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Figure 1: First 3 levels of Phong essellation on a quad mesh (the leftmost surface is equivalent to the input
mesh).

Abstract

Phong tessellation is a cheap solution to produce smooth surfaces from coarse meshes using tessel-
lation. Although originally derived for triangles, it can easily be extended to quads. This paper shows
how, and additionally derives the formulas to compute the tangents and bitangents of the surface at any
location. A complete GLSL program is also provided.

Phong Tessellation for Quads

Phong tessellation provides a projection operator which, once interpolated across a polygon using its
barycentric coordinates, produces a smooth surface. Given a quad with vertices p0, p1, p2, p3 and
respective normals n0, n1, n2, n3, the smooth surface P at barycentric position (u, v) is given by

P (u, v)
def
= (1− u) (1− v)π(q(u, v), p0, n0) (1)

+ u (1− v)π(q(u, v), p1, n1)

+ v (1− u)π(q(u, v), p3, n3)

+ uvπ(q(u, v), p2, n2).

The term π is the projection operator as defined originally by Boubekeur and Alex [1]

π(q(u, v), p, n) = q(u, v)− ((q(u, v)− p) · n)n, (2)

where q(u, v) is the barycentric interpolation of each vertex

q(u, v) = (1− u) (1− v) p0 + u (1− v) p1 + v (1− u) p3 + uv p2. (3)

The results are illustrated in Figure 1.
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Surface Tangents and Bitangents

Providing a tangent frame on a surface may be useful for a variety of applications such as anisotropic
shading for instance. The tangent and bitangent of a Phong Tessellated surface, respectively denoted as
T (u, v) and B(u, v), can be retrieved from the gradients of P

T (u, v)
def
= (∇P )u =

(
∂xP

∂u
,
∂yP
∂u

,
∂zP
∂u

)t

(4)

B(u, v)
def
= (∇P )v =

(
∂xP

∂v
,
∂yP
∂v

,
∂zP
∂v

)t

. (5)

A first developement yields (using the identity (fg)′ = f ′g + g′f)

T (u, v) = (v − 1)π(q(u, v), p0, n0) + (1− u) (1− v) (∇π)u(q(u, v), p0, n0)

+ (1− v)π(q(u, v), p1, n1) + u (1− v) (∇π)u(q(u, v), p1, n1)

− vπ(q(u, v), p3, n3) + v (1− u) (∇π)u(q(u, v), p3, n3)

+ vπ(q(u, v), p2, n2) + uv (∇π)u(q(u, v), p2, n2)

B(u, v) = (u− 1)π(q(u, v), p0, n0) + (1− u) (1− v) (∇π)v(q(u, v), p0, n0)

− uπ(q(u, v), p1, n1) + u (1− v) (∇π)v(q(u, v), p1, n1)

+ (1− u)π(q(u, v), p3, n3) + v (1− u) (∇π)v(q(u, v), p3, n3)

+ uπ(q(u, v), p2, n2) + uv (∇π)v(q(u, v), p2, n2).

The only terms left to solve are the gradients of the projection operator. Using the Chain Rule we find

(∇π)u = Jπ (∇q)u (6)

(∇π)v = Jπ (∇q)v (7)

where Jπ is the jacobian of π with respect to the components of q = (xq, yq, zq)

Jπ =

∂xπ/∂xq ∂xπ/∂yq ∂xπ/∂zq
∂yπ/∂xq ∂yπ/∂yq ∂yπ/∂zq
∂zπ/∂xq ∂zπ/∂yq ∂zπ/∂zq

 (8)

=

1− x2
n −xnyn −xnzn

−xnyn 1− y2
n −ynzn

−xnzn −ynzn 1− z2n

 . (9)

Finding the gradients of q is also straightforward

(∇q)u = (v − 1) p0 + (1− v) p1 − v p3 + v p2 (10)

(∇q)v = (u− 1) p0 − u p1 + (1− u) p3 + u p2. (11)

And so Equations (4,5) can be solved completely. As an illustration, Figure 2 shows the cross products
of the tangent and bitangent (e.g. the true normals of the surface) of a Phong Tessellated quad mesh.
The noticeable discontinuities on the surface are generated at the edges of each patch because Phong
tessellation generates C1 surfaces only [2]. In order to avoid this issue, C2 surfaces such as the ones
generated by Catmull-Clark subdivision should be used.
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Figure 2: Left: Phong tessellation true normals. Right: Perspective interpolation of the normals provided
to the patches before tessellation.

