-
(��- .� !- � �56.- d (!  ! D5 I�+! *, 3) ! .&.�+���5! (.2 6! 4.- +!  !D4- +! 6. -)D,6. )�� +�) % 2! + J., .� 46,- 4! ) F,! 6. 4,)--.�(! +!- 56.- )F,!- !- /2.�+! `., 2!D !� d 6! -G- 9D ! �-()66!
3�)2! !"46�-! `+54.--!D!� +! (.4.() 5 +.�- 6!- (.6(,6-aa �
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 6. -!( )�� $ d ��,- .3��- 3, (�DD!� )6 5 .) 4�--)&6! +! (.6(,6!2 -)D46!D !� 6 J)�!,!�(! + J,�
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t + ∆t

d 4,)- !� 25)� 5/2.� 6. (�� 2.)� ! +! 6. 6��/,!,2 F,) +�) 2!- !2 (��- .� ! �
@�,2 6. /5�52.6)-. )�� �

n
 ,& !- .2 )(,65- d ��,- .3��- !--.G5 +!  2�,3!2 ,�! D 5 I�+! -)D )6.)2! �

��� � # �# � @2�&69D !
� b� 3!2 d 6!-

n
-�DD! - + J�2)/ )�! !

Ωa
/
a ∈ [0, n−1]

.3!( !� &6!, d 6!,2- 3!( !,2- +! +546.(!D!� 
Va

 !6- F,!
Xa = Ωa +

−→
Va

`4�)� - 2�,/!-a � Z �!
Xa

-�� 6!- 4�-) )��- F, J.,2.)!� 6!- -�DD! -� 6 J)�- .� 
t + ∆t

-) 6!-  ,& !- 5 .)!� � 5- +, -G- 5D! �
� b� ��)2 d 6!-  ,& !- `�� �� !

T (Ωi, Ωj)
,�  ,&! 2!6).� 6! 4�)� 

Ωi
., 4�)� 

Ωj
d `

i 6= j, (i, j) ∈
[0, n− 1]2a

� %� 4�-!
fa =

−−→
||va||

∑−−→
||vi||

`42�4�2 )�� +! 6. *�2(! ., 4�)� . 4.2 2.44�2 .," *�2(!-  � .6!-a

{Sa, a ∈ [0, n − 1]}
!- 6 J!�-!D&6! +!- 4�)� - -�6, )��-  !6- F,! c

min
i

n−1
∑

0

(fi||
−−→
XiSi||)

.3!( (�DD! (�� 2.)� !- c
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� J.) 2)!� � 3�)2 .3!( 6. *�2D ! +! 6. (!66, 6! 	a ���,- �! (I!2(I��- 4.- (!4 !�+.� � D�+56)-!2 ,�! D!D&2.�! 25.6)- ! $ (! F,) +�) 6 J% 2!  ( 8 (�d (!

-�� 6!- (�� 2.)� !- +! *�2D ! ! +! 3�6,D! -,2 6! (G �-F,!6!  ! �

� �� � �������� ��� �� �� ��� ��� ���� �����
� 	�	� �	
	�����	�

Z. -,4!2!66)4-�
+! `.,--) .44!65! !66)4-�
+! -,4!2F,.+2)F,!a !- 6. /5�52.6)-. )�� +! 6 J!66)4-�
+!
(6.--)F,! � U�� 5F,. )�� !- c

(

(
x

rx
)

2

n2 + (
y

ry
)

