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Abstract

The paper studies local convexity properties of dig-
ital curves. We locally define convex and concave
parts from the slope of maximal digital straight seg-
ments and arithmetically characterize the smallest
digital pattern required for checking convexity.

Moreover, we introduce the concepts of digital
edge and digital hull, a digital hull being a se-
quence of increasing or decreasing digital edges. We
show that any strictly convex or concave part has a
unique digital hull and arithmetically characterize
the smallest digital pattern that contains a point
incident to two consecutive digital edges.

These theoretical results lead to online and
linear-time algorithms that are useful for polygonal
representations: convex hull computation of convex
digital curves, computation of a reversible polygon
that respects the convex and concave parts of a
digital curve and computation of the well-known
minimum-perimeter polygon.

1 Introduction

In this paper we consider the local convexity prop-
erties of digital curves, i.e. paths of simply 4-
connected lattice points.

The problem that consists in decomposing ob-
jects into perceptually meaningful parts is of great
interest in shape recognition and is closely related
to convexity. The concept of convexity plays an
important role since almost all visible objects are
either convex or else composed of a finite number
of convex objects. A visual part is not necessarily
convex but it can be assumed that it is convex at a
given scale [I]. Thus, finding a good scale with re-
spect to a given purpose or studying the convexity
at various scales may solve the problem.

In addition, the convex and concave parts of an
object straightforwardly give the sign of the cur-
vature of its boundary, which is known to be a
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relevant piece of information about its shape. For
instance, curvature zero-crossings at various scales
leads to an interesting shape representation, known
as the curvature scale space representation [2].
Moreover, at a given scale, the endpoints of max-
imal convex (resp. concave) parts correspond to
points of minimal negative (resp. maximal posi-
tive) curvature [I]. Convexity is thus also a way to
retrieve some dominant points.

In Euclidean geometry, a given region R is said
to be convex if and only if for any pair of points
p,q € R the line segment [pq] is included in R.
However, in digital image processing, when each
pixel is viewed as a point of Z2, the only convex re-
gions (in the Euclidean sense) are isolated points,
which is not satisfactory at all. Many authors de-
fined the convexity of digital sets, i.e. sets of points
of Z? (see for instance, Sklansky [3], Kim [4, [5],
Kim and Rosenfeld [6, [7], Kim and Sklansky [§],
Chassery [9] and Ronse [10]). Most of these defi-
nitions may be proved to be equivalent for simply
connected sets [B, [ 10, II]. However, they fail
to properly define the convex and concave parts of
open digital curves (because a convex open digi-
tal curve may also be considered as a digital set
that is not convex). In many applications such as
line drawings processing, dealing with open digital
curves is important. That is why we define in this
paper convex and concave parts by means of the
slope of the maximal digital straight segments, i.e.
digital straight segments of a digital curve that can-
not be extended at the front or at the back (see [12]
for a review about digital straightness). This def-
inition was first proposed by [I3] and is also used
in [I4, 15]. In a practical point of view, this def-
inition enables us to deal with any digital curve,
which may correspond to the boundary of a given
digital region or not, like digital spirals (fig. . In
a theoretical point of view, this definition appears
to be quite natural since convexity is closely related
to straightness: convex sets are defined by means
of line segments and line segments are convex sets.

Deciding whether a given part of a digital curve
is convex or not is not a trivial task. As shown
in [IT], the convexity of the boundary of a digital re-



gion cannot be decided locally (where locally means
in the 8-neighborhood). Considering this fact, the
following question has been raised in [I6]: how far
one can decide whether a part of a digital bound-
ary is convex or not by a method that is as local
as possible? Even though some clues may be found
in [I7)[Theorem 9] and [18][Lemma 1], no full an-
swer has been given yet. In this paper, we answer
to this question and go further by investigating re-
lated problems about local convexity properties of
digital curves.

In section we recall some basic definitions,
tools and results of digital geometry. More pre-
cisely, we give an arithmetic definition of the digital
straight segments in definition [I} we introduce the
cover of a digital curve by maximal segments in def-
inition [4 and prove some important results about
the intersection between consecutive maximal seg-
ments in lemmas and corollary

In section 3] we locally define convex and con-
cave parts from the slope of maximal segments in
definition [5] and prove theorem [I] and [2] from the
results of the previous section about the intersec-
tion between consecutive maximal segments. These
theorems lead to an arithmetic characterization of
the smallest digital pattern required for checking
convexity and to algorithm |1} an online and linear-
time algorithm dedicated to the decomposition of a
digital curve into convex and concave parts.

In section [d] we introduce the concepts of digi-
tal edge in definition [7] and digital hull in defini-
tion |8} a digital hull being a sequence of increasing
or decreasing digital edges. After proving lemmas
and [4] we show theorem [3] that states that any
strictly convex or concave part has a unique dig-
ital hull. Theorem [4 arithmetically characterizes
the smallest digital pattern that contains a point
incident to two consecutive digital edges and lead
to algorithm 2| an online and linear-time algorithm
devoted to the computation of the digital hull of a
strictly convex or concave digital curve.

We show in section [0 that these results are
useful for polygonal representations: convex hull
computation of convex digital curves (section ,
computation of a reversible polygon that respects
the convex and concave parts of a digital curve
(section and computation of the well-known
minimum-perimeter polygon (section .

2 Preliminaries

We work below with the concept of 4-neighborhood.
The results derived in the rest of the paper are ap-
plicable for 8-neighborhood but require more com-
plicated proofs and algorithms.

The x-coordinate and y-coordinate of a point P €
7?2 are respectively defined as maps x : Z? — Z such
that x(P) is the x-coordinate of P and y : Z? — Z
such that y(P) is the y-coordinate of P.

The vector starting from a point P € .ZQ and
ending at a point @ € Z? is denoted by P@Q and is
equal to Q — P, i.e. the x-component of PQ, conve-
niently denoted by z(PQ), is equal to z(Q) — z(P)
and the y-component of PQ, conveniently denoted
by y(PQ), is equal to y(Q) — y(P). The city-block
norm of a vector PQ is denoted by || PQ ||; and is
equal to (|z(PQ)| + |y(PQ)]).

Two points P, Q € 72 are 4-neighbors if and only
it PQ | = 1.

Following Rosenfeld’s definition of simple 4-
path [19], a digital curve, denoted by C, is a se-
quence of points C, Cs, ..., C,, € Z? such that for
alle € 1,...,n—1, C; has exactly two 4-neighbors,
which are C;_; and Cj1.

Moreover, C'is open if C7 and C,, have only one 4-
neighbor, and closed if C; and C), also have exactly
two 4-neighbors, which are respectively C,, and Cs,
Cn—l and Cl.

Any subsequence C;, Cit1, ..., Cj_1, C; such
that 1 < i < j < n, conveniently denoted by Cj;,
is an open digital curve.

We will study below the local straightness and
convexity properties of such open digital curves.
Closed digital curves will be processed as open ones
in section Bl

2.1 Digital Straight Segment

The following definition of digital straight seg-
ment stems from the arithmetic definition of digital
straight line [20]:

Definition 1 (Digital straight segment) A
digital curve Cy|; is a digital straight segment (DSS)
if and only if there exists p,q,l € i,...,j, with
p < g, such that C,Cy has two relatively prime com-
ponents, i.e. ged (I(CPC,;),y(C’pC(;)) =1, and for
allk €i,...,7,0<det(CoCq, C1Cr) < || CpCq |1

The well-known chord property of Rosenfeld [21]
may be seen as a Helly type property of defini-
tion (1| [22]. Moreover, each DSS is a connected
part of the digital straight line D(a,b,pu,w) of
Reveilles [20] where a = —y(CpC'(;)7 b= —x(C,C,),
pu=a.z(C) —by(C) and w = |a| + |b].

The formalism of definition [l has been intro-
duced in order to highlight the existence of a deter-
minant calculus and to directly deal with segments
(instead of lines).

Let Cj); be a DSS and let p,q,l € 4, ..., j be such
that the conditions of definition [[] are fulfilled. We



introduce below some related definitions illustrated

in fig.

Figure 1: Example of a DSS of direction vector
u(Cy;) =CpCy= (3,4). The remainders of the
points are between 0 and [|u(C;j;)||1 = 6. The lower
and upper leaning points have a remainder respec-
tively equal to 0 and 6, C; being one of the two
lower leaning points.

The direction vector of Cj|;, denoted by u(Cj;),
is defined by u(Cyj;) =C,,Cl.

The remainder of a point M € Z2 with respect
to Cj|;, denoted by r(Cj;, M), is equal to the de-

;) and C/M, i.e. r(C, M) =

terminant of u(Cj);

Let us consider two vectors 4,? such that the
components of the first one are relatively prime,
i.e. ged(z(w),y()) = 1. Due to basic arith-
metic results, the equation det(#,v) = r, when
r € Z, has infinitely many solutions belonging to
the following set: {v +z. @ |z € Z}. In other
words, the points of Cj; having equal remainders

with respect to Cj; lie on a straight line of slope

zgz((igz:j;; (3 in fig. . Moreover, between two

1
points of index p,q € 4,...,j such that CPC;:
u(Cj|;), there is no pair of points with the same
remainder. Since there are exactly [|u(Cj;)[l1 — 1
points within the range p,...,q — 1 and exactly
lu(Cyj;)|l1 — 1 different values of remainder within
the range 0,...,[u(C;;)|l1 — 1, there is a one-
to-one correspondence between the set of points
{Cklk € p,...,q — 1} and the set of integer within
the range 07 (Gl — 1.

The set of upper (resp. lower) leaning points of
Cj)j, denoted by LT(CW) (resp. Li(Cﬂj))7 are the
set of points of Cj; having a remainder equal to
lu(Cy;)ll1 — 1 (vesp. 0). The set of upper (resp.
lower) leaning points of fig. [1| have a remainder
equal to 6 (resp. 0).

The use of the terms “upper” and “lower” re-
ally becomes evident when Cj; is in the first oc-
tant, ie. 0 < y(u(Cy;)) < w(u(Cy;)). Note
that [, as introduced in definition [T} can be the
index of any lower leaning point. For all v € {f
,4}, the first and last leaning points are the one
having respectively the smallest and greatest in-

dex, i.e. L) (Cy;) = argming,err(c,,)k and
L},42(Cy5) = argmaxc, e (o, )

Although the equation det(4,7) = r has infinitely
many solutions when r € Z, it has sometimes ex-
actly one solution, for instance when 0 < y(d) <
x(u) and 0 < x(v )<x( 1).

Definition 2 (Bezout vectors) Let C;; be a
DSS assumed to be without loss of generality in the
first octant, i.e. 0 < y(u(Cy;)) < z(u (Cm)). The
Bezout vector of C;;, denoted by v*(C;);) (resp.
v (Cy;)) is such that det(u(Cy;), +(C‘])) =
1 (resp. det(u(Cy;),v™(Cyy)) = —1) and
(vt (Cyy)) < z(u(Cyy)) (resp. z(v™(Cyy)) <
z(u(Cy)))-

The slope of a vector 4 is the function p : Z2 —

QU o defined by p(d) = Z;EZ; The slope of a DSS
S is the slope of its direction vector u(S).