GLSL Program

Below is a complete GLSL program to produce Phong Tessellated surfaces with an OpenGL4+ GPU.
The shaders were tested on both Nvidia and AMD cards. The code puts emphasis on readability rather
than peformance and is naturally far from optimal.

Listing 1: Vertex Shader

// Vertex shader
#ve r s i on 420
in vec3 i_position ;
in vec3 i_normal ;
l ayout ( location = 0) out vec3 o_normal ;

void main ( ) {
g l P o s i t i o n . xyz = i_position ;
o_normal = i_normal ;

}

Listing 2: Tessellation Control Shader

// Te s s e l l a t i o n Control shader
#ve r s i on 420
layout ( vertices = 4) out ;
layout ( location = 0) in vec3 i_normal [ ] ;
l ayout ( location = 0) out vec3 o_normal [ ] ;

uniform vec2 u_inner ;
uniform vec4 u_outer ;

void main ( ) {
// copy po s i t i o n and normal
gl_out [ gl_InvocationID ] . g l P o s i t i o n = gl_in [ gl_InvocationID ] . g l P o s i t i o n ;
o_normal [ gl_InvocationID ] = i_normal [ gl_InvocationID ] ;

// s e t inner t e s s l e v e l s
gl_TessLevelInner [ 0 ] = u_inner . x ;
gl_TessLevelInner [ 1 ] = u_inner . y ;

// s e t outer t e s s l e v e l s
gl_TessLevelOuter [ 0 ] = u_outer . x ;
gl_TessLevelOuter [ 1 ] = u_outer . y ;
gl_TessLevelOuter [ 2 ] = u_outer . z ;
gl_TessLevelOuter [ 3 ] = u_outer . w ;

}
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Listing 3: Tessellation Evaluation Shader

// Te s s e l l a t i o n Evaluat ion shader
#ve r s i on 420
layout ( quads , equal_spacing , ccw ) in ;
layout ( location = 0) in vec3 i_normal [ ] ;
l ayout ( location = 0) out vec3 o_tangent ;
l ayout ( location = 1) out vec3 o_bitangent ;

uniform mat4 u_mvp ;

void main ( ) {
// ba ryc en t r i c coo rd ina t e s
f l o a t u = gl_TessCoord . x ;
f l o a t v = gl_TessCoord . y ;

// patch v e r t i c e s
vec3 p0 = gl_in [ 0 ] . g l P o s i t i o n . xyz ;
vec3 p1 = gl_in [ 1 ] . g l P o s i t i o n . xyz ;
vec3 p2 = gl_in [ 2 ] . g l P o s i t i o n . xyz ;
vec3 p3 = gl_in [ 3 ] . g l P o s i t i o n . xyz ;

// patch normals
vec3 n0 = i_normal [ 0 ] ;
vec3 n1 = i_normal [ 1 ] ;
vec3 n2 = i_normal [ 2 ] ;
vec3 n3 = i_normal [ 3 ] ;

// get i n t e r po l a t ed po s i t i o n
vec3 q = pt_q ( p0 , p1 , p2 , p3 , u , v ) ;

// smooth su r f a c e po s i t i o n
vec3 p = (1.0− u ) ∗ (1.0− v ) ∗ pt_pi ( q , p0 , n0 )

+ u ∗ (1.0− v ) ∗ pt_pi ( q , p1 , n1 )
+ (1.0− u ) ∗ v ∗ pt_pi ( q , p3 , n3 )
+ u ∗ v ∗ pt_pi ( q , p2 , n2 ) ;

// smooth su r f a c e tangent
vec3 dqdu = pt_dqdu ( p0 , p1 , p2 , p3 , v ) ;
vec3 t = ( v−1.0) ∗ pt_pi ( q , p0 , n0 ) + (1.0− u ) ∗ (1.0− v ) ∗ pt_dpidu ( dqdu , p0 , n0 )

+ (1.0− v ) ∗ pt_pi ( q , p1 , n1 ) + u ∗ (1.0− v ) ∗ pt_dpidu ( dqdu , p1 , n1 )
− v ∗ pt_pi ( q , p3 , n3 ) + v ∗ (1.0− u ) ∗ pt_dpidu ( dqdu , p3 , n3 )
+ v ∗ pt_pi ( q , p2 , n2 ) + u ∗ v ∗ pt_dpidu ( dqdu , p2 , n2 ) ;

// smooth su r f a c e b i tangent
vec3 dqdv = pt_dqdv ( p0 , p1 , p2 , p3 , u ) ;
vec3 b = ( u−1.0) ∗ pt_pi ( q , p0 , n0 ) + (1.0− u ) ∗ (1.0− v ) ∗ pt_dpidv ( dqdv , p0 , n0 )