2

n2

)

n2

n1 + (
z

rz
)2/n2 = 1

[6 !" )- ! .,--) ,�! 4.2.D 5 2)-. )�� 5F,)3.6!� ! �$T� c






x(φ, β) = a cosn1 φ cosn2 β

y(φ, β) = b cosn1 φ sinn2 β

z(φ) = c sinn1 φ

(φ ∈ [−
π

2
,
π

2
], β ∈ [−π, π])

rx
d
ry

! 
rz

-�� 6!- 2.G��- +! 6. -,4!2!66)4-�
+! �
n1

! 
n2

6!- 4, )--.�(!- +5 !2D )�.� 6. *�2D ! �
��)() 6!- +)�52!� !- *�2D !- F,! 6 J�� 4!, �& !�)2 .3!( ,�! -,4!2!66)-4�)+! �

U!,6! ,�! 4.2 )! +! (!- *�2D !- 4�--)& 6!- ��,- )� 52!--! c )6 - J./) +! 6 J!�-!D&6! +! (!66!- F,)
3�� +! 6. -4I92! ., (,&! d .3!(  �,' �,2-

n1 = n2
� ��,- 4�,3��- +5(2)2! (!- -,2*.(!- 4.2 6 J5F,. )��

-,)3.� ! c
∣

∣

∣

x

a

∣

∣

∣

n

+
∣

∣

∣

y

b

∣

∣

∣

n

+
∣

∣

∣

z

c

∣

∣

∣

n

= 1

[6 .44.2.� (6.)2!D !� F,! -)
n = 2

d ��,- �& !���- ,�! !66)4-�
+! (6.--)F,! d ! F,! 6�2-F,!
n −→ ∞

d 6. -,2*.(! !- ,� 4.35 +! 6��/,!,2-
a, b, c

���B�
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V (a, b, c, n) = abcVbase(n)

Vbase(n) = 23− 2

n π
1

2 Γ(1 +
1

n
)2

Γ(1 + 2
n )

Γ(1
2 + 1

n )Γ(1 + 3
n )

Z. *��( )��
Γ

!- 6. *.( �2)!66! /5�52.6)-5! .," 25!6- `-.,* 6!- !� )!2-
≤ 0

�" !66! � J!- 4.-
+5_�)!a �

���>=���� ���� V�> �������� �

K_� + J.3�)2 ,� D�+96! (�D46! d )6 ��,- *., c
� �� (!� 2!

C� �� 2!492! �2 I�2��2D 5
(−→u ,−→v ,−→w )�!() ._� F,! ��- -,4!2!66)4-�
+!- 4,)--!� % 2! �2)!� 5!- ! 46.(5!- �

� 	�	� ��
��������
 �� ����� �
Z. -,4!2!66)4-� 
+! .44.2.� )+5.6! .3!( -!- F,. 2! 4.2.D 9 2!- d  2� )- 4�,2 -!- +)D !�-)��- ! ,�

4�,2 -. *�2D ! � �!4!�+.� d 4.2D ) ��- !" )/!�(!- )6 !� !- ,�! F,) (��-)- ! � (! F,! 6!- 4.2.D 9 2!-
3.2)!� +!  !66! -�2 ! F,! 6! 3�6,D ! 2!- ! (��- .� ���,- 42�4�-��- +��( + J, )6)-!2 ,�! -,4!2!66)4 -� 
+! � ()�F 4.2.D9 2!-

(V0, a, b, c, n)
d � 4.2 )2

+!-F,!6- �� (.6(,6!
θ = 3

√

V (a,b,c,n)
V0

c
∣

∣

∣

x

θa

∣

∣

∣

n

+
∣

∣

∣

y

θv

∣

∣

∣

n

+
∣

∣

∣

z

θc

∣

∣

∣

n

= 1

��DD! 425(5+!DD!� d
n ∈ [2,∞[

!- 6! 4.2.D 9 2! +! *�2D ! `+! 6. -4I92! ., (,&! 4.2*.) a �
a, b

! 
c

-�� 6!- 2.G��- 2!6. )*- d +���.� 6!- 42�4�2 )��- +!- ,�- 4.2 2.44�2 .," ., 2!- �
V0

!- 6! ��V�>� ������ �
�!  ! -,24.2.D 5 2)-. )�� !- !" 2%D!D!� (�DD�+! � b 66! 4 !2D ! +! *.)2! 3.2)!2 )�+54!�+.D^

D !� (I.(,� +!- 4.2.D9 2!- -.�- -! 425� ((,4!2 + J.,(,� ., 2! � U) 6 J�� _"!
V0

d 6! 3�6,D ! 2!- !2.
(��- .� �

� �� �� ��������

  !2D ! d -) ��,- 3�,6��- -)D,6!2 46,-)!,2- (!66, 6!- ! 6!,2- )� !2.( )��- d )6 ��,- *.,+2. % 2!