The order > on slopes is such that p(d) > p(v)
when det(4,9) < 0. In the sequel, we will take
profit of the fact that comparing slopes and com-
puting remainders both imply a determinant cal-
culus. For instance, we will use the following prop-

erty:

Property 1 Let S be a DSS, M and M’ be two
points of remainder r and r' respectively. The fol-

lowing equality is true: det(u(S), MM') =r"—r.

Proof

On the one hand, we have r = r(S,M) =
det(u(S), Lfmn(S)M). On the other hand, we
have ' = r(S,M') = det(u(S),L%, (S)M).

From basic properties of determinant, the quan-
tity det(u(S), LY. (S)M') — det(u(S), LY. (S)M

) is equal to det(u(S), Lfnm(S)M' — LY (S)M

), which is obviously equal to det(u(S), MM 7).
Therefore r' — r = det(u(S), MM7). |

Property [1] is illustrated in fig.

In the general case, the order > on slopes is not
transitive, i.e p(4) > p(v) and p(v) > p(w) does
not imply that p(@) > p(w). However, the order is
sometimes transitive, for instance when x (), (?)
and z(W) are positive. Indeed, p(i) > p(¥) implies
that (z(u)y(0)—y(@)z(9)) > 0. Since x(d) z(0) are

positive, this is equivalent to yEZ; > y( ) . Similarly

p(0) > p(w) implies that (z(0)y(w )— y( )z (w)) >
0. Since z(¥), z(wW) are positive, this is equivalent

y() y(9) y(v) y(@) o y(@)
to S > wE Therefore, @) 7 2@ > xe)
The inequality 222 > 2D g equivalent to (2(d

z (W) x ()

Jy(0) — y(@)z(w)) > 0 and thus p(d) > p(w).



Figure 2: The dotted lines are of directional vector
u(S) and of remainder 0 < r < ||u(S)||1 — 1. If two
points M and M’ are of respective remainders r
and ' such that » > 7/, then det(u(S5), MM7) <0,
which means that the slope of u(S) is greater than

the slope of M M.

2.2 Cover of MSs

A maximal DSS or segment (MS for short) is a DSS
C;); that cannot be extended neither at the front
nor at the back. It was first introduced as a digital
tangent in [23] in order to extend the symmetric
digital tangent of Vialard [24].

Definition 3 (MS) A DSS C;|; that cannot be ex-
tended at the front, i.e. j = n or Cy,q1 is not a
DSS, is said maximal at the front and is denoted
by Si—. Similarly, a DSS Cy; that cannot be ez-
tended at the back, i.e. © =1 or C;_y; is not a DSS,
is said mazimal at the back and is denoted by S ;.
Finally, a DSS C;); that is both mazimal at the front
and mazimal at the back, i.e. Cy; = S;y = S, is
a mazximal segment (fig. @

X
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Figure 3: (a) A DSS S;_, maximal at the front, (b)
a DSS S ; maximal at the back, and (c) a MS.

The cover of a digital curve (or tangential
cover [I4]) was first introduced as a set of digital
tangents in [23]. It contains all DSS segmentations,
one of which has the minimal number of DSS [25].
It has been used for estimations of length [26],
tangents [23], 27, [I§] or curvature [23| 28, 29] as
well as for convex and concave parts decomposi-
tion [14, I3, [T5].

Definition 4 (Cover) The cover of a digital
curve Cj); is the whole set of maximal segments
contained in Cj;.

By definition, the cover exists and is unique for
any digital curve. In the sequel, the MSs of the
cover of Cj|; are ordered by the index of their first
point, t.e., they are considered as the sequence
Sk1—>75k2—>7~ . ~,SkM—> where i = k1 < ks < ... <
ky < jand Sy, = Cy,,j- Since the cover con-
tains all existing MSs, for allme 1,..., M — 1, for
all k € k.o oy kg1 — 1, Sk C Sk, and Sk, is
not a MS.

There exists an elegant algorithm that computes
the cover of a digital curve in linear time [23] [I8].
An illustration of the output of this algorithm is
depicted in fig.

Figure 4: Cover of a digital curve. Each MS is

depicted with a red bounding box.

The mechanism can be coarsely described as fol-
lows: given a MS, the next one is computed first
by removing points from the back of the segment
until it is no longer maximal at the front and then
by adding points at the front of the segment until
it is maximal at the front.

The key tasks are adding [30] and removing [18§]
a point at one extremity of a DSS in constant time
and space. The recognition algorithm of Debled
and Reveilles [30] provides a way to test the maxi-
mality of a DSS. Given a DSS CY;, the algorithm
decides whether C;41 is a DSS too or not. More-
over, if Cy ;41 is a DSS, the direction vector, the Be-
zout vectors, the first and last upper and lower lean-
ing points of Cy ;41 can be computed from those of
Cpi in constant time [30, 31].

Table [[] sums up these results with simpli-
fied notations. Row 0 contains the possible
values (columns B to E) of the remainder of
Ciy1 with respect to the DSS Cj; (column A).
Rows 1 to 7 contain the values (columns B-
D), assigned to the parameters of Cp41 (col-
umn A). For instance, if 7(Cy;, Ci41) = —1, then

u(Clji41) :Lfnm(ck\l)clﬂ (column D, row 1).
The algorithm of Debled and Reveilles [30] ap-

plied on simply 4-connected digital curve is noth-



Table 1: If the remainder of Cjy; with respect
to the DSS Cy; is greater than —1 and smaller
than [[u(Cyi)ll1, Crji4+1 is a DSS. The parameters
of Cyji41 (column A) are computed from the pa-
rameters of C); (columns B-D) [30, [31].
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ing else than the algorithm of Kovalevsky [32] under
the arithmetic formalism of Reveilles [20].
Obviously, if the point C} is removed from the
back of the DSS Cy;, Cj1; is a DSS too, but pos-
sibly with a different direction vector. Thinking as
if Cy was added to Cj1); leads to a reversed algo-
rithm that updates the leaning points, the direction
and Bezout vectors of Cj41); from those of Cy; [18].

2.3 Intersection of two consecutive
MSs

The intersection of two consecutive MSs is never
empty, and contains at least two points. The proof,
based on the fact that any three consecutive points
of a digital curve (assumed to be simply connected)
form a DSS, is left to the reader.

We will show below that the remainder of the
points that bound the intersection between two
consecutive MSs is strongly constrained. The fol-
lowing lemma has already been shown in [31], lemma
2] and will be completed in corollary

Lemma 1 Let Cy; and Cppr be two consecutive
MSs of the cover of a digital curve Cy; and their
intersection Ch;.

The remainders of Cy—1 and Ciy1 with respect
to Cyry are both equal to —1 or [[u(Clr 1)1

Proof

The remainders of Cy—; and Cj41 with respect
to Cj/; are neither strictly greater than ||Cj |1
nor strictly smaller than —1, because Cj/_y; and
Crj141 are DSSs.

Figure 5: Illustration of Lemma : Cyrpp is a DSS
of slope 5, the remainders of Cj/_; and Cjy; with
respect to C’k/” are both equal to —1.

Let us assume that the remainder of Cj/_y
with respect to Cjps; belongs to the range
Sllu(Crp)lli — 1. Whatever the remain-
der of Cjy1 with respect to Cj/; in the range
=1, [[u(Cr )1, Crr—1j141 would be a DSS (ta-
ble [1 row 0, columns B and D), which raises a
contradiction. A similar result is obtained if we
swap the remainder of Cy/_; and the one of Cj;.
Therefore, the remainders of Cy_1 and Cjy; with
respect to Cj; are either equal to [lu(Cy)|[1 or
—1.

Let us now assume that the remainder of Cy/_q
with respect to Cjs; equals to —1, whereas the
remainder of Cj;; with respect to Cp/; equals to
lu(Crrp) 1. In addition, let us assume without loss
of generality that C’k/” is in the first octant, i.e.
0 < y(u(Crp)) < (u(Cpryp)) (fig. [Ba).

Table says that Cpy1 is a DSS of
slope greater than the one of Cjy. More
precibely det(u(Cpry1), u(Crr41)) is equal  to
det( (Ck’\l—i-l) (Ck:’|l+1)) table I column D
row 3), which is equal to 1 according to deﬁmtlonl

The first upper leaning point of Cy/; and Cirj14q
are confounded but have remainders respectively
equal to [[u(Crp)lli — 1 and [[u(Crrpiga)lli — 1.
Let us denote by L their translation by the vec-
tor § (1,—-1) (fig. @a Due to property the
remamder of L with respect to Cj/; is equal
to T(Ck/“, mm(Ck/u)) + det(u(Ck/“),é) Since
det(uw(Cyry1), 8) = —[[u(Cprpp)ll1, then r(Cryp, L) =
—1. We can similarly show that r(Cj 41, L) = —1.

In addition, due to the definition of L and the
remainders of L and Cj ;1 with respect to Cp/;,
the vector C_1L is equal to u(Crryr) (fig. @a).
As a consequence, due to property the re-
mainder of Cjs_1 with respect to Cjs ;41 is equal
to T(Ck»/‘l+17 L) + det(u(Ck/u),u(Ck/uH)), which is
equal to =1 +1 = 0. Cj/_qy41 is thus a DSS in
that case (fig. [}b), which raises a contradiction.

Once again, a similar result is obtained if we swap
the remainder of Cs_; and the one of Cj11. There-
fore, the remainders of Cs_1 and Cj41 with respect



Figure 6: Illustration of the proof of Lemmall] (a)
The remainder of Cy/ 1 with respect to C/|; equals
to —1, whereas the remainder of Cjy; with respect
to Ck/” Cquals to ||’U,(Ck/|l)||1 =T. (b) Ck’—1|l+1 is a
DSS, which means that Cy/|; cannot be the common
part of two consecutive MSs.

to Cjry; are both equal to ||u(Cy)|[1 or —1.

We show in the following lemma that the slope
of the common part of two consecutive MSs is
bounded by the slopes of all the segments that con-
tain this part. A previous result about the inter-
section of two digital straight lines [33] theorem 5]
is quite similar.

Lemma 2 Let Cy; and Cppr be two consecutive
MSs of the cover of a digital curve Cy;. The slope
of their intersection Cys; is bounded by the slope of
the DSSs maximal at the front or at the back that
contain Cy, i.e. for all k° € k,..., k' —1 and for
all I° € 14+ 1,...,U', p(u(Crep)) > p(u(Crrpp)) >
p(u(Crrpie)) if the remainders of Cp—y and Ciyq
with respect to Cis; are both equal to —1 and
p(u(Crepp)) < p(u(Crrpp)) < p(u(Crrppe)) if they are
both equal to ||u(Cr )|l

Proof
Without loss of generality, let us assume that Cy/;

is in the first octant. Since the coordinates of the
points of a DSS both monotonously increase or

decrease and since Cj/; has at least two points,
our hypothesis implies that all the points from Cj
to C} are sorted along the x-coordinate such that
I(Ck) S :E(C]H_l) S e S I(Ol/_l) S I(Cl/).

Due to lemma [} the remainder of Cy;q with re-
spect to C|; is either equal to —1 or ||Cy/ 1. We
will focus on the first case and prove by induc-
tion that for all I° € I +1,...,0', p(u(Cyp)) >
p(u(Cyrpie)). In the second case, we can similarly
show that for all I° € I+ 1,...,I', p(u(Cyy)) <
(o).

