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(x1|t1, x2|t2, ..., xn|tn)
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σ = (x|a, y|f(x))
G

R(f(x), f(y))σ = R(f(a), f(f(x)))

kC�w8&"� ����&19�
τ◦σ
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σ
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{�|F}>~E�L�9}wt��21
σ = (y|f(x))

�A�
τ = (x|a)

G
R(f(x), f(y))τ◦σ = R(f(a), f(f(a)))
R(f(x), f(y))σ◦τ = R(f(a), f(f(x)))

�E+:�(+��D�($�4&%'�s���s%'1H�2�2=>"V*,�&K
{l1, l2, ...ln}
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σ
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σ(l1) = σ(l2) = ... = σ(ln)
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{l1, l2, ..., ln}
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τ◦σ
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τ
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{�|F}>~E�L�9}wt
{R(x, g(x)), R(f(z), y), R(x, u)}
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τ = (x|f(f(c)), y|g(f(f(c))), z|f(c), u|g(f(f(c))))
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nW�J*#@A�2�>��"

R(f(f(c)), g(f(f(c))))
q

�A�E8-*,"
σ = (x|f(z), y|g(f(z)), u|g(f(z))))
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R(f(z), g(f(z)))
q
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τ = (z|f(c)◦σ
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σ(l1)

�A�
σ(l2)Jx����Bf�C; � @>�sB?���s%r;  #+S #4���19�(+&+&�a���(��K�%'1H�2�2=("�*#��K`13���>+f��1'Bf�&���>5

c +S¤#=>+�=>"V*,%'1'�2�v�J*?@A1'%9�($�>+f� � �&+:�>+��2�>$m4&%9�s���s8�%9���)�&�a���>��KS%919�D��=>"V*,��K<5
ZK[ �F���L\V7 ��t¢kl; *,%'¤# #"�19�2�&$���<; �&+&19�-@>*,�21' #+��D���2�>"�$19+����A�m@> #+�����1H��GW�21l #+�%¡; *#8&8&%'1'Bf�&� � �&�>��K�%919�D��=>"V*,��K�&+&19�-*#4&%9���>G � ��+&�a�D��1H���a���a�D��4��x��1H�����21' #+-� σ1, σ2, ..., σk

�� #+f�)%'�s8&"2 �����1H�
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%'19�D�2=("�*#��K �2�&4��D�219�2����19 ?+
R(x, g(c, z))

�>�
R(f(y), g(y, k(x)) (x|f(y))

R(f(y), g(c, z))
�A�

R(f(y), g(y, k(f(y))) (y|c)
R(f(c), g(c, z))

�A�
R(f(c), g(c, k(f(c))) (z|k(f(c)))

R(f(c), g(c, k(f(c)))) (x|f(c)), (y|c), (z|k(f(c)))�J*?@h�2�(�&")8&"�19+-@A1'8�*,% �&+�1H�-@(*0���>�&"E8�"21'+�@A1'8�*#%
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%'19�D�2=("�*#��K �2�&4��D�219�2����19 ?+
R(x, f(x))

�>�
R(f(y), y) (x|f(y))

R(f(y), f(f(y)))
�A�

R(f(y), y)
=�@V�&�(@�n!�2���x�v�<;  �@>@>�&"2�(+�@A��q
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P (f(x))
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P (c)
=�@V�&�(@n
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���x�E�&+��a@A #+-�x�V*,+f�2��q
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Fi

�(�D�E�&+&�a�&1'��Jx #+�@A�21' #+:���a@A%3*,�-�D���>5
® �A�2�2�w�! ?"2$m�&%9�w���x�E*,�-�2�21<=(Bf�&1'.0*,%'�>+f�2� � ∀x1∀x2...∀xnF1 ∧ ... ∧ ∀x1∀x2...∀xnFn
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8&9;:=<;:�>�9;?&gt 4 1
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C
G& #+:+& #�2�("�*

C \ S%3*�@>%'*#���2�w�& #+f�)%9���)%919�D��=>"V*,��KS�D ?+?�E@>�>��K`�&�
C
��*,���¢%9���)=>%'=>$�(+?�V�)���

S
5

{�|F}>~E�L�9}wt
P (x) ∨ Q(y) ∨ R(x, y) ∨ ¬T (z) \ {Q(y),¬T (z)} = P (x) ∨ R(x, y)

4 1
S
�(�D�E�&+:�>+-�D�($�4&%'�s���s%919�D��=>"V*,��K<G� ?+`+& #�2�("�*

¬S
%¡; �>+��2�>$m4&%9�

{¬l | l ∈ S}
5

{�|F}>~E�L�9}wt
¬{Q(y),¬T (z)} = {¬Q(y), T (z)}

k¥* @A%3*,���2�
C
�(�D���&+&�����F«��-�J�&�&�L�(��������@A%3*,�-�D���

C y �A� C z �(; 1'%v�>K�1'�D�2���&�(��@>%'*#���2�(� C ′ y �>� C ′ z G����(��>+-�D�($�4&%'�(�)���s%'19�D�2=("�*#��K
S y �>� S z �A�E�&+��a�D�&4-�x��1H�����21' #+ σ

�2�>%3�EBf�&�
u C ′ y �>� C ′ z �2 #+f�l���(�£.0*,"�13*,+f�2���¢�&� C y �>� C z Bf�&1�+C;  ?+f�£8-*#�£���I.0*,"�1'*#4&%9���>+�@> #$$��&+:n!��+&�I.�*#"213*,+f����<; ��+&�g�! #"�$��&%'�w�(�D�E�&+&�w�! #"�$���%9�sBf�&1<%'�&1C�(�D�E13���>+f�213Bf�&� � �&+:"2�(+& #$$�*,¤?�g�&�(�I.0*,"�1'*#4&%'�(��8&"�¯(�Vq �u S y �A� S z �2 #+f�E���(�)�2 #�-�x  �>+��2�>$m4&%'�(�I���(�I�(+��2�>$�4�%9���)���s%919�D��=>"V*,��KS��� C ′ y �>� C ′ z "2���D8��(@A�21'.#�>$�(+?� �u S y ∪ ¬S z �(�D�E�&+&19�-*,4&%'�w�A� σ