(.4.&6! +!  2.) !2 6!- (�66)-)��- !� 2! D !D&2.�!- � @�,2 6! D�D!� d ��,- .3��- +5()+5 +! -)D,6!2
6!- (�66)-)�� +! D .�)92!  29- -�DD.)2! d (.2 �� 2! �&' !( )* !-  �, + J.&�2+ +! -)D,6!2 ��� (!66, 6! �
� 	� 	� �� ��� �
� ����
��

��! �$ �( L�� � M-(� (+ � M0 -!D&6! % 2! ,�! !�3!6�44! .+5F,. ! 4�,2 +5 !( !2 6!- (�66)-)��- �
Z!-

8
-�DD! - +! 6 J%\\ + J,�! -,4!2!66)4 -� 
+!

V (a, b, c, n)
-! (.6(,6!�  29- *.()6!D !� d 4.2

+!," D 5 I�+!- +)�52!� !- c
� � 
 4.2 )2 +! 6 J5F,. )�� 4.2.D 5 2)F,! c

lim
n→∞







x(φi, βi)
y(φi, βi)
z(φi, βi)

{(φi, βi)}
+���.� 6!- I,) !" 25D ) 5- ��

$ � @ 6, - -)D46!D !� d � 4.2 )2 +, (!� 2!
C

! +, 2!4 92! �2 I���2D 5
(−→u ,−→v ,−→w )

d  �, ! !" 25D ) 5
E

-! (.6(,6! c
E = C ± a−→u ± b−→v ± c−→w
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��,- 42�4�-��- ��� 4.- +! +5 !( !2 6!- (�66)-)��- !� 2! +!," %\\ d D .)- !� 2! ,�! %\\ ! ,�!
-,4!2!66)4-� 
+! +! 6. D .�)92! -,)3.� ! c

@�,2  �, ! !" 25D ) 5
E

+! 6 J%\\ +! 6. -,4!2!66)4-�
+!
S1

)6 G . (�66)-)�� .3!( 6. -,4!2!66)4-�
+!
S2

-) c

∃E(x, y, z)
 !6 F,!

fS2
(x, y, z) ≤ 1 + ε

�,

∃F (x2, y2, z2)
 !6 F,!

fS1
(x2, y2, z2) ≤ 1 + ε

F
5 .� ,�! !" 25D ) 5 +! 6 J%\\ +!

S2
d ! 

fSi

+5-)/�.� 6 J5F,. )�� (.2 5-)!��! +!
Si

�
ε

!- 6.  �652.�(! F,! 6 J�� +5-)2! � b�  I5�2)! d �� +5 !( !2.) 6. (�66)-)�� 6�2-F,!
fSi

(x, y, z) = 1
d

(! F,) -)/�)_2.) F,! 6! 4�)� 
(x, y, z)

!- !".( !D!� -,2 6. -,2*.(! +! 6. -,4!2!66)4-�
+! �

C1

C2

S1

S2

D : collisions détectées

R

D1

R : collision réelle

��� � 0 �$ � ��66)-)��-
��,- 4 !�-��- F,! (! -G- 9D ! +5 !( !  29- 2.4)+!D !� 6. 46,4.2 +!- (�66)-)��- � [6 -,&-)- !

+!- (.- 2.2!- �" !66!- �! 6! -�� 4.- d 4.2 !"!D46! -) +!," -4I92!- +! D %D!  .)66! -! (I�F,!� 
*2�� .6!D!� d .,(,�! +!- !" 25D ) 5- +! 6!,2- %\\ �! -!2. � 6 J)� 52)!,2 +! 6 J., 2! -4I92! � �!
42�&69D ! !- (�� �,2�.&6! !� 2.' �, .� +!- 4�)� - +! +5 !( )�� `4.2 !"!D46! ., (!� 2! +!- *.(!-
+! 6 J%\\a 4�,2 6!- 4 ! ) !- 3.6!,2- +!

n
�

� 	� 	
 � 	�����

@�,2 6 J)�- .� d ��,- 25./)--��- +! 6. D .�)92! 6. 4 6,- -)D46! 4�--)&6! c
� K,/D!� . )�� +, (�!� ()!� 

n
+! (I.F,! -,4!2!66)4 -� 
+!