The proof is based on the three following argu-
ments, which are proved hereafter :

L p(vT(Cy5)) > p(u(Cy;)) for all DSS Cy;

2. p(u(Ck/u)) = p('U+<Ck’|l+1))

3. p(U+(Ck/|lo)) Z p(U+(Ck/‘lo+1)) for all [° in
I...Il = 1.

From 2) and 3) we deduce p(u(Cyyp)) >
p(vt(Chrppe)) for all 1° in 1+ 1,...1". With argu-
ment 1) we conclude that p(u(Cy 1)) > p(u(Crrie))
forall °ini+1,...0.

Proof of 1) - direct from the definition of v (def-
inition .

Proof of 2) - Since the remainder of Cj;; with
respect to Cjs); is assumed to be equal to —1, the
result is direct from table I} column D, row 3. In
fig. |7} the slope of C/;1; is equal to %, whereas the
slope of Cy/; is equal to %

Figure 7: Illustration of the proof of Lemmal[2} The

slope of the common part Cy/; is equal to % =

0.5. Some of the DSSs maximal at Cj are depicted
with a red bounding box: Cj|;41, whose slope is
equal to % = 0.4, illustrates argument 2), Cp/|;x,
whose slope is equal to % = 0.375, illustrates case
(ii) of argument 3) and Cj|;-, whose slope is equal
to = ~ 0.385, illustrates case (iii) of argument 3).
All the DSSs maximal at the back contained in the
MS Cj/r have a slope lower than the one of the

common part Cir;.

Proof of 3) - Three cases can occur, according to
the value of 7(C/io, Cro11).



(i) If r(Cuyie,Cioq1) belongs to the range
0,...,[[u(Crpe)lli — 1, we have vt (Cpe) =
U+(Ok'u°+1)~

(ii) If 7(Cyryo, Cro41) = —1, from table column
D, row 3, we have vt (Cpjoq1) = u(Chrpe), and
conclude that p(vT (Cirie)) > p(vH (Crrjogr)) due
to argument 1). For instance, in fig. [7} the slope of
Crj1+—1 1s equal to % = 0.4, which is greater than
the slope of Cy/;« that is equal to % = 0.375.

(iil) If r(Chrjze, Cro41) = |u(Chrpio) |1, the slope
of Cppo is strictly lower than the one of Chrjjoyq-
For instance, in fig. |z|, the slope of Cyj;—y is equal
to % = 0.375, which is lower than the slope of C/ i/
that is equal to 1—53 ~ 0.385. But we can still con-
clude.

Let us denote by ¢ the positive integer such that
q-u(Cljo) =L (Cpio) L0 (Chopio ) From table

mn

column B, u(Cjjo41) is equal to L,’Tnin(Ckllo)Clo_;'_l,
which is equal to ¢.u(Cjj;o) +v T (Cjpo ). From table
1, column B, row 3, we have v+ (Cyjoq1) = (¢ —
1)'U(Ck|l°) + U+(Ck:\l°)~

As a consequence, det(v (Crjpe), v (Crproqr)) is
equal to det(v+(Ck|lo), (q— 1).U(C;€uo)+1}+(ckuo)),
which is equal to —¢ + 1. We can thus con-
clude that det(v (Cypo ), v (Cijo+1)) < 0 and that
p( T (Cirpe)) = p(F (Chrjrogr))-
Due to lemma [l} since the remainder of Cjy; with
respect to C); is assumed to be equal to —1, the
remainder of Cj/_; is equal to —1 too.

We can similarly show that for all k° € k,..., k' —
L, p(u(Cyop)) > p(u(Cy 1)), which concludes the
proof.

The results of the two previous lemmas lead to
the following crucial corollary:

Corollary 1 Let Cy; and Cyr be two consecu-
tive MSs of the cover of a digital curve Cy;. We
have p(u(Cp)) > p(u(Crrpr)) (resp. p(u(Cypp)) <
p(u(Cr 1)) if and only if the remainders of Crr 4
and Ci1 with respect to Cyr; are both equal to —1
(resp. [u(Ch)ll)-

Proof

= Due to 1emma p(u(Crpr)) > p(u(Cyryyr)) (resp.
p(u(Cr1)) < p(u(Cyry1r))) if the remainders of Cyr g
and Cjy1 with respect to Cy/|; are both equal to —1
(resp. [[u(Clrpi)l1)-

< Due to lemma the remainders of Cy/_; and
Ci+1 with respect to Cj; are both either equal
to —1 or [[u(Crp)lli- I p(u(Cipp)) > p(u(Crpr))
(resp. p(u(Cyp1)) < p(u(Cyp))), the remainders of
Cr—1 and Cjyq with respect to Cj; cannot be
equal to [|Cyrll1 (resp. —1), because if they were,
due to lemma |2} p(u(Cyp;)) < p(u(Crr)) (resp.

p(u(Crir)) > p(u(Cyyrr))), which raises a contra-
diction. As a consequence, the remainders of Cjs_1
and Cj41 with respect to Cy/|; are both equal to —1
(resp. [[Crrpll1) if p(u(Crp)) > p(u(Cirpr)) (resp.
p(u(Cipi)) < p(u(Cirprr)))-

3 Decomposition into convex
and concave parts

In this section, we propose a definition of convex
and concave parts related to the slope of the MSs
of the cover of a digital curve. Previous results,
especially corollary |1} lead to interesting local con-
vexity properties that provide a simple, online and
linear-time algorithm of decomposition.

3.1 Maximal convex and concave
parts

Many definitions of digital convexity exist. The
first one, based on digitization, comes from Sklan-
sky [3]. This definition is not convenient be-
cause unconnected sets may be considered as dig-
itally convex. Later, Kim [4, [5], Kim and Rosen-
feld [0, [7], Kim and Sklansky [8], Chassery [9] and
Ronse [10] proposed other definitions of digital con-
vexity. Most of these definitions may be proved to
be equivalent for simply connected sets [5] [4, 10} [TT].
However, as in [13] 14} 15], we define convex and
concave parts by the means of the slope of MSs.

Definition 5 (Convex and concave parts)

A digital curve Cy; is conver (resp. con-
cave) if and only if the slope of any two
consecutive MSs of its cover decreases (resp.
increases), ie. for all m € 1,....M — 1,
Sk and Sk, ., are two consecutive MSs
such that p(u(Sk,—)) > p(u(Sk, 1)) (resp.
p(u(Sk,,—)) < p(u(Sk,s1-)))-

This definition is valid for open digital curves,
contrary to most of previous definitions, which are
only valid for digital sets. For instance, the spiral-
shaped digital curve of fig. [d]is convex because the
slope of any two consecutive MSs of its cover de-
creases.

Note that a convex digital curve Cj; is concave
if the points are scanned from j to ¢ and conversely.

Moreover, a digital curve that is neither convex
nor concave may be straightforwardly decomposed
into maximal convex and concave parts according
to the slope of the MSs of its cover.



Definition 6 (Maximal convex and concave partspr of C;j;/1. Moreover, let Cy,, be the last point

Any mazximal sequence of consecutive MSs of de-
creasing (resp.  increasing) slope determines a
mazimal convex (resp. concave) part.

Since the cover is unique, such a decomposition
into maximal convex and concave parts is unique
too (fig. . Moreover, one MS may belong to one
maximal part, either convex or concave, respec-
tively in blue and green in fig. or may belong
to both a maximal convex part and a maximal con-
cave part, in yellow in fig. [§]

AVAVA

Figure 8: Decomposition of a digital curve into
maximal convex and concave parts. A MS is de-
picted by a bounding box: blue if the MS is in a
convex part, green in a concave part, yellow if it
makes the transition between a convex and a con-
cave part.

Note that polygons have similar properties.
Their maximal convex and concave parts are max-
imal sequences of edges of respectively decreasing
and increasing slope. One edge may belong to both
a convex and a concave part. Our definitions are
thus quite natural.

3.2 Local criterion for checking con-
vexity

Once the cover is computed, decomposing a digi-
tal curve into maximal convex and concave parts is
trivial. However, further results, relying on corol-
lary |1} are required to derive an online algorithm.

Theorem 1 If a digital curve C;); is convex (resp.
concave), then any subpart Cy ;o of Cy; is conver
(resp. concave) too.

Proof

We will assume that Cj; is convex but a simi-
lar proof can be derived in the case where Cj; is
assumed to be concave. First, we will prove by in-
duction that Cj); is convex for all " € i +1,..., .

Let the property Pj be “Cj; is convex” for all
j’ € i+1,...,5. P; is obviously true because
C;)j is convex. Now, we will show that Pj is
true when Pj 4, is assumed to be true for some
jei+1,...,5—1.

Let Cy,, and Cy, .,
two MSs Sk, —, and Sk

be the first points of the last

mt1—> = Ckm+1|j’+1 Of the

of S, so that Sk, = C, 1, Fig. [J]illustrates
the notations used in this proof.

i i1
bommmm o |
A"Tﬂ, lYN
km+1
Figure 9: Illustration of the indices used in the
proof of Theorem

Two different cases occur:

(i) if j/ +1 =1, + 1, then j' = ,, and the cover
C;)j» is made up of the m first MSs of the cover
of Cj;s41 but does not include the last one, i.e.
Skpmi1—- Due to the induction hypothesis, Cjj;/11
is convex and the slope of any two consecutive MSs
of its cover decreases. As a consequence, Cjj;/ is
convex too.

(ii) otherwise, j/ +1 > I, + 1, which implies
J" > by, and the cover of Cj);, is made up with the
m first MSs of the cover of Cj;41, plus the seg-
ment Cy, .|y, which is contained in Sy, ., =
Ckppirljo+1- Due to the induction hypothesis,
Ci|jr41 is convex and for all p € 1,...,m — 1,
p(u(Sk,—)) > p(u(Sk,,,—)). It remains to prove
that p(u(Sk,,—)) = p(u(Ch,,,,57))-

Due to corollary p(u(Sk,,—)) > p(u(Sk,..1—))
implies that the remainder of C; 1 with respect to
Clpinrlln 18 equal to —1. And conversely, if the re-
mainder of (', 11 with respect to Cy, .1, is equal
to —1, p(u(Skyn_))) > p(u(C’kaU/)). Thus, CZ|]I is
convex too in this case.

We have shown by induction that for all j/ € i +

L,...,J, Cy; is convex. Similarly, we can show that
for all i" € i,...,5 — 1, Cy; is convex. Therefore,
Ci|;+ 1s convex, which concludes the proof. |

Due to theorem [T} an incremental decomposition
of a digital curve into convex and concave parts
makes sens. In order to decide if a given MS Cy;
is the last one of a maximal convex (resp. con-
cave) part, we have to check if its slope is smaller
(resp. greater) than the slope of the next MS Cj s
according to definition

Though, we show in the following theorem that
it is enough to compute the remainder of Cjy; with
respect to C}; without considering the next MS
Ck’|l’ .

Theorem 2 Let Cy; and Cpr be two consec-
utive MSs of the cover of a digital curve Cj;.
The following equivalences are true: p(u(Cyp)) >
p(u(Crrr)) € 1(Chyi, Cry1) < =1 and p(u(Cypp)) <
p(u(Crrir)) < 1(Crprs Crea) > [[u(Crpr) |l

Proof



We will only show that the first equivalence is true
(fig.[10la), proving the second one requires a similar
proof.