�>+:�(�D�)�&+:�&+&19�-@>*,�2�(�&"E8&"�19+-@A1'8�*,%
�u C = σ((C ′ y \ S y ) ∪ (C ′ z \ S z ))

{�|F}>~E�L�9}hgt
¬P (x) ∨ Q(x)�A�
P (a) ��
a
���x�)�&+��a@A #+-�x�V*,+f�2�?G��& #+&+&�(+f�I%3*"�=(�2 #%'.�*#+f�2�

Q(a)

¬P (f(x), y) ∨ Q(x, y)�A�
P (x, f(y)) ∨ R(x, y)

"2=(=(@A"�19�I�(+
P (x′, f(y′)) ∨ R(x′, y′)�� ?+&+&�>+f�

Q(x, f(y′)) ∨ R(f(x), y′)*�.#��@
σ = (x′|f(x), y|f(y′))
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¬P (f(x), y) ∨ Q(x, y) ∨ ¬P (z, z)�A�
P (x, f(y)) ∨ R(x, y) ∨ P (z, z)

"�=>=(@>"219�
P (x′, f(y′)) ∨ R(x′, y′) ∨ P (z′, z′)�� ?+&+&�>+f�

Q(x, f(x)) ∨ R(f(x), x)*�.#��@
σ = (x′|f(x), y|f(x), z|f(x), y′|x, z′|f(x))
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�A� 6?�37 �¢��\?����8- ?�&"E%3*m"�=A�!�&��*0��19 ?+S��*,+��I%'� ® *,%3@A�&%C�&�(� ^l"�=(��13@>*,���(5
^£ #�&"���a>~c9L? :+e2}
e�%3*�@> #$8&%'=A�2�-���#G � 8�*,"2�21'"��<; ��+ �>+-�D�($�4&%'�S@> #+f�2"V*#�&1'@A�2 #1'"������:@A%3*,���2�(����� ® *,%3@A�&%I���(�8&"�=(��13@>*,���C�&�g8�"2�($�1'�>"¥ #"V��"2�?Gh #+s@A ?+��D�2"��&1H�C��+g�(+��2�>$�4�%9�l@> #+f�2"V*#��13@h�� #1'"2�����l@>%'*#���2�(�<��� ® *#%'@>�&%;^l"� #8� ?�21H��19 ?+&+&�(%
Bf�&1-*w��+&�E"�=A�!���V*0�21' #+ � 8�*#"D��19"/���E%3*#Bf�&�>%'%'�) #+�@A ?+��x��"2��1H�l�&+��E"2=>�!����*,�21' #+����E%¡; �>+��2�>$m4&%9�v19+&19�213*,%-���v@A%3*,�-�D���¤#"��#@>� � �&+S���&=> ?"2¯($��s@> #+&+F�:�D ?���I%9�w+& ?$ ��� �A%9�($�$�a���s"��>%'¯>.?�>$�>+f� �05

D ��U F£^wUWO)_aT>bIH
c +���=>��+&19�(G�@A ?$$��g�&*,+-�l%'� ® *,%3@A��%-8&"� #8� ?�219�21' #+&+&�(%rG?%9���/�D�2"V*0��=>¤?19���l8� ?�21H��19.?�#Gf+&=>¤f*0�21'.#�?G#%'19+�=(*,1'"��#G#%'1'+&=(*#19"��
8�*#")�>+f�2"�=>�?G&���w%r; �>+��2�>$m4&%'�a�D�&8�8- ?"D��5 c +:*�%'�(�I$0/>$���)"2=��D��%H�V*0���I���a@> #$8&%'=A�������#5

� � � �S\>T��/^sUWTAXaR H
����� ^£ #�&")$ ?+?��"2�("EBf�C; ��+&�g�! #"�$��&%'�

F
���x�).0*,%'1'�&�#G& ?+S@V�&�("�@V���>"V*��&+��g"�=A�!�&��*0��19 ?+¬���

C(¬F )
5

�l+:�ApL�A�at
F
.0*#%913���

⇔ C(¬F )
@A ?+f�2"V*#��13@h�� #1'"2�

⇔ C(¬F ) ` �

{�|F}>~E�L�9}wt
4  ?1H�

F = ∀x(A(x) → B(x)) ∧ ∀x(B(x) → C(x)) → ∀x(A(x) → C(x))

¬F ≡ ∀x(A(x) → B(x)) ∧ ∀x(B(x) → C(x)) ∧ ∃x(A(x) ∧ ¬C(x))$1'�2�a�2 #���/�! #"�$�w8&"2=(+&�AK��t
¬F ≡ ∃z∀x∀y((A(x) → B(x)) ∧ (B(y) → C(y)) ∧ A(z) ∧ ¬C(z))� �  #%'=>$13�2*,�21' #+�t
∀x∀y((A(x) → B(x)) ∧ (B(y) → C(y)) ∧ A(a) ∧ ¬C(a)) ��
a
���x�)�&+��a@A #+-�x�V*,+f�2�s��� 4	�  #%'�>$:5

@A%3*,�-�D���wt
n ° q

¬A(x) ∨ B(x)n�.#q
¬B(y) ∨ C(y)n��?q
A(a)n 3 q
¬C(a)

"�=A�!���V*0�21' #+S8� ?�21H��19.?�g�>�E%91'+&=�*,1'"2�w8�*#")�>+f�2"�=>�t
n��?q

B(a)
n ° q��>��n��fqn��fq

C(a)
n�.#q��>��n��?q

n�	#q
�

n 3 q��A��n��fq
"�=A�!���V*0�21' #+S+&=(¤?*0��19.?�w�A�)%91'+&=�*,1'"2�w8�*#")�>+f�2"�=>�t

n��&; q
¬B(a)

n+.#q��A�an 3 qn���; q
¬A(a)

n ° q��A�an���; qn�	�; q
�

n��?q��>�an��&; q



���������
	��� ��������������	�������� �!�#"$&%��')(�����*+�,	��-��� ° �

�D�2"V*0�2=(¤#1'����� %¡; �(+��D�($�4&%'� �2�&8&8� #"2��*�.#�(@
{A(a),¬C(a)}

@A ?$$����(+��2�>$�4�%9� �2�&8&8� #"2�(Gg@,; �(�D�D  �   ��19"�� %9���@A%3*,�-�D���I1'���D���(�)���w%3*m+�=>¤?*,�21' #+:���s%3*�@> #+�@>%9�-�D1' #+
∀x(A(x) → C(x))