− u ∗ pt_pi ( q , p1 , n1 ) + u ∗ (1.0− v ) ∗ pt_dpidv ( dqdv , p1 , n1 )
+ (1.0− u ) ∗ pt_pi ( q , p3 , n3 ) + v ∗ (1.0− u ) ∗ pt_dpidv ( dqdv , p3 , n3 )
+ u ∗ pt_pi ( q , p2 , n2 ) + u ∗ v ∗ pt_dpidv ( dqdv , p2 , n2 ) ;

// s e t vary ings
o_tangent = normal ize ( t ) ;
o_bitangent = normal ize ( b ) ;

// p r o j e c t ver tex
g l P o s i t i o n = u_mvp ∗ vec4 ( p , 1 . 0 ) ;

}

Listing 4: Fragment Shader

// Fragment shader
#ve r s i on 420
layout ( location = 0) in vec3 i_tangent ;
l ayout ( location = 1) in vec3 o_bitangent ;
l ayout ( location = 0) out vec3 o_colour ;

void main ( ) {
vec3 t = normal ize ( i_tangent ) ;
vec3 b = normal ize ( i_bitangent ) ;

// show Phong t e s s e l l a t i o n true normal
o_colour = cro s s (−t , b ) ;

}
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Listing 5: Phong Tessellation Functions

// q ( i n t e r po l a t ed po s i t i o n )
vec3 pt_q ( in vec3 p0 , in vec3 p1 , in vec3 p2 , in vec3 p3 , in f l o a t u , in f l o a t v ) {

re turn (1.0− u ) ∗ (1.0− v ) ∗ p0 + u ∗ (1.0− v ) ∗ p1 + (1.0− u ) ∗ v ∗ p3 + u ∗ v ∗ p2 ;
}

// i n t e r po l a t ed normal ( same as i n t e r po l a t ed po s i t i o n )
vec3 pt_n ( in vec3 n0 , in vec3 n1 , in vec3 n2 , in vec3 n3 , in f l o a t u , in f l o a t v ) {

re turn pt_q ( n0 , n1 , n2 , n3 , u , v ) ;
}

// dq / dv
vec3 pt_dqdu ( in vec3 p0 , in vec3 p1 , in vec3 p2 , in vec3 p3 , in f l o a t v ) {

re turn ( v−1.0) ∗ p0 + (1.0− v ) ∗ p1 − v ∗ p3 + v ∗ p2 ;
}

// dq / dv
vec3 pt_dqdv ( in vec3 p0 , in vec3 p1 , in vec3 p2 , in vec3 p3 , in f l o a t u ) {

re turn ( u−1.0) ∗ p0 − u ∗ p1 + (1.0− u ) ∗ p3 + u ∗ p2 ;
}

// pi ( p r o j e c t i o n operator )
vec3 pt_pi ( in vec3 q , in vec3 p , in vec3 n ) {

re turn q − dot ( q − p , n ) ∗ n ;
}

// dpi / du ( grad i ent o f the p r o j e c t i o n operator with r e sp e c t to u)
vec3 pt_dpidu ( in vec3 dqdu , in vec3 p , in vec3 n ) {

vec3 gradx = vec3 ( 1 . 0 − n . x ∗ n . x , −n . y ∗ n . x , −n . z ∗ n . x ) ;
vec3 grady = vec3(−n . x ∗ n . y , 1 . 0 − n . y ∗ n . y , −n . z ∗ n . y ) ;
vec3 gradz = vec3(−n . x ∗ n . z , −n . y ∗ n . z , 1 . 0 − n . z ∗ n . z ) ;
r e turn mat3 ( gradx , grady , gradz ) ∗ dqdu ;

}

// dpi / dv ( g rad i ent o f the p r o j e c t i o n operator with r e sp e c t to v )
vec3 pt_dpidv ( in vec3 dqdv , in vec3 p , in vec3 n ) {

vec3 gradx = vec3 ( 1 . 0 − n . x ∗ n . x , −n . y ∗ n . x , −n . z ∗ n . x ) ;
vec3 grady = vec3(−n . x ∗ n . y , 1 . 0 − n . y ∗ n . y , −n . z ∗ n . y ) ;
vec3 gradz = vec3(−n . x ∗ n . z , −n . y ∗ n . z , 1 . 0 − n . z ∗ n . z ) ;
r e turn mat3 ( gradx , grady , gradz ) ∗ dqdv ;

}
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