(a) (b)

Figure 10: Illustration of theorem [2| (a) and its
proof (b). The parts Cy; and Cy/p are two con-
secutive MSs of decreasing slopes and the remain-
der of Cjy1 with respect to Cy; is strictly lower
than —1 (—2 here). The point I is the trans-
lated of Cyy1 by the vector —u(Cprj41). It be-
longs to Cy); and the value of its remainder is used
to bound 7(Cy;, Ci41), knowing that p(u(Cyp)) >
p(u(Crrii41))-

Since Cy; is a MS, Cyjyq is not a DSS.
In other words, T(Ck”acl-i-l) > Hu(ckﬂ)”l or
r(Cgji, Ci41) < —1. Therefore, to conclude, it is
enough to prove that p(u(Cy)) > p(u(Cr 1)) &
(Crit; Cre1) < [[u(Crpp) 1

We first prove that p(u(Cy|1)) > p(u(Crri41)) &
r(Crt, Cre1) < [w(Crpp) |-

Let us consider the DSS Cj;11. By definition,
Ci|141 contains at least two points P and @ such
that @ = P + u(Cy41). Since Cpyq is the last
point of Cys|;41, the point I, image of Cjy after
a translation by the vector —u(Cjs|;41), necessarily
belongs to Cy;. Since Cyp is included in Cyyp, 1
belongs to Cy; too (fig. b).

Due to property [1} r(Clp;, Ciy1) = r(Cypi, I) +
det(u(Ck”),u(Ck/”H ). Since I belongs to Ck”,
the remainder of I with respect to Cy; is greater
than 0 and strictly smaller than ||u(Cy)[l1. Thus,
det(u(Crp), w(Crrjip1)) < 0 & 7(Chp, Cri1) <
lu(Crp)ll1- However det(u(Chyp), u(Chrrji1)) < 0
is equivalent to p(u(Ci)) > p(u(Chrji41))-

It remains to show that p(u(Cyy)) >
p(u(Cr1r)) < p(u(Crii)) > p(u(Crrjis1))-

Due to corollary (1}, p(u(Cyp)) > p(u(Ci 1)) as
well as p(u(Crj1)) > p(u(Clri41)) imply that the
remainders of Cys_1 and Cj41 with respect to Cyr;
are both equal to —1. Conversely, if the remainders
of Cyr—1 and Cjy1 with respect to Cp/; are equal
to =1, p(u(Cypp)) > p(u(Crrr)) and p(u(Crpp)) >
p(u(Chrji41)), which concludes the proof. [}

Similar results may be found in [I7][Theorem 9]
and [I8] lemma 1] but theorem [2| gives a fuller an-

swer to Eckhardt’s question [16]: how far one can
decide whether a part of a digital curve is convex or
not by a method that is as local as possible? Our
answer is that the smallest digital pattern required
for checking convexity is given by a MS, plus at
least one of the two points located just before and
after this segment. Within a smaller pattern, which
would be a MS, all parts of any digital curves would
be considered straight and thus both convex and
concave, which brings nothing.

Looking at the remainders of the two points that
bound a MS S is a way of classifying the local con-
figuration of the digital curve:

e if the remainders of the two points are strictly
less than —1 (resp. strictly greater than
[lw(S)|]1), S belongs to a convex (resp. con-

cave) part (fig. [[T]a and b).

e if the remainder of one of the two points is
strictly less than —1 and the remainder of the
other is strictly greater than ||u(S)|1, S makes
the transition between a convex and a concave

part (fig. [L1]c).

=

(2) (b)

Figure 11: MS in a convex part in (a), in a concave
part in (b), in an inflection part in (c).

3.3 Algorithm

Theorem [ straightforwardly leads to algorithm
The maximal convex and concave parts of an open
digital curve are retrieved in the course of the cover
computation. A MS Cj;_; that belongs to a con-
vex (resp. concave) part and such that the remain-
der of C} with respect to Cy;_; is greater than
|u(Cr—1)|l1 (resp. strictly smaller than —1) is
the end of a maximal convex (resp. concave) part
and the beginning of a concave (resp. convex) part



(lines 16-20). Fig. [§illustrates the output of algo- 4.1 Digital edges, lower and upper

rithm [

Algorithm 1: Convex and concave parts de-
composition

Input: a digital curve Cj;
Output: The list £ of the maximal convex
and concave parts of Cj;

L+ 0;

kK i

k+ K ;

l+—i+1;

isConvex

/* initialization

6 while [ <j and Cy; is a DSS do
L l—1+1;

8 if [ < j then

if r(Cyji—1,C1) < —1 then

1sConvex < true;

else isConver < false;

/* list of convex and concave parts
/* beginning of the current part
/* beginning of the current segment

/* index of the current point

S U N

/* true if convex, false otherwise

/* add a point to the front

10

/* body
while [ <j do
while Cy); is not a DSS do

:ZC $— k + 1 N /* remove a point from the back

L

while [ <j and Cy; is a DSS do
L l+—1+1;
if [ <j then
if (isConvex = true and
H(Cui—1,C1) 2 u(Cu—)ll) or
(isConvex = false and
T’(Cku_l,cl) < 71) then

L+ L+ Ck/|l—1 ;

*/

]{)/ — k ) /* convex <> concave */

i1sConvex < —isConver;

*/
11
12
13

14

15 /* add a point to the front */

16
17

18 /* new part stored

19
20

21 return £+ Cpr_1;

4 Decomposition into digital
edges

In this section, we introduce the notions of digital
edge, upper and lower hulls and show that any con-
vex (resp. concave) part has a unique upper (resp.
lower) hull that can be computed in linear-time.
This work has several useful applications in the field
of polygonal representation (Section, which is the
motivation of the definitions and results presented
below.

10

hulls

We introduce below the notions of digital edge, up-
per and lower hulls.

Definition 7 (Digital edge) A digital curve C;);
is a digital edge if and only if there exists 1 € [i; j]
such that C’iC’;: q. U, with ¢ € Z* and ged(x(d
),y(%)) = 1, and for all k € [i;5], 0 < det(d, C;Cy,
) < |l 4 l1. Moreover, C;; is a lower digital edge if
det (1, Cl-C;) =0 and a upper one otherwise.

(b)

Figure 12: Lower (a) and upper (b) digital edges of
slope %

By definition, a upper (resp. lower) digital edge
is a DSS such that its first and last points are both
upper (resp. lower) leaning points. For instance,
the DSS depicted in fig. [I| contains a upper digital
edge and a lower digital edge whose slopes are the
same as its. They are respectively located between
the two upper and two lower leaning points of the
DSS.

We define now the upper and lower hull of a dig-
ital curve.

Definition 8 (upper and lower hulls) The up-
per (resp. lower) hull of a digital curve Cj);
is a sequence of upper (resp. lower) digi-
tal edges Cugikys Crylkas -+ s Chpg_1|kars where i

ke < k1 < < ky = j, having de-
creasing (resp.  increasing) slope, i.e. for all
m & 1,...7M — 1, Ckmfl‘km and Ckm\km+1

are two consecutive upper (resp. lower) digital
edges such that p(u(Cr,,_,k,,)) > p(u(Cr,, ki)
(resp. p(u(Cry1t)) < P(U(Chopn 1)) The
ends of each wupper (resp. lower) digital edge
CiosChlys--.,Cr, are the vertices of the upper
(resp. lower) hull.

The upper hull of a digital curve is depicted in
fig. Contrary to the cover (fig. [4)), any two con-
secutive DSSs, which are upper digital edges, have
only one point in common.
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Figure 13: Upper hull of a digital curve. Each up-
per digital edge is depicted by a red bounding box.

The goal of the following section is to show that
a convex digital curve admits a unique upper hull,

while a concave digital curve admits a unique lower
hull.

4.2 Existence and uniqueness of

lower and upper hulls

The following technical lemmas highlight the links
between DSSs and digital edges.

We compare in lemma [3] the slope of a DSS S
maximal at the front and the one of a digital edge
beginning on the last leaning point of S.

Lemma 3 Let C,), be a DSS in the first octant,
ie. 0 < y(u(Cyp)) < z(u(Cyp)), strictly included
in the digital curve C;;. Let us assume that there
exists a upper (resp. lower) digital edge starting
from Cy, the last upper (resp. lower) leaning point
of Cop, and ending at Cpo, with p < I° < j.
If T(Co\pacp—&-l) < -1 (Tesp, 7/'(Col;mcp+l) >
[u(Cop)ll1~1), then p(u(Copy)) > p(u(Ciie)) (resp.
p(u(Coip)) < p(u(Cire))).

Proof

We will only deal with the case where Cjo is a
upper digital edge and 7(Cy)p, Cpy1) < —1 as illus-
trated in fig. because the opposite case requires
a similar proof.

The first upper leaning point of Cjjo, which is
assumed to be a digital edge, and the last up-
per leaning point of C,, are both located at point
Ci. The remainders of C; with respect to C,;,, and
Cyjio are respectively equal to [[u(Copp)|l1 — 1 and
lu(Cyjie)[l1 — 1. Let us denote by L the translation
of C; by the vector § (1,—1). Due to property
the remainder of L with respect to C,, is equal
to r(Co)p, C1) +det(u(Cy)p), $). Since det(u(Cy|p), 5
) = u(Cop)ll1, then r(Cypp, L) = —1. Similarly,
T(Cl|lo7L) =—1.

Due to property det(u(Cyypo), LCp+£) =
T‘(Cl|lo70p+1) — T(Cl|lo7L). Since T(Cl”o s L)
—1 and O < ’I“(Cl”o,Cerl) < ||C”lo||17

11

det(u(Cppo), LCpi1) > 1.

P(LCpy1).

Due to property det(u(C’O|p),LCp+{)
7(Colp, Cpr1) — 7(Cojp, L). Since 7(Cyp, L) = —1,
the sign of det(u(C’o‘p),LC’erD depends on the
value of 7(Cop, Cpy1)-

The remainder of Cpy1 with respect to C,,
is assumed to be smaller than or equal to —1.
Thus, det(u(C,|p), LCpy1) < 0. In other words,
p(u(Copp)) = p(LCyi).

The points of C,|, have increasing x-coordinates,
because C,, is in the first octant. Furthermore, the
points of C,, 41 have increasing x-coordinates too,
because Cj|; is a simple digital curve. Since the in-
tersection between C,|, and Cjj;o contains at least
two points, Cp|p41, the points of Cjo have also
increasing x-coordinates. Therefore, x(u(C,);,)),

z(u(Cyy0)) and x(LCer{) are positive and due to
transitivity, p(u(Copp)) > p(LCpi1) > p(u(Cype))
and finally p(u(Cy)p)) > p(u(Cijio)).

Thus7 p(u(C”lO )) <

Figure 14: Illustration of the proof of lemma [3]
The DSS (), which is depicted in red, is maximal
at the front because r(C,|p, Cpy1) < —1. Its slope
u(Cyp) is equal to % The slope u(Cyjo) of the
upper digital edge starting from Cj, the last upper
leaning point of C,,, is equal to +. The slope of

Ip> 3
LC), 41, which is equal to %, is bounded by u(Cyj0)
and u(Cyp).