t
n�� �>q

B(a)
n��fq��A��n ° q

n�� �>q
¬B(a)

n 3 q��>��n�.?q
n�	 �>q

�
n�� �>q/�A��n�� �(q

����� ^£ #�&")$ ?+?��"2�("
Σ |= F

G& ?+`$ #+f��"2�("�*
C(Σ ∪ {¬F}) ` ��l+:�ApL�A�at

Σ |= F ⇔ C(Σ ∪ {¬F})
@> #+f�2"V*#��13@h�� #1'"2�

⇔ C(Σ ∪ {¬F}) ` �

{�|F}>~E�L�9}wt
4  ?1H�

Σ = {∀x∃yP (x, y), ∀x∀y(∃z(P (x, z) ∧ P (z, y)) → Q(x, y))}�A�
F = ∀x∃yQ(x, y)
¬F = ∃x∀y¬Q(x, y)

@A%3*,�-�D���wt
n ° q

P (x, f(x))
 ��

f
�(�D�E�&+&�w�! ?+�@h��19 ?+S�&� 4 %9 ?%9�($

n�.#q
¬P (x, z) ∨ ¬P (z, y)) ∨ Q(x, y)n��?q
¬Q(a, y)"�=A�!���V*0�21' #+S8� ?�21H��19.?�g�>�E%91'+&=�*,1'"2�w8�*#")�>+f�2"�=>�tn 3 q

¬P (f(x), y) ∨ Q(x, y)
n ° q��A��n+.#qn��?q

Q(x, f(f(x)))
n ° ; qgt

P (x′, f(x′))
�>��n 3 qn��fq

�
n��fq��A��n��#q

"�=A�!���V*0�21' #+ +&=(¤?*0��19.?�#GI%'19+&=�*,1'"2� 8�*#"S�(+f�2"�=>�#G)�>�7@,; �(�D�¬*#�����D1s%3* �x��"�*,�2=>¤?19������%¡; �(+��D�($�4&%'���D��8&8- ?"D�7*�.?�(@
{¬Q(a, y)}

@A #$$�:�>+��2�>$m4&%'�:�2�&8&8� #"2��@,; �(�D�D  �   ��1'"2�S%'*�@>%'*#���D�S13�2�2�&�¬���¬%3*�+�=>¤?*,�21' #+���� :�� a�9;e��>~}
F�&*#+��I%'* :��,ad9Le�>J}

Σ
tn 3 ; q

¬P (a, z) ∨ ¬P (z, y)
n�.?q��A��n��fq

n��&; q
¬P (f(a), y)

n ° q��A��n 3 ; qn���; q
�

n ° q��>��n��&; q
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	 � N ��� ��������
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0 8�*#"D��19"E�����)@A ?+&+�*,13���2*#+�@A���/�2�&1'.�*#+f�2�(�wt
0 %3*,1'+`���x�E%'�w8-¯("2�a���! ��>"�+�*#"��<5
 /�("2+-*,"V���(�D�)%9�s8�¯>"��s��� ® %3*,�����?5
kC�w8-¯("2�s���:8�¯>"��a�<; �&+&�s8��>"V�D ?+&+&�g�(�D�v�D ?+`¤?"�*#+��F  8-¯("2�g8�*,"2�2�("2+��>%¡5® %'*#����� Jx #�&�s*�.?�(@w�D ?+`¤?"�*#+��F  8-¯("2�d8�*,"2�2�("2+��>%¡5

^£�>���2 ¡ ?+S�&=>$ #+f�2"��>"�G��>+S����19%'1'��*,+f�E%'�G^l"�19+�@>198��a���w"�=(�2 #%'���21' #+:Bf�&�
® %'*#����� Jx #�&�s*�.?�(@ 0 %3*,1'+#"

M E`XGF���^a\AT HW^wUWTAXaRZb)R]RSXwUW^wU¢TAXaR � F£O)Y`T���^wUWT%$ab
0 8�*#"D��19"E�����I=>+& ?+�@A=��)�D��19.0*,+f�V�wt

�(�D�D  8-�("2�>  ���
(a, b)�(�D�D  8-�("2�>  ���
(b, c)

∀x(
���x�2 ¡8��>"��A  ���

(y, z) →
�(�D�D  ¤#"V*,+-�F ¡8��>"��A  ���

(x, z))
∀x(

���x�2 ¡¤?"�*#+��F  8-�("2�>  ���
(x, c) →

Jx #�&�
(c, x)) ��

a
G
b
G
c
�D ?+f�)�&�(�)@A ?+��D��*,+f���(�I�A�

x
G
y
G
z
���(�I.0*,"�13*,4&%'�(�(G� #+S8-�(���v��=($� ?+f�2"��>"I�J*#@>19%'�>$�(+?�EBf�&�

Jx #�&�
(c, a)�>+:$ #+f��"�*#+?�)Bf�&�s%¡; �(+��D�($�4&%'�s���a@A%3*,�-�D���'&v�D��19.0*,+f�E���x�E@A ?+f�2"V*#��13@h�� #1'"2�?5n ° 5 ° q��(�D�D  8-�("2�>  ���

(a, b)n ° 5 .?q��(�D�D  8-�("2�>  ���
(b, c)n ° 5 �fq��(�D�D  8-�("2�>  ���
(y, z) →

���x�2 ¡¤?"�*#+��F  8-�("2�>  �&�
(x, z)n ° 5 3 q��(�D�D  ¤#"V*,+��F  8��>"��A  ���

(x, c) →
Jx ?�&�

(c, x)n ° 5 �?q
¬
Jx #�&�

(c, a) ¦ +&=>¤f*0�21' #+:���`�J*,19� � ��=>$ #+f��"2�(" §
)=>�!����*,�21' #+�t

n ° 5 �fqe���x�2 ¡¤?"�*#+��F  8-�("2�>  �&�
(a, c)

n ° 5 ° qAGCn ° 5 .?qe�>��n ° 5 �fqn ° 5 	#q Jx ?�&�
(c, a)

n ° 5 �?q/�>��n ° 5 3 qn ° 5 �fq
�

n ° 5 	#qe�>��n ° 5 �?q
)�($*#"�Bf�&�(")B?���g%¡;  #+:*&G&�&*#+��)@A�>�I�>K��>$8&%'�#G�+& ?+:�2�>��%9�($��(+f�I��+&�w"2=>�!����*,�21' #+CG�$�*,13�)*,�-�2�21L�&+&�a��=�����@h��19 ?+
��1'"2��@h���w�&�s%'*�8&"� #8&"�1'=A�2= Jx ?�&�

(c, a)
nJ@>%'*#���D��n ° 5 	,qDqA5

� E`XGF���^a\AT HW^wUWTAXaRZb)R]RSXwUW^wU¢TAXaR)(0X�R �eUWTAXaRSRSb)\A\Ab
0 %3*:8&%'*?@A�������s8&"�=(��13@>*,���w ?+ �&�21'%913�D�`���(�a� ;F$�4� #%'�(�g�! ?+�@h��19 ?+&+&�>%3�s�>�a #+�*:4-���D ?19+�*#���2�21l�<; �&+�8&"�=(��13@>*,�
egal

B?���s%r;  #+S+& ,���>"V*�1'@>1
=
$�*,13�EBf�&1<+&�s8� ?���D¯����s*,��@>�&+&�w8&"� #8&"�19=>�2=w1'$�8�%913@A19�2�a���s%¡; =>¤?*#%919�2=?5

*,+.-0/21�3546/57�829�46:67;:6<5:646: =?>@8BA'C27�469�7�A'353546:6D,AE=;:6-0C57�9�C#FG9H=I=JA'C%=�9�CG>HK2:6829,C2D,9L469,7M46: =;=;>�1?A'/2NPO2Q0RJSUTVS WHRX9H=�469�7�46: =I=?>�1;A'/2NZY\[^]%_%T`S WJRJa
-0Cb>�D�1I: =L7;-0/2K%9�Cc=�469�7dD�4eA'/57;9�7�859f4eAhg`-01IFG9

¬A1 ∨ ... ∨ ¬An ∨ B1 ∨ ... ∨ Bp7?-0/27�4eAig`-01IFG9
A1 ∧ ... ∧ An → B1 ∨ ... ∨ Bp

° 	
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	��� ��������������	�������� �!�#"$&%��')(�����*+�,	��-��� ° �

0 8�*#"D��19"E�����)@A%3*,���2�(�)�2�&1'.0*,+f�2���
n+.�5 ° q

a =
8-�("2�

(b)n+.�5#.#q
b =

8��>"��
(c)n+.�5 �?q�¤?"�*#+��F  8-�("2�

(x) =
8��>"��?nJ8-�("2�

(x)n+.�5 3 q Jx ?�&�
(c,
¤#"V*,+��� ¡8��>"��

(c))n+.�5 �#q
¬
Jx ?�&�

(c, a) ¦ +&=(¤?*,�21' #+`�&�`�J*#1H� � ��=($ #+f�2"��>" § #+ +&�8��>���a"�19�(+ �&=(���&1'"��@(*,"w #+ +&�8��>���a8�*?�g�&+&19���>"s%'�(�s@>%'*#���D��Jx ?�&�
(c, a)

�A� Jx #�&�
(c,

¤#"V*,+-�F ¡8��>"��
(c))8&�&13��B?���g%3*�@A ?+��D��*,+f���

a
�>�E%9�g���>"�$��s¤?"�*#+��F  8-�("2�

(c))
+��s8-�(�&.#�(+?�E8-*#�)�(; �&+�1H���("(5

^£ #�&")"�=(�2 #�-��"2�w@A�w8&"� #4�%9¯($��?G� #+¬*���>�&K`�D ?%9�&�21' #+��wt
u *LJx #�&�2�>"g���(�c<(|�>�9,~}A0a���<0� > : <L> e�}hdBf�&1£�>KF8�"21'$�>+f�d�>KF8�%913@A19�2�($��(+f�d�� #�����(�g%9���v8�"2 ?8&"21'=A��=(�d19$8&%'13@A19�2�(����w%r; =>¤f*,%'1H��=

�u *LJx #�&�2�>")���s+� #�&.?�>%'%9���e���(@V�&+�1'Bf�&���wt&%'*0B¢�V7 � B¢�W�r���(�r�-���A�E%3*��¢���0�,7 � BW�¢�J�&�(�J���

D � ��TAX���bIH�O)_a^a\ATVU¢^aT�F£bIH
^£ #�&"E@V�-*#Bf�&�w8&"�=(��13@>*,�

P n
  *#19"��#GF ?+:*;Jx #�����w%r; *0K�1' #$�

∀x1∀x2...∀xn∀y1∀y2...∀yn(x1 = y1∧x2 = y2∧...∧xn = yn → (
8��>"��

(x1, x2, ...xn) →
8��>"��

(y1, ..., yn)))^£ #�&"E@V�-*#Bf�&�s��;F$m4- ?%9�g�! #+-@h�21' #+�+&�>%
f n

  *,1'"��#G� #+:*LJx ?���2�w%¡; *,K�19 ?$��
∀x1∀x2...∀xn∀y1∀y2...∀yn(x1 = y1 ∧ x2 = y2 ∧ ... ∧ xn = yn → f(x1, x2, ...xn) = f(y1, ..., yn))@,; �(�D�D  �   ��1'"2�?GF8- ?�&")%r; �AK��($�8�%9�s8&"�=(@>=(���(+f�(G�%'�(�)@A%3*,�-�D���n���5 ° q

x1 = y1 ∧ x2 = y2 ∧
Jx ?�&�

(x1, x2) →
Jx ?�&�

(y1, y2)n���5 .?q
x = y →

8��>"��
(x) =

8-�("2�
(y)

c +:*LJx #�&�2�s���s8&%'���)%'�(�)*,KF1' #$���
n���5 �fq

∀x (x = x)�A�
n���5 3 q

∀x (x = y → y = x)