� S54,6-)�� +!- (!� 2!- 42�4�2 )���!66! � 6 J)� !�-) 5 +! 6. (�66)-)�� �
�!  ! D 5 I�+! !- !" 2%D!D!� -�DD.)2! d ! ��,- -�DD!- -�2- F, J� 4.2 )2 +, D %D! -G- 9D ! +!
+5 !( )�� )6 !- 4�--)&6! +! *.)2! &)!� D )!," `! +! /52!2 6!- 2� . )��- (255!- 4.2 6!- (�66)-)��-a � �!
� J!- 4.-  29- )D4�2 .� d (.2 �� 2! 42)�2) 5 !- +! -)D,6!2 .3.�  �, ��� (!66, 6! �
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��DD!� 6. D!D&2.�! d -)D,65! 4.2 ,�! -,4!2!66)4-� 
+! d 4 !, ^!66! )�!,!�(!2 -,2 6! (G �-F,!^
6!  ! d F,!6F,! -�) 6. *.��� +�� )6 !- D �+56)-5 � b d 25()42�F,!D !� d F,!66! !- 6 J)�!,!�(! +,
(G �-F,!6!  ! -,2 6. D !D&2.�! �
� 	
 	� � �� ��
�

��,- 42�4�-��- ,�! D 5 I�+! � 6. *� )- -�,46! ! )�+54!�+.� ! +!- (I�)" !�!( ,5- 4�,2 6.
-)D,6. )�� +, (G �-F,!6!  ! � �� QO) �( `D (�DD! 6D!D&2.�!5 a (��-)- !2.) � 6.((2� (I!25 ,�
-�DD! +! 6. - 2,( ,2! )� !2�! � ,� 4�)� +! 6. D !D&2.�! d +5 !2D )�5 !� 4!2D .�!�(! 4.2 -!-
4.2.D9 2!-

φ, β
�

��� � 0 �# � Z!- D ^6)!�-
�( $M-+ �/ )�! QO) �(! �( L$� )' Q �QP$'(� ��(

Li
/ �� N '$'Q �L$�!

φi, βi
� �L -(� �%N ML� �L ,-�

!L$-"L-$�  ( L�$(� �!MQQ �L
Si
� 1

�!- D ^6)!�- -�� + J,� /!�2! 4.2 )(, 6)!2 $ )6- !"!2(!� +!- *�2(!- -,2 ,� 4�)� +! 6. - 2,( ,2!
)� !2�! +! D .�)92! � D.)� !�)2 6. +)- .�(! !� 2! 6!,2 6� (.6)-. )�� -,2 6. -,2*.(! ! (! 4�)� � ��,-
, )6)-��- +��( ,� 6)!� F,) - J.44.2!� ! � ,� 2!--�2 .--!� 4,)--.� `( J!- ^�^+)2! d 2)!� + J., 2! F, J,�
56.- )F,! F,) 2!4�,--! -!- !" 25D ) 5- 3!2- 6 J!" 52)!,2 6�2-F, J)6 !- ��� -!,6!D !� +5 !�+, D .)-
(�D42!--5a �
� 	
 	� ����
�����
 �� ��
���

Z!- 6)!�- (�� 2.)/�!� 6. - 2,( ,2! )� !2�! d +! D .�)92! 46, - �, D�)�- )� !�-! -!6�� 6! D�+,6!
+! ��,�/ F, J�� +5()+! +! 6!,2 .  2)&,!2 � �!4!�+.� d - J)6- (��- ) ,.)!� � !," -!,6- 6!- )� !2.( )��-
!� 2! 6. D !D&2.�! d (!66!^() � J!� -!2.) 4.- ,�! D .)- - J.44.2!� !2.) 46,   � ,�! (�F,)66! )�.D�^
3)& 6! +.�- 6.F,!66! �� .,2.) -,-4 !�+, ,�! - 2,( ,2! c  �, !  2.�-6. )�� !  �, ! 2� . )�� -!2.) 
)D4�--)&6! �

Z!- 6)!�- 42�4�-5- () +!--, - �! +�)3!� 4.- !D4%(I!2 6. - 2,( ,2! +! -! +54 6.(!2 ! 6. D !D&2.�!
+�) -,)32! 6!- 2� . )��- +! 6. - 2,( ,2! )� !2�! � � !," .442� (I!- -�� 4�--)&6!- c

����� ������Y�����

�!  ! D 5 I�+! (��-)- ! � *.)2! +! 6. D !D&2.�! ,� �&' ! 4IG-)F,! (�DD! ,� ., 2! d ( J!- ^�^+)2!
.3!( +!- 4.2.D 9 2!- +�� �� )� 5/2!2.) 6!- 3.2). )��- c

� Z! (!� 2! +! 6. -,4!2!66)4 -� 
+! c )6 !- )� 5/25 � 6. - 2,( ,2! )� !2�! ! +��( -�,D )- 6, ) .,--)
.," *�2(!- �

� Z J�2)!� . )�� c )6 !- )D ./)�.& 6! +! D .)� !�)2 ,�! 3) !--! .�/,6.)2! d +5 !2D )�5! 4.2 6!- 3.^
2). )��- +!-

Li
�

� a
d
b

! 
c

-! +5+,)-!� !� *��( )�� +!- 5(.2 - D .")D,D - +!- (��2+���5!- +!- 4�)� - +! 6.
- 2,( ,2! )� !2�! +.�- 6! 2!492!

(−→u ,−→v ,−→w )
+! 6. -,4!2!66)4 -� 
+! � �! 2!4 92! !- -�,D )- � 6.

3) !--! .�/,6.)2! 425(5+!DD!� (.6(,65! �
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� Z! (.6(,6 +!
n

� J!- 4.- .&�2+5 )() � [6 � J)�!,! 4.- -,2 6! (.6(,6 +! 6 J�2)!� . )�� ! +, (!� 2! �
��Y����� �������

%� -! &.-! -,2 6! �,./! +! 4�)� -
Pi

*�2D5 4.2 6!-
n

-�DD! - +! 6. - 2,( ,2! )� !2�! �
� Z! (!� 2! c

C = 1
n

∑n−1
i=0 Pi

`,� -)D46! &.2G(!� 2!a �� Z!- ."!- c )6- - J./) +!- 3!( !,2- 42�42!- 6. D . 2)(! + J)�!2 )! +, �,./! +! 4�)� �
� %� +5+,) 

(a, b, c)
+! 6. D %D! D.�)92! F,! 425(5+!DD!� �

� �� � ��� ����� � � ���� �����
��,- .3��- ,� D�+96! +! D !D&2.�! (!66, 6.)2! -�,46! ! (�DD�+! � �!2 !- d )6 �! -)D,6! 4.-

6 J.44.2!�(! +! 6 J!�3!6�44! + J,�! (!66, 6! d D .)- )6 �� 2! +!- &���!- 4�--)&)6) 5- 4�,2 .446)F,!2 6!-
(�� 2.)� !- +! *�2D! ! +! 3�6,D ! � Z!- (�66)-)��- d &)!� F, J!�(�2! � ,� - .+! !D&2G���.)2! d 4�,2^
2�� % 2! /525!- &)!� 46,- *.()6!D !� F,! - J)6 - J./)--.) +! (.6(,6!2 (!66!- !� 2! +!," -G- 9D !- +!
 !�-5/2) 5 d 4.2 !"!D46! � �! 46, - d 6. -,4 !2!66)4-�
+! (��- ) ,! ,� D�G!� -)D46! +! (��-!23!2 ,�
3�6,D! (��- .� d -.�- 4�,2 ., .� &2)+!2 6!- +5*�2D . )��- 4�--)&6!- � ��)6� F,) ��,- -!23)2. -.�-
+�, ! .,--) 4�,2 D�+56)-!2 6! ��G., �,  �, ., 2! *�2D ! -)D )6.)2! �

[6 2!- ! � (I�)-)2 !� 2! 6!- +!," D5 I�+!- 4�--)&6!- 4�,2 6! (.6(,6 +! 6 J�2)!� . )�� ! +, (!� 2! c 6!-
4�)� - -)/�)_(. )*- �, 6!- 3!( !,2- 42�42!- � ��,-  2�,3��- F,! 6. 42!D )92! 4�-! F,!6F,!- +)� (,6 5-
-!�-)& 6!- � Z! *.) F,! 6! (!� 2! -�) )� 5/25 � 6. - 2,( ,2! �! 2)-F,!  ^)6 4.- + J)D4�-!2 F,!6F,!-
6)D ) . )��- F,.� � 6. (��(!4 )�� +! (!66!^() � [6 � J!- 4.- -�2 F,! ��,- 3�,6)��- 4.2 !"!D46!
2!6)!2 6!- -�DD! - + J,� + D! +!  !�-5/2) 5 !� ,� 4�)� (!� 2.6 d (.2 (!6. 2)-F,!2.) +! D�+)_!2
+,  �, .,  �, -�� (�D4�2 !D !� � C 6�&.6!D !� d (!  ! .442� (I! .((�2+!  2�4 + J)D4�2 .�(! �
6. -,4 !2!66)4-�
+! d F,) � J!- ., +54.2 F, J,� D .�)92! +! D�+56)-!2 ,�! (�� 2.)� ! +! *�2D! ! 
+! 3�6,D ! � b - ^)6 2.)-���.&6! +! ��G!2 6! +546.(!D!� + J,� -�DD! +.�- ,�! 3) !--! .�/,6.)2!
D�G!��! �

� J!- 4�,2F,�) ��,- 425*52��- 6. +!," )9D ! .442� (I! d F, ) 2!�+ 6. D!D&2.�! D�)�- )�!,!� !
D .)- 4 !2D! +! (�� )�,!2 � (.6(,6!2

(a, b, c)
+! 6. D %D! D.�)92! d ( J!- ^�^+)2! (!66! �" ( J!- 6.

- 2,( ,2! )� !2�! F, ) !� 25/) 6!- 3.2). )��- � �!4!�+.� d 6! (.6(,6 +!- ."!- 4.2 6. D 5 I�+! +!-
3.6!,2- 42�42!- ! (!6,) +, (!� 2! 4.2 6. D�G!��! �! *��( )���!� (�22!( !D !� F,! 6�2-F,! F,! 6!
�,./! +! 4�)� *�2D 5 4.2 6!- -�DD! - !- -,� -.D !� &)!� 254.2 ) c

C

v

u

��� � 0 �0 � U�DD! - (�22!( !D !� 254.2 )- �
�,.� ., 4.2.D 9 2! +! *�2D !

n
d ��,- 6.)--��- � 6. - 2,( ,2! )� !2�! d �, � 6 J!�3)2���!D !� 

!" !2�! d 6. (I.2/! +! 6! D�+)_!2 � � ! D.�)92! -)D46! d
n

4!, .,/D!� !2 6�2-F,! 6. - 2,( ,2! )� !2�!
-! 25 2.( ! � (.,-! +! 6 J!�3)2���!D !� `., 2!- (!66, 6!- !� (�66)-)�� a d ! +)D )�,!2 6�2-F, J!66! - J5 !�+
',-F, J� +���!2 ,�! -4I92! 4.2*.) ! � 1�, !- 6!- 4�--)& )6) 5- -�� !�3)-./!.&6!- ! +54 !�+!� +! 6.
(!66, 6! �
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v
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C
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