Lemma [4 shows that there does not exist any
upper (resp. lower) digital edge that shares some
of its points with a DSS S and that strictly contains
the upper (resp. lower) leaning points of S.

Lemma 4 Let Cy), be a DSS in the first octant, i.e.
0 < y(u(Cple)) < x(u(Cplq)), strictly included in
the digital curve C;);. If r(Cplq, Cqr1) < —1 (resp.
7(Cplg» Cqr1) = [[u(Cpq)ll1—1), there does not exist
any upper (resp. lower) digital edge Cy)j, whose first
point belongs to Cp, and that strictly contains the
first or last upper (resp. lower) leaning point of
Cplq, denoted by Cy, i.e. such that p < g <l < h.

Proof



We will only show by contradiction that Cy;, can-
not be a upper digital edge that strictly contains
the last upper leaning point of Cp,. The other
cases require a similar proof.

Let us assume that a upper digital edge Cy;, ex-
ists. On the one hand (i), we posit that C}, belongs
to Cpjgs i-e. p < g <l < h < qand on the other
hand (ii), we posit that Cj, does not belong to C,

i,e,p§g<l§q<h(ﬁg..

lgs

Figure 15: Illustration of the indices used in the
proof of lemma [4]

The proof is based on the four following argu-
ments, which are proved hereafter :

1. p(u(Cy,)) < p(CyCh)

plg

C

2. p(u( plq)) > p(ClC’;)

3. det(C;Ch, CyCh) > 0

4. r(C

91h, C1) > ||u(Cyjn)ll1 — 1 (contradiction)

Due to transitivity, 1) and 2) imply 3) and then,
3) implies 4), which raises a contradiction.

Proof of 1) - Due to property det(u(Cplq), CgC;
) is equal to r(Cpjq, C1) — 7(Cpjq, Cy) and is thus

plg» P
greater than or equal to 0. In other words,

p(u(Cpiq)) < p(CgC;)'

Proof of 2) - (i) Due to property
det(u(Cp)q),CiCx) is equal to 7(Cpq, Ch)
7(Cplq, C1) and is thus strictly smaller than 0. As
a result, p(u(Cpyq)) > p(C1Ch).

(ii) Since Cj is the last upper leaning point of

Cplg and r(Cpjg, Cqi1) < —1, lemma applies and
p(u(Cplg)) > p(CiCh).

P

Proof of 3) - (i) Since Cy, is in the first octant,
2(u(Cpiq))s x(CgCZ) and z(C;Cy) are positive.

(ii) Since Cpyq is in the first octant and Cj; is a
digital curve, the points of C},;1 have increasing
x-coordinates. Moreover, the points of Cg;, have
also increasing x-coordinates, because the intersec-
tion between C,, and Cy);, contains at least two

Cplq)), x(u(C’gC;))

points, Cpp41. Therefore, x(u(C,

and z(C,C,) are positive.

Due to transitivity, from 1) and 2), p(C’gCE) >
p(ClC';;)7 which is equivalent to det(ClC’;:, CgCZ) >
0.
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Proof of 4) - Due to property |I, r(Cyjn,Cr) —
r(Cyin, Cg) is equal to det(u(Cyp), CgCE), which is
proportional to det(C’gC’;:, CgCZ).

However, det(CgC;;, C’gC’;), which is equal to
det(ClC;;,CgC;), is strictly greater than 0 due to
3). As aresult, r(Cyp, C1) > [|[u(Cyjn)|lr — 1, which
raises a contradiction.

We can now state the main theorem of the sub-
section:

Theorem 3 Any convex (resp. concave) digital
curve C;); admits a unique upper (resp. lower) hull.

Proof

We will prove by induction that any digital con-
vex curve has a unique upper hull. A similar proof
can be derived for the lower hull of concave digital
curves.

Let the property P; be “Cy); admits a unique
upper hull for all £ € 4,...,5”. The property P;_;
is obviously true, because C;_1|; is one small upper
digital edge. We will show that P; is true when P,
is assumed to be true for some i € 1,...,j — 2.

Let p be the greatest index such that C; i
the first upper leaning point of Cj,, iw.e. C;

ij-n(C'i‘p). Such an index always exists and i
unique. Let us assume without loss of generality
that Cj), is in the first octant, i.e. 0 < y(u(Cy)p)) <

x(u(Cypp)). Let Cp be the last upper leaning point

of Cijp, i-e. Cp = L,,,(Cyp) (fig. [L6).
[ J
R R R \
l/
® — v
(i) p———

Figure 16: Illustration of the indices used in the
proof of theorem

Since [ is strictly greater than i, (j); admits a
unique upper hull due to the induction hypothesis.
On the other hand, Cj; is by definition a digital
edge.

existence: In order to prove that Cj; admits a
upper hull, it remains to show that the slope of
Cjji, which is equal by definition to the one of Cj,,,
is strictly smaller than the slope of the first upper
digital edge of Cy;, denoted by Cy.

(i) If I < p, Cp belongs to Cijp- Due to
property det(u(Cyp), CiCy) = r(Cyp, Cr) —
7(Cj|p, C1). Since C is the last upper leaning points
of O“p, T‘(Ci|p,cl) = HCilpHI — 1 and ’I“(C“p,cl/) <
|Cijplli — 1. Therefore det(u(Cﬂp),ClCl:) < 0 and



the slope of Cj)ps is strictly smaller than the one of
Cilp-

(ii) If I > p, Cyr does not belong to C;|,,. The re-
mainder of C}, 11 with respect to (), cannot belong
to the range 0, ..., ||C;, /|1 because if it is, the first
leaning point of C,11 would be C;, which contra-
dicts the maximality of p. If Cj,1; is a DSS, the
remainder of Cj 41 with respect to Cy), is equal to
—1. Otherwise, (), is maximal at the front and
the remainder of C'y11 with respect to Cj, is either
strictly smaller than —1 or greater than |Cjll1.
Since Cy|; is convex, the slope of Cjy), is strictly
greater than the one of the next MS. Therefore, due
to theorem [2| the remainder of Cpy; with respect
to Oy, is strictly smaller than —1. Thus, putting
all together, the remainder of Cp; with respect to
Cj|p is smaller than or equal to —1. According to
lemma (3, the slope of Cy;s is strictly smaller than
the one of (), in this case, which proves that Cj;
admits a upper hull.

uniqueness: In order to prove the uniqueness of
such a hull; it is enough to notice that C; cannot
be strictly included in a digital edge of the upper
hull of Cj|; due to lemma {] and is thus a vertex of
such hull. Cj; admits a unique upper hull due to
the induction hypothesis and Cj; admits a unique
upper hull too because it is by definition a digital
edge. The upper hull of Cj; is thus unique. |

In the next section we will show that the upper
(resp. lower) hull of any convex (resp. concave)
digital curve can be retrieved in the course of the
cover computation.

4.3 Computation of upper and lower
hulls

Theorem [] gives the smallest digital pattern that is
enough to consider to retrieve a vertex or an edge
of the upper (resp. lower) hull of any convex (resp.
concave) digital curve.

Theorem 4 Let Cy; be a DSS included in a
convex (resp.  concave) digital curve Cy;. If
7(Crps Cp—1) < =1 (resp.  r(Cyp,Cr—1) 2=
lu(Crp)llr) or k =i and r(Cyp, Cry1) < —1 (resp.
7(Crii, Cry1) > [[w(Crpp)ll1) or 1 = j, then the first
and last upper (resp. lower) leaning points of Crpi
are vertices of the upper (resp. lower) hull of C;.
As a corollary, the part bounded by the first and last
upper (resp. lower) leaning points of Cy; (when it
is mot empty as in fig. is a upper (resp. lower)
digital edge.

Proof

Let us assume that C; is convex. A similar reason-
ing leads to the proof about concave digital curves.
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Moreover, let us focus on the last upper leaning
point of Cy;, denoted by Cj, because the same ap-
plies for its first upper leaning point. Fig. de-
picted the configuration of the proof.

Figure 17: Ilustration of theorem The upper
leaning point of Cy;, Cj is a vertex of the upper
hull of the convex part C;;, because r(Cyjy, Cr—1)
and 7(Cpyi, Ci41) are less than or equal to —1.

Given that Cj);, which is assumed to be convex,
admits a unique upper hull due to theorem |3| we
will prove by contradiction that there does not exist
any upper digital edge C),|, that strictly contains
Ch, i.e. such that p < h < q.

Let us assume that such a upper digital edge ex-
ists. Due to the assumption about the remainders
of Cx—1 and Cjy1 with respect to Cy;, Crr_1j141
is not a DSS. Since Cp, is a DSS, either C), or C,
belongs to C;.

Due to lemma 4] there does not exist any up-
per digital edge C, such that C), belongs to Cy;
whereas C; does not. Similarly, there does not exist
any upper digital edge Cy,|, such that C; belongs to
Cy)1 whereas C), does not.

As a consequence, the last upper leaning point
of Cy); cannot be strictly contained by any upper
digital edge and similarly, the first upper leaning
point of Cy; cannot be strictly contained by any
upper digital edge. As a consequence, the first and
last upper leaning point of C|; match to one vertex
of the upper hull of Cj; if they are confounded or
bound a upper digital edge otherwise. |

Theorem [ leads to algorithm [] that focuses
on the upper hull computation of a convex digi-
tal curve. To compute the lower hull of a concave
digital curve it is enough to replace 1 with |.

In the course of the cover computation, the cur-
rent DSS Cy);—1, is either maximal, maximal at the
front, maximal at the back or is the common part of
two MSs. In the latter case, 7(Cyjj—1,Cr—1) = —1
and r(Cyji—1, C1) = —1 due to corollary The first
and last upper leaning points of Cy,;_; are vertices
of the upper hull due to theorem

When points are added to the front of
Cirli—1, Cgp—1 is maximal at the back, i.e.
r(Ck”_l,Ck,l) < —1. If ’I"(Ck”_hcl) = —1, Ck:\l
is still a DSS but the first upper leaning point get
the location of the last one (table|[l} column D, row



6). Due to theorem [4] the first and last upper lean-
ing points of Cy|;_; are vertices of the upper hull.
If they are not confounded, the first upper leaning
point of Cy;, which is equal to the last upper lean-
ing point of Cy|;_1, is stored as a new vertex of the
upper hull (lines 7 and 20). A similar process is
performed when points are removed from the back
of the current DSS.

Thus, either during the adding step (lines 5-8,
18-21) or the removing step (lines 12-15, 22-25),
any two consecutive retrieved points are the first
and last point of a digital edge. Tricky issues occur
when the removing step follows the adding step and
conversely.

In the first case, the last leaning point of the cur-
rent DSS, which is maximal, may be not retrieved
if the first and last leaning points are distinct, be-
cause only the first leaning point has been stored
during the adding step and only the new location
of the last leaning point will be stored during the
removing step that follows. We added lines 10-11
to fix it.

In the second case, the last leaning point of the
current DSS, which is the common part of two con-
secutive MSs, may be retrieved twice, because the
last leaning point has been stored during the re-
moving step and will be stored again during the
adding step that follows if the first and last leaning
points are distinct. We added thus lines 16-17 to
fix it.

For all these reasons, algorithm [2] correctly re-
trieves all the vertices of the upper hull and only
them.