c +:*�*,%' #"V�e%3*"2=>�!����*,�21' #+:�D��19.0*,+f���
n���5 �?q

x2 = y2 ∧
Jx ?�&�

(x1, x2) →
Jx #���

(x1, y2)
n���5 ° q/�A��n���5 �fqn���5 �fq Jx #�&�

(c,
8��>"��?nJ8-�("2�

(c)))
n�.�5 �?qAGCn�.&5 3 qe�>��n���5 �?q

n���5 	#q�8-�("2�
(b) =

8��>"��?nJ8-�("2�
(c))

n�.�5#.#q/�>��n��&5#.#q
n���5 �fq�8-�("2�fn!8��>"��

(c)) =
8��>"��

(b)
n��&5 3 q/�>��n��&5 	,qn���5 �fq Jx #�&�

(c,
8��>"��

(b))
n��&5 �?qAGCn���5 �fqe�>��n���5 �?q

n���5 ° � q/8-�("2� (b) = a
n�.�5 ° q/�>��n��&5#.#qn���5 °?° q Jx #�&�

(c, a)
n���5 ° � qhGCn �&5 �?q/�A��n �&5 �#qn���5 ° .#q

�
n�.&5 �?q/�A��n���5 °?° q

� NPOE��X�Y`[S\A^wUWT>XaR
® �A�2�2�s+& ?�&.#�(%9%'�g�2��@V�&+&13B?���g���x�E%3*�D��19.0*,+f���
4 1C ?+S*��&+��a@A%3*,���2�w�&+&19��*,1'"��g=(¤?*#%919��*#19"��d8� ?�219�21'.#�

r = s�A�E��+&�a@A%3*,���2�
C = P (..., t, ...) ∨ H ��
t
G-�&+:�2�("2$�a*,8�8&8�*,"V*,13���2*#+?�)�&*#+��)�&+7�����v*#"2¤?�&$�>+f���)���

P (...)
�(�D�E�&+&�a1'+��D��*#+�@A�a���

r ¦  #� s § G-@,; �(�D�D 
�   ��1'"2� t

8��>���g�>; �&+&19���>"g*�.#��@
r ¦  #� s § G-$�*,13�E�D�(�&%'�(�E%'�(�v.0*,"�1'*#4&%9���)��� r ¦  #� s § 8��>�&.?�>+f� /A��"2���2�&4��D�219�2��=>�(�(G8�*#")�&+&�a�2�&4��D�219�2����19 ?+

σ
G-�D ?1H�

t = σ(r) ¦  #� t = σ(s) § G*,%' #"V�� #+S�0��7 �¢�r�,6#�
t
8�*,"

σ(s) ¦  ?� σ(t) § �&*#+�� C

�-} eh~b> ?29,� 9 ��>J}�t
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r = s
���x�E%'�GBW�V7 � B¢�¢�J�����f�W��n �
BW� �(qh5

C
�(�D�E%'*@A%3*,�-�D�GB¢��7 � BW�¢�J�F�Sn �
BW�&�¢« �>qh5

c +:*cBW�V7 � B¢�¢�J�bBW�
r = s

BW���W«
C
5

k¥*�+& ?�&.#�(%9%'�s@A%3*,���2�w�(�D�)%9�KB¢�V7 � B¢�W�r�&�L�#5
�v}>~c<Le��	��}/t�%3*v@>%'*#���2�

P (..., σ(r), ...)∨H
+C; ���x�£8�*?� <��
9 ��: a�}¢$�*#1'�¢�>%'%'�/�0�V7��£�J�,6?�v%3*d@>%'*#���2�

P (...t...)∨H
5

c +S+C; *#�&¤#$�(+?���s�� #+�@w8-*#�I%'�g+� #$�4�"2�s���a@>%'*#���D���>5
® �(@>1<�(�D�E8- f�2�21'4&%9�s@(*,"E@A���)���>�&KS@A%3*,�-�D�����2 #+f�)=(Bf�&1'.0*,%'�>+f�2���>5
^£ #�&")%¡; �AK��>$8&%'�s8&"�=(@A=����>+f��G� #+:*m%3*�"2=>�!����*,�21' #+n 3 5 ° q Jx #�&�

(c,
8��>"��?nJ8-�("2�

(c))
BW��n�.�5 �?q B¢�&�¢«�n�.&5 3 q

n 3 5 .?q Jx #�&�
(c,

8��>"��
(b)

B¢�7n�.&5 .?q B¢�&�¢«�n 3 5 ° qn 3 5 �fq Jx #�&�
(c, a)

B¢�7n�.&5 ° q B¢�&�¢«�n 3 5 .?q
n 3 5 3 q

�
n+.�5 �#q/�A��n 3 5 �?q

Cw�0���¢�0�J�f�(� t/k¥�78&"�19+�@>198��7���7"�=(�2 #%'����19 ?+�*#��Bf�&�>%d #+ *#��Jx ?19+f��%3*���=>$ ����&%3*0��19 ?+ �(�D���&+&�7"�¯>¤?%9�7��*,1'+&�?G
$�*,13�I+& #+¬@> #$8&%'¯A�2�?5
c +:@A #+-�x�V*0�2�("�*m%3*m+� #+¬@A ?$�8�%9=>�2�����s�2�&"E%¡; �>K��>$8&%'�w�&�s%'*�2�(@h��19 ?+S�2�&1'.0*,+f�2�?5

� � ^GF¢^m��X�Y`[S\A^wUWT>XaR
0 8�*#"D��19"E�����)@A ?+&+�*,13���2*#+�@A���/�2�&1'.�*#+f�2��t

0 %3*,1'+`���x�E%'�w8-¯("2�a���! ��>"�+�*#"��<5
]¥ ?���2�w8��>"V�D ?+&+&�w�(�D�)8&%9�-��Jx�>�&+��aB?���a�D ?+`8�¯>"��#5

^£�>���2 ¡ ?+S@> #+�@>%9��"2�sBf�&�  ��>"�+�*,"V�����x�)8&%'����Jx�(�&+&�aBf�C; 0 %3*,1'+#"
� ��� � % *���*,+�%(. / 	,! � +�� � *,+23(4

@A%3*,�-�D���
8��>"��

(a, b)8��>"��
(x, y) → y < x

¬(b < a) ¦ +&=(¤?*,�21' #+:���s%'*@> #+�@>%9���21' #+ §k¥*�"�=A�!���V*0��19 ?+`���x�E1'$$�=���13*0�2�?5
� ��� � % *���*,+�%(.�� %(.�� *,+-%(. .�4$' '-4

@A%3*,�-�D���
n���5 ° q

a =
8-�("2�

(b)n���5#.#q
x <

8��>"��
(x)n���5 �?q

¬(b < a) ¦ +&=>¤f*0��19 ?+S���s%3*@A ?+�@A%'���219 ?+ §c +S+&�s8-�(���E8�*?�I�&+&19���>"
a
�>�E8-�("2�

(b)
5

c +:�� #19�v�� #+-@d"V*LJx ?���2�("I%9���E*0K�1' #$�(�
n��&5 3 q

x1 = y1 ∧ x2 = y2 ∧ x1 < x2 → y1 < y2n��&5 �?q
x = xn��&5 �fq
x = y → y = x

8� #�&") ?4��2�(+&19")%3*"�=A�!���V*0�21' #+
n��&5 	#q

x2 = y2 ∧ x < x2 → x < y2

n���5 3 q/�A��n���5 �#q
n��&5 �fq/8-�("2�

(x) = y2 → x < y2

n���5#.#q/�A��n���5 	,q
n��&5 �fq/8-�("2�

(b) = a
n��&5 ° qe�>��n��&5 �fqn��&5 ° � q b < a
n��&5 �fq/�A��n��&5 �fq

n��&5 °?° q
�

n���5 �?q/�A��n���5 ° � q
� ��� 	 �	 � � % � ) '
� *,+-%5.

k¥*��=($ F�&�&%'*,�21' #+S+&�s8��>"�$��>�)8�*#�)�<; =>.F19�2�("v���w"�*;Jx #�����>"I%'�(�E*,KF1' #$���/=(¤?*#%919��*#19"��(�(5



���������
	��� ��������������	�������� �!�#"$&%��')(�����*+�,	��-��� . �

k¥*�8�*#"�*#$ F�&�&%'*,�21' #+`�(�D�E�&+&�w¤#=(+&=>"V*,%'1'��*0��19 ?+`���w%3*���=>$ ����&%3*0��19 ?+S��*,+��I%3*#Bf�&�(%9%'�
u  #+S8-�(���)�J*,1'"2�s�����E�2�&4��D�219�2����19 ?+��)�&*,+-�I%'*�@>%'*#���D� Cu %'*@A%3*,�-�D�w ��:�2�d��"2 ?�&.#�w%'�w%919�D��=>"V*,%C=(¤?*,%'19��*,1'"��v+C; �(�D�E8�*#�I+�=(@A���2��*,1'"��>$�>+f�I�&+&19��*,1'"��
u  #+S+&�w"2�($�8�%'*?@A�w8�*#�I%3*@A%3*,���2� C

$�*#1'�I ?+:*;Jx #�����w%'*�+& ?�&.#�(%9%'�s@A%3*,���2�
4  ?1H�
4 1F #+�*v��+&��@>%'*#���2�/=(¤?*,%'19��*,1'"��l8- f�D19�21'.#�?G0@,; �(�D�D  �   ��19"��/* ;f*,+f�¥�&+�%'1H�2�2=>"V*,%F=(¤?*,%'19��*,1'"��l8- f�D19�219� r = s ¦  #� s = r § G�2 #19�

CE = CE1 ∨ (r = s) ∨ CE2�A�E��+&�a@A%3*,���2�
C = C1 ∨ P (..., t, ...) ∨ C2+C; * ;?*#+?��8�*?�l���E.0*#"213*,4&%'�)@A ?$�$m�&+&�v*�.?�(@

CE
�A�e ��

t
G#�&+��2�("2$�v*#8&8&8�*#"�*#1'����*,+f�£��*,+�����+����(�l*#"2¤?�&$�>+f���

���
P (...)

8��>���v�(; �&+&19���>"v*�.?�(@
r
G&8-*,")�&+&�s�2�&4��D�219�2����19 ?+

σ
G-�2 #19�

σ(t) = σ(r)
G

*,%' #"V�� #+:��M��-�W�(��%'*�@>%'*#���2�
(CE1 ∨ CE2 ∨ C1 ∨ P (..., s, ...) ∨ C2)σ

{�|F}>~E�L�9}sn
a
�A�

b
�D ?+?�E�����E@A ?+��D��*,+f���(�(G

x
�>�

y
�����).0*,"�1'*#4&%9����q

CE = (f(x, a) = g(x, a)) ∨ Q(x)
C = P (f(b, y)) ∨ R(y)*�.#��@

σ = (x|b, y|a)
 #+:*LJx ?���2�w%3*@A%3*,���2�

Q(b) ∨ P (g(b, a) ∨ R(a)

�-} eh~b> ?29,� 9 ��>J}�t
CE

�(�D�E%9�w�£���0�,7 � B¢�W�r���(�F�W��n �
BW� �(qh5
C
�(�D�E%'*@A%3*,�-�D�w�£���0�,7 � B¢�W�r�F�Sn�� B¢�&�¢«��(qh5

%3*m+� #�&.?�>%'%9�s@A%3*,�-�D�w�(�D�)%9�s�£���0�,7 � BW�¢�J�&�L�?5

^£ #�&")%¡; �AK��>$8&%'�s8&"�=(@A=����>+f�
n��&5 ° q

a =
8��>"��

(b)n��&5 .?q
x <

8-�("2�
(x)n��&5 �fq

¬(b < a) ¦ +&=(¤?*,�21' #+:���s%'*@> #+�@>%9���21' #+ §
 #+:*�%'*"�=A�!�&��*0��19 ?+ n���5 ° .?q

b < a
����n���5 ° q��&*,+-�sn���5#.#qn���5 ° �fq

�
n���5 �?q��A�an���5 ° .#q

�v}>~c<Le��	��}lt
x <

8��>"��
(x)