MSs are not enough to compute the upper or
lower hull of a respectively convex or concave digital
curve. A smaller digital pattern is often required.
In convex digital curves, the digital pattern that is
enough to consider corresponds to DSSs bounded
by two points of remainder smaller than or equal
to —1:

e common parts of two consecutive MSs that
have two bounding points whose remainder is

equal to —1 (lemma[l]) (fig. [18la).

DSSs maximal at the front or at the back hav-
ing one bounding point of remainder —1 and
the other of remainder strictly less than —1

(theorem [2) (fig. [I8]b).

MSs that have two bounding points whose re-
mainder is strictly less than —1 (theorem

(fig. [18lc).

Algorithm 2: Upper hull computation of a
convex digital curve

w N

N o ok

Input: a convex digital curve Cj;
Output: the list £ of the vertices of its upper

hull
1 ,C < @ ) /* list of the vertices of the upper hull */
k<+ 1 ) /* beginning of the current segment */
|« 1 +1 ; /* end of the current segment */
/* initialization */
L+ Ck-,;
while | <j and Cy); is a DSS do
if LT .. (Cr) # L), (Crj—1) then
L~ L + Ljnzn (Ck|l) ; /* store this point
*/
[+ +1 ; /* add a point to the front */
/* body */
while [ < j do

10
11

12
13

14

15

16
17
18
19
20

21

22
23
24
25

26

/* store the last leaning point if the first and

last leaning points of the MS are not

confounded */
if LInin(Ck\lfl) 7& L:rrna:r(ck‘ﬂfl) then
L L+ L+ Ljnaz(ck\l—l);

while CY); is not a DSS do
k<« k+1 ; /* remove a point from the back
*/
if Lzﬁ,am(ckﬂ—l) 7& Ljnaz(Ck—Hl—l)
then
L L+ L+ LLax(Ck‘l_l) 3 /* store */

/* remove the last leaning point if the first and
last leaning points of the common part are not
confounded */

if LInin(Ck\lfl) 7& L:rrna:r(ck‘ﬂfl) then
L L+ L— Ljnaz(ck\l—l);

while [ <j and Cy; is a DSS do

if L, (Cry) # LD, (Crj—1) then
L L+ L+ Lj;”n(ck”) N /* store */
1 +1 ; /* add a point to the front */
/* end */
while Lﬁwx(C’k”,l) 7é Cj do
k+—k +1 X /* remove a point from the back */

if Lglaa:(cml*l) 7& Ljnaw(ckflﬂfl) then
L L+ L + Lfnaz(Cku_l) ;

point */
return L;

/* store this

14



Figure 18: Digital patterns containing at least one
vertex of the upper hull of a convex digital curve:
(a) common parts of two consecutive MSs, (b) DSSs
maximal at the front or at the back, (¢) MSs. The
points marked by a square have a remainder equals
to —1, whereas those marked by a cross have a re-
mainder strictly lower than —1.

5 Applications

In this section, we will described several applica-
tions of the previous results: convex hull computa-
tion (section, faithful polygonal representation
(section and minimum perimeter polygon com-

putation (section [5.3).

5.1 Convex hull computation

Let us now consider a closed digital curve C. Let
us further assume that C' is convex, i.e. any open
digital curve drawn from C' is convex according to
definition B

Let Cijn41 be the open digital curve associated
to C' such that C, 41 is the repetition of C; after
one scan of C'. Notice that C),,41 is convex because
C is convex (but Cy),4;1 can also be convex while
C is not convex).

The first point C; is assumed to be the point
of C having the smallest x-coordinate and great-
est y-coordinate. The next points Cs,...,C, are
assumed to be numbered according to a clockwise
orientation.

Let Cky, Cryyo oo, Chpy With 1 = ko <k < ... <
ky = (n+ 1) be the sequence of vertices of the
upper hull of Cyj,,41.

Let us now consider the Euclidean convex hull of
C. Since C7 and Cj41 are the points having the
smallest x-coordinate and greatest y-coordinate,
they are vertices of the Euclidean convex hull of

C.
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The goal of this subsection is to show that re-
trieving the vertices of the upper hull of Cyj,44
provides a way of computing the vertices of the Eu-
clidean convex hull of C.

Theorem 5 Let C be a convex and closed digital
curve. Let Cyj,41 be the open digital curve associ-
ated to C such that Cy is a vertex of the Fuclidean
convex hull of C. The vertices of the upper hull of
Cljny1 corresponds to the vertices of the Euclidean
convex hull of C'.

Proof

We will prove theorem |5| by induction.

Let the property P,, be “vertex Cy,, of the upper
hull of Cy,41 is a vertex of the Euclidean convex
hull of C” for some m € 1,..., M. Property P is
true, because C; is a vertex of the upper hull of
Cijn+1 and also a vertex of the Euclidean convex
hull of C.

We will prove that P,, is true when P,,_; is as-
sumed to be true for some m € 2,..., M. In other
words, we will prove that C},, is a vertex of the
Euclidean convex hull of C i.e. forallk € 1,... n,
det(Cy,. Cr. ,Cr._ Cr) < 0, when Cj,_, is as-
sumed to be a vertex of the Euclidean convex hull
of C.

We will first deal with the range kp,—1,...,kmn
(i) and next with the range 1,...,n minus
km—1,.- km (ii).

(i) Since Cj, .|k, is a upper digital edge, for
all k* € kpm_1,...,km, we have det(Cy,  Ch.
,Chy Ce) < 0.

(ii) For all k° € 1,...,n minus kn_1,...,kmn,

let us denote by C}, _ xe the open digital curve
scanned from Cy,, , to Cio in a clockwise orienta-
tion. Since C' is assumed to be convex, Cj, _ |re
is convex and has a unique upper hull due to theo-
rem Let ClO,Cll,. . .,CZT with k1 =l <1 <

. < Iy = k° be the sequence of vertices of the
upper hull of C,,_|xe-

Let p be the greatest index such that Cj
is the first upper leaning point of Cj  _ ,, i.e.
Ck,_1 = ij‘n(ckmfl\p)- Since Cy,,_, |, is a up-
per digital edge, p is greater than k,, and Cy,,
is the last upper leaning point of Cy _ ,, i.e.
Cr,o = L102(Ck,._,1p)- As in the proof of the-
orem [3, the remainder of Cpy1 with respect to
Ck,,_.|p 18 smaller than or equal to —1 due to the
convexity of C. Therefore, Cj, is the vertex fol-
lowing C},, , in the upper hull of C}, x> due to
theorem [4] and is thus equal to Cj, (fig. a).

For all t € 1,...,T, let II; be the half-plane
defined by Cj, , and Cj, such that II, = {P €

R2|det(Cy,_,Cy.,C,_, P) < 0}. Since the slopes of



Figure 19: Illustration of the proof of theorem
(@) Ck,,_\|k,, (in red) is a digital edge of the up-
per hull of Cyj, 41, but also the first digital edge
of the upper hull of Cy _ |po for all k° € 1,...,n
minus Kpp—1,- .., km. (b) Cko belongs to the inter-
section of the set of half-planes {II;, ¢ € [0; 7]} and
especially to II; whose boundary is the straight line
passing through Cy, ., and Cy, .

two consecutive upper digital edges of a upper hull
are strictly increasing, C,,, must belong to II;.

Moreover, two facts make the location of Cj,
even more constrained. On the one hand, due to
the induction hypothesis, Cy,, , = Cj, is a vertex
of the Euclidean convex hull of C. As a conse-
quence, there exists some vector ¥ such that each
point of C' belongs to the half-plane denoted by Il
and defined by Cj, _, and 0 as follows: IIp = {P €
R2|det (3, Cy,._, P) < 0}. Thus, Ci,., must belong
to IIy too. On the other hand, the vertices of the
upper hull of Cy, | e form a simple polygonal line
(without any auto-intersection) because Cy,,_, |xe is
a simple digital curve and as a consequence, Cj,,,
must finally belong to N¢p;qIl; (fig. [19b). The
point Ckxo = (i, belongs to Niepo;rlly and espe-
cially to Iy, i.e. det(Cy,, ,Ci.,Ck,_,Cre) < 0. We
can thus conclude that det(Cy, ,Ch,.,Cr,._,Cro
) <0, because Cy,, = Cy,.

Due to theorem [5] computing the vertices of the
Euclidean convex hull of C' can be made by retriev-
ing the vertices of the upper hull of Cy,,;1 provided
that C is convex and Cj is a vertex of Euclidean

convex hull of C. Therefore, algorithm [2| can also
be viewed as a convex hull algorithm for convex
closed digital curves. It has quite interesting fea-
tures because it is on-line, linear-time and only re-
quires a constant working space if the input is read
from an input stream and the output is written to
an output stream.

5.2 Faithful polygonal representa-
tion

Eckhardt and Dorksen-Reiter [34] 16} [35] looked for
a reversible polygon P(S) that faithfully represent
a connected digital set S.

They looked for polygons such that:

e The vertices of P(S) belong to S.

e S is the Gauss digitization of P(S), i.e. S =
P(S)NZ2.

e P(S) has as many maximal sequences of
consecutive edges of decreasing or increasing
slopes as the boundary of S has maximal con-
vex and concave parts.

It turns out that even if some digital sets admit
such polygons (think about the Euclidean convex
hull of convex digital sets for instance), it is impos-
sible to meet the three requirements at the same
time for any sets S [34]. However, we will see in
this section that if we replace the second require-
ment by a weaker one, a faithful polygonal repre-
sentation always exists. Moreover, we will present
an online and linear-time algorithm that computes
such representation.

Definition 9 (Faithful representation) A sim-
ple polygonal line P is a faithful polygonal repre-
sentation of a digital curve Cy; if and only if:

e The vertices of P belong to Cy;.

e P is reversible, i.e. C;; can be entirely re-
trieved from the list of the vertices of P.

e Fach mazimal sequence of consecutive edges of
P with decreasing (resp. increasing slopes) is
contained in a mazximal convex (resp. concave)
part of Cy; and each mazximal convex (resp.
concave) part of Cy; contains a mawimal se-
quence of consecutive edges of P with decreas-
ing (resp. increasing) slopes.

From definitions [7] [§ and theorem [3] any convex
(resp. concave) digital curve C;); admits a convex
(resp. concave) polygonal line that is obtained by
linking the vertices of the upper (resp. lower) hull
of Cj|; by straight line segments. The first and third



requirements are obviously met. The second one is
met too, because the part of Cj); lying between two
consecutive vertices is a upper (resp. lower) digi-
tal edge, which can be retrieved by the floor (resp.
ceil) digitization of the straight line segment join-
ing the two vertices. As a consequence, any strictly
convex or concave digital curve has a faithful polyg-
onal representation. Besides, if C'y|,1; is the open
digital curve associated to a convex closed digital
curve C, the polygonal line where all consecutive
vertices of the upper hull of Cy),41 are linked by
straight line segments is the boundary of the Eu-
clidean convex hull of C' due to theorem|[5] provided
that C; is a vertex of that convex hull.