�(�D�¢8�%9���¢¤?=>+&=("�*#%9�eBf�&�
b < a

G� #+a+C; *,��"�*#1H�£�� #+�@/8�*?�¥8&���D��8&8&"�19$�>"
x <

8��>"��
(x)��*,+��I8��>"V��"��w�&�g%¡; 19+��! ?"2$�*,�21' #+C5

Cw�0���¢�0�J�f�(�©t£kC��8�"21'+�@A1'8�������"�=(�2 #%'����19 ?+ *,��Bf�&�(%e #+ *?��Jx #1'+f��%3*78�*#"�*#$� �����%'*,�21' #+��(�D���&+&�`"2¯(¤#%'����*,1'+&�
�A�v@> #$8&%'¯A���#5



��� ��,0� ���� �

�� � ^a\���[S\ � F£X�� XKH¥TVU¢TAXaRSR`b)\
° 5I^¢ ?�&"E@V��*?@A�&+&�w�����I�! #"�$��&%'�(�)�2�&1'.0*,+f�2���>G&��1'"��w�21C@,; �(�D�E�&+&�s���&�W�(���J�21-�r� #�S�&+&�a�&�L���J�J�21��J��5

4 19+� #+CG&��1'"��g8� #��"vBf�&�>%'%9���I.0*,%'�>�&"V�I���(�).0*#"213*,4&%'�(��8&"� #8� ?�219�21' #+&+&�(%9%'�(��%3*��! #"�$��&%'�w�(�D�).f"V*,1'�#5
p ∨ q

p → q

p ∨ ¬p

p → p

p ∧ ¬p

p ∧ (p → q) ∧ ¬q

p ∧ (p → q) → q

(p ∨ r) ∧ (q ∨ ¬r) → p ∨ q

.&5
F ≡ G

�219¤?+&1H�-�wBf�&�s%'�(���! ?"2$m�&%'�(�
F
�>�

G
�2 #+f�E�Fª<�W�J�&�&�J�F�L�(�F«?5

�e�x�2  @>�sB?�¥;  ?+S*
p → q ≡ ¬p ∨ q

"
p → (q → r) ≡ p ∧ q → r

"
¬(p ∨ q) ≡ ¬p ∨ ¬q

"
¬(p ∨ q) ≡ ¬p ∧ ¬q

"
¬(p ∧ q) ≡ ¬p ∨ ¬q

"
p → q ≡ ¬p → ¬q

"
p → q ≡ ¬q → ¬p

"
¬(p → q) ≡ p ∧ ¬q

"
��5

Σ |= F
�219¤?+&19����Bf�&�a%3*�! #"�$���%9� ���(�D�)6?�-�¢«(�Fª<�¢�F� 6?��«��V7 �&�L�(�rª<�W��n! #��%9 ?¤#13B?����qI���a%¡; �>+��2�>$m4&%9�

���g�! #"�$��&%'�(�
Σ6¬ #+f�2"��>")Bf�&�

{p, p → q} |= q

{p ∨ r, q ∨ ¬r} |= p ∨ q

|= p → q
�21C�A�v�2�>�&%'�>$�(+?�E�21

{p} |= q

3 5E6¬�A�2�2"���%'�(���! #"�$��&%'�(�m�D�&1'.0*,+f�2���m�2 #�-��5 �-��7 �©�¢���L7 ���J� 6#����M���� 6#�(�!��� N OIQYX0T�>��2 #�-��5 �-��7 �
�W�-�L7 �&�J�UB¢�J«=M��-�$6,���!�-�ANPOIQSRUT

p ∧ (q ∨ (r ∧ s))
p ↔ q

p ∧ q

p ∨ q

p ∧ q → r ∧ s

p ∨ q → r ∨ s

p ∧ (p → q) → r

p ∧ ((p → q) → r)

. °



���������
	��� ��������������	�������� �!�#"$&%��')(�����*+�,	��-��� .�.

d � � ^�\��/[S\ YSbIH � F¢O)YST���^wU H Y`[ � F£bE��TAb F XKF¢Y F¢b
° 5I^¢ ?�&"E@V��*?@A�&+&�w�����I�! #"�$��&%'�(�)�2�&1'.0*,+f�2���>G&��1'"��w�21<�>%'%'�s�(�D�I�&���J��B¢�7n!�2 #�;Jx #�&"V�I.F"�*#19��q

∀x(A(x) → B(x)) ∧ A(a) → B(a) ¦ *��(�D�E�&+&�s@A ?+��x�V*,+f�2� §
∀x(A(x) → B(x)) ∧ ∀x(B(x) → C(x)) → ∀x(A(x) → C(x))
∀xA(x) → ∃xA(x)
∃xA(x) → ∀xA(x)
A(a) → ∃xA(x)
∃xA(x) → A(a)
∀x∃yP (x, y) → ∃y∀xP (x, y)
∃y∀xP (x, y) → ∀x∃yP (x, y)

.&5EkC�(���! ?"2$m�&%'�(�I�D��19.0*,+f���(�)�2 #+f�D  �>%'%9���)�Fª<�W�J�&�&�J�F�L�(�F«L"
¬∀xA(x) ≡ ∀x¬A(x)

"
¬∀xA(x) ≡ ∃x¬A(x)

"
¬∀x(A(x) → B(x)) ≡ ∃x(A(x) ∧ ¬B(x))

"
∀x(A(x) ∧ B(x)) ≡ ∀xA(x) ∧ ∀xB(x)

"
∃x(A(x) ∧ B(x)) ≡ ∃xA(x) ∧ ∃xB(x)

"
∀x(A(x) ∨ B(x)) ≡ ∀xA(x) ∨ ∀xB(x)

"
∃x(A(x) ∨ B(x)) ≡ ∃xA(x) ∨ ∃xB(x)

"
H → ∀xA(x) ≡ ∀x(H → A(x))

"
H → ∃xA(x) ≡ ∃x(H → A(x))

"
∀xA(x) → C ≡ ∀x(A(x) → C)

"
∃xA(x) → C ≡ ∃(A(x) → C)

"
∀xA(x) → C ≡ ∃x(A(x) → C)

"
∃xA(x) → C ≡ ∀x(A(x) → C)

"
∀x∃yP (x, y) ≡ ∃y∀xP (x, y)

"
∀x∃y(A(x) ∧ B(y)) ≡ ∃y∀x(A(x) ∧ B(y))

"
��5)�e�x�2  @>�sB?�¥;  ?+S*%'�(�I6?�-�¢«(�Fª<�¢�F� 6?�f««��V7 �&�L�(�rª<�W�F«w�2�&19.0*#+?���(�M"

{∀x(A(x) → B(x)), A(a)} |= B(a)
"

{∀x(A(x) → B(x)), ∀x(B(x) → C(x))} |= ∀x(A(x) → C(x))
"

{∀x(A(x) → B(x)), ∀x(B(x) → C(x))} |= ∀x(A(x) → C(x))
"

{∀x∃yP (x, y), ∀x∀y∃z(P (x, z) ∧ P (z, y)) → Q(x, y)} |= ∀x∃zQ(x, y)
"

3 5 4  #19� 9/%¡; 1'+f�2�("28&"�=A�V*0��19 ?+`���a�� ?$�*,1'+&�
N
G
Z
 ?�

R
G& ��

R
�(�D�E19+f�2�("28�"2=>�2=w8�*,"

≤
G
≥
G
<
 ?�

>
5

�d�&�>%'%9�w���x�)%¡; �r�L�(�f���W�0�f�(�����J��� BW�F«c5 �-��7 �¢�J�F«
∀x∃yR(x, y)

�A�
∃x∀yR(x, y)

"

d��� � � �:\AT���^wUWTAX�R � � ^a\���[`\ Y`bIH � F£O)YST��/^sU H
° 5 �& #"�$�*,%'1'�2�>"�%'�(�E@> #+&+�*#1'����*,+�@>�(���D�&1'.0*,+f�2���)�&*,+-�I%9�a@(*,%3@A�&%C�����)8&"�=(��13@>*,���

�E+¬��"V*,¤? #+`�(�D�E�&�>�&"��>�&K`�D1L�� #���v�D���I�>+��J*#+?�V�I8-�(�&.#�(+f�E.# #%'�>"�5
kC���)��"V*,¤# ?+���.#�("D�V�I8-�(�&.#�(+?�).? #%'�>"�5
�E+¬��"V*,¤? #+`�(�D�E.#�>"2�E�D1C*#�`$ ?19+��E�&+S�&�a�D���I8�*,"��>+f���I���x�).?�>"2�(5

.&5)�l+¬��=(����19"��sB?���s%9���)��"�*#¤# ?+���.#�>"2���I�2 #+f�)�&�>��"2�(��K<5
]¥"� #�&.?�>"��&+&�s"�=A�!���V*0��19 ?+S���a@>�A�2�2�s8&"� #8&"�1'=A�2=g�>+:����19%'13�2*#+?�E%'� ^l"�19+�@>198��a���s"�=(�2 #%'���21' #+¥5

��5 �d�&�w8-�(���)�J*,1'"2�w�&+¬��"V*,¤? #+`"2 f�D�g8- ?�&"I/A��"2�s���>�&"��>��K "

 � � N OE��XaR H<U F£^wUWT>XaR ^a[�UWX���^wU¢TA�[`b YSbPU �`O)XGF -E��bIH
c +:*�>+`�2�&=( #"�19�s�����I¤#"� #�&8��(�I%'�g�2�&=( #"�¯>$�s�D�&1'.0*,+f�at
ZK[ �F���L\V7 �t 4 1¡G,8� #�&"£�� #���l=(%9=($�>+f�e�<; �&+¤#"� #�&8��#G0%'�E@>*#"2"�=��&�E@A�A�l=(%9=($�>+f���(�D�l=>¤?*#% � %r; =>%'=>$�>+f�l+&�(���2"��#G
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	��� ��������������	�������� �!�#"$&%��')(�����*+�,	��-��� . �

*,%' #"V��%9�s¤?"2 ?�&8��d���x�v@> #$$����V*0��1H�x5
c +S"�*#8&8-�(%9%'�w%9���E*0K�1' #$�(�I���s¤?"2 ?�&8��mt
�E+�¤#"� #�&8��s�(�D�d�&+¬�(+��2�>$�4�%9�a$m�&+&1£�<; �&+7 #8�=>"V*0��19 ?+¬*#���D �@A13*0��19.?�#G�* ;f*,+f�)�&+7=(%9=($��(+f�d+&�(���2"��#G-�A�E���>%£B?���
�2 ?���E=>%'=>$�(+?� � �&+:1'+F.#�>"V�2�#5
® ; �(�D�D  �   ��19"��#G��21<%r;  #+:+& #�2� � %¡;  ?8-=("�*,�21' #+�tu 8- ?�&"I�2 ?��� x

G
y
G
z
G� #+:*

x ∗ (y ∗ z) = (x ∗ y) ∗ zu e
%r; =>%'=>$�(+?�E+��>����"2�w�(�D�)�2�(%¥Bf�&�w8- ?�&"I�2 ?���)K<G

e ∗ x = x ∗ e = xu 8- ?�&"I�2 ?��� x
19%<�>K�1'�D�2�s�&+:1'+F.#�>"V�2�

y
���>%¥Bf�&�

x ∗ y = y ∗ x = e° 5E¨v=($� ?+f�2"��>"I%9�w���&=> ?"2¯($�w@>1H  �����2���D�-�/8-*,")�&+:"V*,13�D ?+&+&�>$�(+?�I$�*0���&=>$�*0��1'Bf�&�w��*#4&19�2�&�(%r5
.&5)�l+:���21'%913��*,+f�)%9�s8&"�=(�&1'@(*0�

P
Bf�&1C�2�>"V*���=A��+�1¥@A ?$�$�

P (x, y, z) ↔ z = x ∗ y�2"� #�&.?�>"I�&+&�w"�=A�!���V*0�21' #+:����19%'13�2*#+?�)%'�s8&"�19+�@>198��s���s"�=(�2 #%'���21' #+C5
��5)�l+:���21'%913��*,+f�)%9�a� ;F$�4� #%'�d�! ?+�@h��19 ?+&+&�(%

f
Bf�&1C�2�>"V*��=A��+�1¥@A ?$�$�

f(x, y) = x ∗ y�2"� #�&.?�>"L�&+&�l"�=A�!�&��*0��19 ?+w���21'%913��*,+f�C%9�e8&"21'+�@>198��l���l"�=(�2 #%'���21' #+w*�.#��@£��=>$ ����&%3*0��19 ?+g�>� �  #�w8�*,"V*,$ ����&%3*0��19 ?+C5
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