If C is not convex, we can independently com-
pute the upper (resp. lower) hull of each maximal
convex (resp. concave) part, because definition |§|
is suitable for open digital curves. Tricky issues
occur in inflection parts, which belong to both a
maximal convex part and a maximal concave part.
Though, such parts are MSs and are thus well arith-
metically defined. We will see below that the upper
and lower hull of two consecutive maximal convex
and concave parts can be linked by a straight line
that passes through the first upper (resp. lower)
and last lower (resp. upper) leaning point of the
MS of inflection.

Definition 10 (Faithful polygon) Let

Cirj1, Cizjj2, ..., Ciaja be the sequence of the
mazimal convex or concave parts of a digital curve
Ci;- The faithful polygon (FP) of C;; is defined
by the concatenation of a subsequence of the
vertices of the upper or lower hull of the maximal
convex or concave parts of Cy);:

®)\€1,...,A(Ckﬁ 5 Ck/iJrl’ cey Ck;\)
such that:

o If Cixjjx is conver, Ckﬁ,CkA_H,...,Ck)\ are the
w v
consecutive vertices of the upper hull of Cix|;
located between:

- Ckf; = Ci Zf A = 1 and Ck:ﬁ =
Ll ..(Six_,) otherwise.
—Cy = Cj if A = A and Cpy =
L;m(Sejx) otherwise.
o If Cixjjn is concave, Ck‘);7ck>\ 17...,0@ are

the consecutive vertices of the lower hull of
Cirjjr located between:

_Cké = C; if A\ = 1 and Ckﬁ =
Loz (Sia_y) otherwise.

—Cry = Cj if A = A and Cpy =
Lfnm(Sejx) otherwise.

Fig. 20| illustrates the notations of definition

LiTnm(SH]*) = Cl-,)
S,‘A‘) - Sijfw

S‘*J)‘ = SI)“IA
L#m:z,(sﬂa) = C};ﬁﬂ

It

min

(S(,jAfl) = Cké"

Figure 20: Illustration of definition

Theorem 6 The F'P of any digital curve Cy; is a
faithful polygonal representation.

Proof

The first requirement of definition [J] is obviously
met. Moreover, the second and third require-
ments are independently met for all sequences
C’kﬁ,C’kﬁ“, s Cray A € 1,... A It remains to
show that the FP of Cj; respects its convex and
concave parts after the concatenation (i) and that
forall A e 1,...,A —1, Ckli\lkﬁﬁ-l can be retrieved
from Cjx and Ck3+1, (ii).

Let us assume that C;j;x is a maximal convex
part and Cjri1pja41 is the maximal concave part
that follows for some A € 1,..., A—1. The converse
case is similar. Moreover, let us denote by S the MS
of inflection Cjr+1a.

(i) Due to theorem 4] the first and last upper
leaning points of Cjr+1;1 are vertices of the upper
hull of Cjx|;» whereas the first and last lower lean-
ing points of Cjxt1);» are vertices of the lower hull
Of CZ-A-H UA+1 .

Due to lemma p(C’ké_le,{) > p(u(S)) and
by transitivity p(Ckﬁ_lckg) > p(Cki\Ckﬁ+l.). Simi-
larly, p(CkQCkﬁf) > p(Ckﬁ“iji}.)'

As aresult, C’kﬁ, s Cras C’kﬁﬂ form a polygonal
line whose edges are decreasing and that is included
in the convex part Cixj;» and Cya, CkﬁJrl, N
form a polygonal line whose edges are increasing
and that is included in the concave part Cijxy1jjas1.
The third requirement of definition [J]is thus met.

(ii) Forall A€ 1,...,Aand for all 6 € p,...,v —
1, Ckg\kgﬂ is easily retrieved from Cy and C’,@H,
because Ckg‘ ks is a upper digital edge in convex
parts and a lower digital edge in concave parts.

However, retrieving Ck3|k2+l from Cj» and Okﬁﬁ-l
for all A € 1,...,A — 1 is more tricky because
Cka‘k,);-f—l is neither a upper digital edge nor a lower
digital edge.
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For sake of clarity, let us rename Cj» and Ckﬁﬂ
into C}, and C,. Let us consider without loss of
generality that [C,Cy] is in the first quadrant, i.e.
x(Cy) —x(Cyp) and y(Cy) — y(Cp) are positive. Due
to definition [T0] and by hypothesis, C}, and C, are
respectively the first upper and the last lower lean-
ing points of the same MS, denoted here by S. Let
L be the image of C, after a translation by the

vector 5 (—1,1) (see fig. 21).

Figure 21: Illustration of the proof of theorem [6}
Cp (resp. Cy) is the first upper (resp. last lower)
leaning point of the MS of inflection S (in red). The
part Cp,—1 is the floor digitization of the straight
line segment (dashed) joining C), and L (L ex-
cluded), where L is derived from Cj.

The remainder of C; with respect to Cpj,—1 is
either equal to —1 if C; is the only lower leaning
point of S or equal to 0 otherwise (table|l] column
D). Due to property r(Cplg—1, L) = r(Cpig—1,Cq)
is equal to det(u(Cpjq—1),8), which is equal to
lu(Cpig—1)|li. The remainder of L with respect
to Cpq—1 is thus either equal to [[u(Cpjq—1)|l1 or
lu(Cpig—1)|l —1. From table column B, we know
that Cpj,—1 U L is a DSS and even more precisely
a upper digital edge, because C), is the first upper
leaning point of Cj4_1.

Therefore C)), can be retrieved from C), and Cy:
Cplq—1 is indeed the floor digitization of the straight
line segment joining C, and L, but without L. It
remains to add Cy to Cpj4—1 to end the drawing of
Cplq- i

Algorithm [3| computes the FP of a digital curve
C,1j- Algorithm [T] and [2] have been merged so that
the vertices of the upper hull are retrieved in the
convex parts while the vertices of the lower hull
are retrieved in the concave parts. The outcome
of algorithm [3| applied on the wave-shaped digital

curve of fig. Bis shown in fig.

Figure 22: FP of a digital curve in red

Algorithm 3: Faithful polygon of a convex digital
curve

of Ci\j
1 L+ @,L:u — @;El «~0 ; /* vertices of the FP */
2 k+1i; /* beginning of the current segment */
3l+i+1; /* end of the current segment */
/* initialization */
4 L+ Ck;
5 while [ < j and Cy); is a DSS do
6 | if L},i(Cki) # Liyin(Crji—1) then
7 L Ly Lo+ Linm(Ck”) ; /* store this point */
8 | if Lyin(Cit) # Lyyin(Crji—1) then
9 L Ly L+ Lt“n(cku) ; /* store this point */
10 | l<1+1; /* add a point to the front */
11 if [ < j then
12 if 7(Cgji—1,C1) < —1 then
13 L vy L Loy /* convex part */
14 else
15 L vy 4L L /* concave part */
/* body *
16 while [ < j do
/* store the last leaning point if the first and last
leaning points of the MS are not confounded */
17 if LZm-n(Ck”_l) #* LZWZ(CW_l) then
18 L E<—£+L7naz(ck\l71)7
19 while Cy; is not a DSS do
20 k < k+1; /* remove a point from the back */
21 if L;ynaz(ckufl) 7é L;Ynaz(ckflufl) then
22 L L+ L+ L?n,w(Cw,l) ; /* store */
/* remove the last leaning point if the first and last
leaning points of the DSS are not confounded  */
23 if L) :n(Crji—1) # Linaa(Crji—1) then
24 L 'C(_‘C_L;Ynax(ck\lfl);
25 while [ < j and Cy); is a DSS do
26 I+ 1+1; /* add a point to the front */
27 if L;Yrun(ck”) # Ljnin(ck”_l) then
28 L+ L+ L;lm(Ck“) ;3 /* store this point
*/
29 if 1 <j then
30 if v =1 and r(Cri-1,C1) > [[w(Cri—1)lhr
then
31 L v+l /* from convex to concave */
32 else if v =| and r(Cgji—1,C1) < —1 then
33 L vy <71 /* from concave to convex */
/;end */
34 while Lme(Ck”,l) 7& Cj do
35 k+—k+1; /* remove a point from the back */
36 if L’vynaz(ckufl) # L:rynaz(ckflufl) then
37 L L+ L+ L;’nm(Cw,l) ; /* store this point */
38 return L;

Input: a digital curve Cj;
Output: The list £ of the vertices of the FP
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Note that a digital curve always admits a FP.
However, an arbitrary polygon is generally not the
FP of a digital curve. Indeed, the FP of a digital
curve has angles lying in a small range: [—7; 5]\ 0.

Characterizing the FP of a digital curve requires
the introduction of the function quadrant, which
returns true if an edge € lies in a given quadrant
and false otherwise:

Definition 11 (quadrant) Let us denote by q the
function q = Z2,{1,2,3,4} — {true, false} defined
by:

e g(é,1) = true if x(é€) > 0 and y(é) > 0 and
false otherwise.

o q(€,2) = true if x(€) > 0 and y(é) < 0 and
false otherwise.

e ¢(€,3) = true if x(é) < 0 and y(é) < 0 and
false otherwise.

e g(é,4) = true if x(€) < 0 and y(é) > 0 and

false otherwise.

Proposition 1 Any two consecutive edges € and

¢ of the FP of a digital curve C lie in the same
. >~ >/

quadrant, i.e. q(é,x) and q(€,x) are true for some

x€{1,2,3,4}.
Proof

Let us assume without loss of generality that é and
¢’ lie in a convex part, i.e. p(€) > p(¢'). Moreover,
let us assume without loss of generality that g(é
,1) is true. By hypothesis, ¢(¢’,2) cannot be true
and we will show below that C' cannot be simply
4-connected if g(¢',3) is true or if g(¢',4) is true.

o If q(¢',3) is true, the first two steps of the digi-
tization of & are (—1,0) and (0, —1), while the
last two steps of the digitization of € are (1,0)
and (0,1).

o If ¢(&',4) is true, the first step of the digitiza-
tion of € is (0, —1), while the last step of the
digitization of € is (0,1).

In the two above cases, C' crosses twice the same
point and is thus not simply connected. By contra-
diction, ¢(&',1) must be true, which concludes the
proof. ||

We will use definition [T and proposition[I]in the
following subsection in order to define the minimum
perimeter polygon of a dilatation of C' from the FP
of C.
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5.3 Minimum Perimeter Polygon

Let us consider a closed digital curve C' and let
P(C) be the FP of C. Let the sequence (py €
7Z2)k=1..m be the vertices of P(C). The indices
are assumed to be taken modulo m, the number of
vertices.

Let CU be the dilatation of C' by the closed unit
square centred on (0,0), i.e. CZ = C®[-1, 4] x
[—2,3]. Let us denote by CF the closed unit square

centred on C} and C the successive squares from
C’F to CF. Since C’,U is 4-connected, Cl,‘j is edge-
connected, i.e. forallk €4,...,7—1, C’E and C’EH
share exactly one edge.

Definition 12 (MPP) Let C be a closed digital
curve and CU its dilatation by the centred unit
square. Let S be the set of planar curves that go
through CB, i.e. that completely lie in C° and in-
tersect each square CkD forallkel,....,n. A min-
imum perimeter polygon (MPP) of CP is a planar
curve P* € § such that:

P* = arg min Perimeter(P)
PeS

The equation of definition has been proven
to have a unique solution that is a piecewise linear
curve [36]. However, as noted in [37], there is in-
finitely many polygons having the same perimeter
if their vertices are allowed to be collinear. That’s
why we use the phrase “a MPP” instead of “the
MPP” | which is the minimum perimeter polygon
having no collinear vertices.

The goal of this section is to show that the image
of the FP of C after a simple transformation called
¢-transform, is a MPP of CH. The following defi-
nition is based on definition [L1] about the quadrant
of an edge and proposition

Definition 13 (¢-transform) Let us denote by ¢
the application that maps any FP of C' whose ver-
tices are given by the sequence (pg)r=1..m nto a
polygon of the half-integer plane (Z + %) x (Z + %)
whose vertices are given by the sequence (px+ Vg
Vk=1...m with, for allk €1,...,m

1

e Up=(5.—3) if ppr—1pi) > p(PrPr+i),
q(pr-1pk,1) and q(prpr+1,1) are true or if
pPr-1pk) < pPrpPr+i); q(Pk—1pk,3) and
q(pkpr+1,3) are true.

( 3) if p(pk—1pi) > p(PEPR+1),
q( Dk—1DPk, 2) and q(PkPk+1,2) are true or if
p(pr—1pk) < pPrPr+1); a(Pr-1Pr,4) and
q(pkpr+1,4) are true.

= (=%.%) if ppr—1pi) > p(PkPr+i):
q(pr—1pk,3) and q(pkpr+1,3) are true or if

1

@v
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ppr—1pr) < pPrpr+i); q(pr—1pk,1) and
q(prpr+1,1) are true.

o U= (3,3%) if p(Pr—1P) > p(PkPr+1), A(Pe—1Pk
4) and q(prprsi,4) are true or if plpy-1pi
) < p(PrPr+12); q(Pr—1Pk) and q(prpr+i,2)
are true.

In order to show that ¢(P(C)) is a MPP of CH,
we give below the points through which a planar
curve has to pass in order to be a MPP of CH.
Theorem [7] looks like theorem [k

Theorem 7 Let Cy; be a DSS strictly included
in a conver (resp. concave) digital curve Cj;
and assumed to be without loss of generality in
the first quadrant. If r(Cy;,Cr—1) < —1 (resp.
(Chpi, Ci—1) = [[u(Crp)l|1) and r(Cpp, Crgr) < —1
(resp. 1(Clpi, Cry1) > [[u(Crp)ll1), then the im-
ages of the first and last upper (resp. lower) lean-
ing points of Cy; after a translation by the vector
(3,-3) (resp. (—%,1)) are vertices of a MPP of

b (v b
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Proof

We will assume that Cj|; is convex, the other case
being similar. Moreover, we will focus on the first
upper leaning point of C}|; because similar results
may be derived for the last upper leaning point.

Let B, E and L be respectively the images of
Cr—_1, Ci11 and L?Tnm(Ck”) after a translation by
the vector (1, —1). We will use below parametrized
translations defined as follows: given a real number
of the range [0,1] denoted by A, Py is the image
of P after a translation by the vector (—A, \). We
have of course P = PF,.

Let D be the straight line of slope u(Cj;) and
passing through L. For all A €]0, 1], Ly is obviously
located strictly above D.

On the other hand, due to property
det(u(Cy1), LB) and det(u(Cyy;), LE) are less than
or equal to —[|u(C)||1, because r(Cy, Cx—1) and
7(Crji, Ci41) are less than or equal to —1 by hy-
pothesis. Applying property [1] again, we get that
det(u(Crp1), LBx) and det(u(Cyj), LEy) are less
than or equal to (A — 1).[[u(Cy;)||1 and thus less
than or equal to 0 for all A € [0,1]. In other
words, By and E) are located on or below D for
all A € [0,1].

Let us now consider the planar curves that start
from B, for some A € [0,1], end at E) for some
A € [0,1], go through OE—1|1+1 by passing through
Ly for some A €]0,1] (but not through L = Lg).
One of them is depicted fig.

Such curves necessarily cross D at least once be-
fore and after L because B) and E are located on
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Figure 23: Illustration of the proof of theorem 7] :
the dilatation of the DSS Cj; is depicted in gray,
and the positions By, Ey and Ly for all A € [0, 1]
are depicted with dotted segments. Note that B)
and F) are below the line D while Ly is above.
Any planar curves (like the one depicted in purple)
that go through CE—1|I+1 by passing through Ly
for some A €]0,1] must cross D at least twice and
can thus be shorten. The shortest curve that go
through C/EL , must therefore pass through L =
Lyg.

11+

or below D for all A € [0,1] and Ly is strictly lo-
cated above D for all A €]0,1]. Let us denote by
I, and I, the nearest intersection points before and
after L. Cutting the curves at I; and I and recon-
necting them by the straight segment [I; I5] leads to
valid curves of smaller length. Therefore, the short-
est path that starts from By for some A € [0,1],
ends at E for some A € [0,1] and goes through
CE—HIH cannot pass through L, for all A €]0,1]
and must pass through L = Ly, which means that
L is a vertex of a MPP of CY. |}

Theorem [7] shows that in the first quadrant the
first and last upper (resp. lower) leaning points
of Cy); translated by (3,—3) (resp. (—1,1)) are
vertices of a MPP of C”. In the second, third
and fourth quadrant, it can be similarly shown
that these points are vertices of a MPP of CU

when translated respectively by (—2,—1) (resp.
11 11 O SR A |
(3,3)), (=5,3) (tesp.  (3,—3)) and (=3,—3

(resp. (%,1)). Therefore, due to theorems {4/ and
definitions and each vertex of ¢(P(C)) is
also a vertex of a MPP of CH. Moreover, the
straight segment joining any two consecutive ver-
tices of ¢(P(C)) is the shortest path going through
CH and joining the two vertices, which proves, with
theorem [7] the following theorem:

Theorem 8 Let C be a closed digital curve and
CU its dilatation by the centred unit square. The
p-transform of the FP of C is a MPP of C5.

A MPP of CP is thus given by the ¢-transform
of the FP of C, which is computed by algorithm
in linear-time with integer-only computations. The
¢-transform of the FP of fig. 2]is shown in fig.

Several other algorithms have been proposed, but
only a few ones have been designed to take profit
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Figure 24: MPP (in red) of the dilatation of a dig-
ital curve by the centered unit square (in blue)

of the specificity of the digital curves. One of
them [38] does not seem to compute a MPP in all
cases as noticed in [I5, B9]. Recently, Provengal
and Lachaud [I5] have independently proposed an
arithmetic and a combinatorial algorithm.

The arithmetic one first decomposes the digital
curve into convex and concave parts by the means
of the slope of the MSs (definition [5)) and next de-
composes each convex or concave part in quadrant
words, i.e. open digital curves having only two
kinds of steps. For each piece of digital curve, their
lower or upper convex hull is computed using [40].
A MPP is derived from the union of these convex
hulls. The combinatorial algorithm is an on-line
way of computing the same polygon. However, the
authors does not explain why the partitioning of
the digital curve into quadrant words makes sens.

Any partitioning is actually valid if and only if
each part begins and ends at a vertex of a MPP. Our
previous results prove indeed that each maximal
quadrant words begins and ends at a vertex of the
FP, whose ¢-transform is a vertex of a MPP.

Let us consider the intersection Cy/|; between two
consecutive quadrant words Cy|; and Cjp in a con-
vex part of C. The part Cy/; is also the inter-
section between the last MS of the first quadrant
word S, ; and the first MS of the second quadrant
word Sy, (fig. [25la) and as a consequence: (i) the
first and last upper leaning points of Cy; are its
first and last points, Cy and Cj, (ii) due to corol-
lary [} the remainder of Cjy—; and Cjq; with re-
spect to Cy; is equal to —1. Due to theorems
and [7] the ¢-transform of Cj and C; are thus two
consecutive vertices of a MPP of CP (fig. [25b),
which proves the correctiveness of the algorithms
proposed in [15].

The perimeter of a MPP of C™ is known to be a
good estimator of the perimeter of C' [38] 4T}, 26], [36]
and has been recently used as the internal energy
of a digital deformable model [39].

6 Conclusion
The local convexity properties of digital curves have

been studied in this paper.
We have arithmetically characterized the small-
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Figure 25: In (a), the last MS of the first quadrant
word Cy; and the first MS of the second quadrant
word Cyr are depicted by a red bounding box.
Notice that the first and last point of their common
part Cy; are also its fist and last upper leaning
points and that the remainder of Cj/_; and Cjyq
with respect to Cy/; is equal to —1. In (b), the ¢-
transform of Cs and C} are two consecutive vertices
of a MPP of CP due to theorems [4 and [7

est digital pattern required for checking convexity
in section [3| (theorem , which answers to a ques-
tion raised by Eckhardt [TI6]. The smallest digital
pattern required for checking convexity is actually
given by a maximal segment (MS), plus at least one
of the two points located just before and after this
segment.

Moreover, we went further and have arithmeti-
cally characterized the smallest digital pattern that
contains a vertex of the upper (resp. lower) hull of
a given convex (resp. concave) digital curve in sec-
tion |4 (theorem . In convex digital curves, such
a digital pattern is actually a digital straight seg-
ment bounded by two points whose remainder is
less than or equal to —1.

These theoretical results lead to online and
linear-time algorithms (algorithms and [3) that
only use well-known routines: adding a point to the
front of a DSS [30] and removing a point from the
back of a DSS [I8]. The proposed algorithms have
been implemented in C++ and the code is avail-
able on the web site of the LIRIS laHH Fig.
and are the outputs of the program. They are
useful for polygonal representations as shown in
section computation of the convex hull of con-
vex digital curves, computation of a faithful poly-
gon (FP) whose existence was another question
raised by Eckhardt [I6] and computation of the
well-known minimum-perimeter polygon (MPP).

The FP and the MPP appear to be complemen-
tary to each other. The FP is reversible and exactly
reflects the convex and concave parts of the digital
curve, whereas the MPP minimizes the number of
inflection points required to represent the digital
curve and is known to provide good estimators of

Lhttp://liris.cnrs.fr/m2disco/index_en.html?softwares



tangent and length.

All the results derived in this paper are based on
arithmetics and properties of determinant calculus
(see for instance property, but recent works show
that similar results can be obtained with tools com-
ing from combinatorics on words [42] [15]. It turns
out that Christoffel words of the chain code of a
digital curve corresponds to digital edges. Also, the
factorization of the chain code of a convex digital
curve into Lyndon words corresponds to its upper
hull. This suggests to study relationships between
concepts coming from digital geometry and combi-
natorics on words, which will benefit to both areas.

Eventually, note that the parts of the digital
curve highlighted by our algorithms does not re-
flect the visual parts of the original shape if the
resolution is to high with respect to the scale of its
main features or if some stochastic noise is intro-
duced in the digitization. Several ways of copying
with this problem can be followed while keeping an
arithmetic approach that leads to fast algorithms
with integer-only computations: (i) find a deforma-
tion process of the digital curve so that it sticks to
the expected shape, like in digital deformable mod-
els [39], (ii) find a discrete simplification process of
the digital curve in the manner of [I] or (iii) work
on sub-sampled versions of the initial digital curve
as done in [43]. This work and its perspectives lead
to think that digital convexity will help to design
an efficient and accurate method dedicated to the
extraction of visual parts.
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