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?B;07:9<;@A8Q¼E<C³9Óé"íOHI=@?Bï�9iHBA�Ck=0éµ9�=,W,MO?BCOñÓE<î�=@MOA�ñ<F,9iìOMÿïGA�F@=@?PW�Af;�HB? DGA�?BC ó �a��õ�7OíT=c?w=�?B;
ì:9iF,9ié�A�=zA�Fz? �8A8Q 76ë ï<A�F@=@A�� 9<C:QÒA8QOñ<AÓQT?P;>=z9iCLW�ADîÑíOCLW.=@?BE<CL;É=zM:9�=�W�9iCÒAf9<;@?IHBë A��TìOFzA8;z;
é�9<C6ë�QT? �¨A8F@A8CG=�ïGA�F@=@A���9iC:Q�A8QOñ<A2ìOFzE<ì¨A�F@=@?BA8; �Á;@í:W,MD9<;�HP9i7¨A�HP;�JTFzA89<H�ï�9iHBíOA8;8öIöBö��.ö
è CÔ;@A8W�=@?BE<C �OJ�÷NAµ?BCk=@FzETQTí:W�AÉ;@E<é�AÉQTA�ð:CO?I=@?BE<C:;09iC:QÔC:Ei=z9i=@?BE<C:;�COA�AfQTA8QÕ=@EÕQTA�ð:C:A

E<íOFµQT?P;r=,9iC:W�A�é�Af9<;@íOF@AGö è C ;@A8W�=@?BE<C �:J
÷NA�ìOFzE<ì¨EG;@A�9ÕCOA�÷1ñ<A8COA�Fz?BW�ñ<F,9iì:M³QT?P;r=,9iC:W�A
écAf9<;@íOFzA<ö è CÓ;>AfW.=z?IEGC 
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G = (V, E)

;>íLW,M�=zM:9�=._

` V
?B;�90ð:C:?w=zA�;>A�=�Eiî Ihý�WXNªû2U,ý��

` E ⊆ V × V
?B;�9�;@A�=�Eiî
E<Fz?BA�Ck=@AfQÉì:9<?IF,;�Eiî%ï<A�F@=@?PW�Af;�W�9<HIHBA8QÔý���ký��

�/?IïGA�Cµ9iCµAfQTñ<A
(u, v) ∈ E

Ji=zMOA�ï<A8F>=z?BW�A8;
u
9iC:Q

v
9iFzA�W�9<HIHBA8Q0=@M:A0ý�H�����Y�ûJH N��ÃE<î§=@MOA

A8QTñGA
(u, v)
ö

� %'#	,�/!% �64�>��03 #�%'&)(�� /21078>0-;=7 4�>��)3�#�%'&)( � ù ñGFz9<ìOM
G′ = (V ′, E′)

?P;09��:KMWXNªû2KML
��F��\�W�K���� Eiî29ÓñGFz9<ìOM

G = (V, E)
�ÑCOE<=@AfQ

G′ ⊆ G
�c?Iî/9<C:Q·E<COHBëÿ?wî

V ⊆ V ′ 9<C:Q
E′ ⊆ E ∩ (V × V ′)

ö
ù ñ<F,9iìOM

G′ = (V ′, E′)
?P;Ã9iCÔûJH���F�U,ý���XF��\�W�K����DE<î¿9Éñ<F,9iìOM

G = (V, E)
�ÑCOE<=@A8Q

G′ v G
�Ã?IîN9iC:QÓE<COHBë�?wî

V ⊆ V ′ 9iC:Q E′ = E ∩ (V ′ × V ′)
ö�ùÃCÓ?BC:QTí:W�A8QÓ;@íO7OñGFz9<ìOM

G′ = (V ′, E′)
E<îÃ9Dñ<F,9iìOM

G = (V, E)
?B;"=@M:A�ñ<F,9iì:MÕ=zM:9�=�W�EGCG=,9i?BC:;"9<HIH\=@MOA�A8QTñGA8;

Eiî
G
M:9hï6?ICOñ�=zMOA�?BFÃA8C:QTì¨E<?BCk=z;�?BCk=@E

V ′ ö¨ùÃ;Ã9�W�E<CL;>AføGí:A�C:W�A<J:9<C�?BC:QTíLW�A8QD;@íO7OñGFz9<ìOM�?B;
9iHB÷�9hëT;�9cì:9iF@=@?P9iH�;@íO7Oñ<F,9iì:M�E<î

G
ö
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G
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G′′
}�~

G
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G = (V, E)

9<C:Q
G′ = (V ′, E′)

J$9 Q6F'LRZ
NªûJI�K�LIý�H�N Q KMN\U�6ûJH=�

m
7LA�=r÷NA8A�C

G
9<C:Q

G′ ?B;c9ÓFzA�HP9�=z?IEGC¼7¨A�=r÷�A�A�C V
9<C:Q

V ′ J�ûÁü×ýfüIþ
m ⊆ V × V ′ ö �Ò?I=@MOEGíT=�HBEG;z;�Eiî�ñGA�COA8Fz9<HI?I=rë<JT÷�A�;>ML9iHBH�;>íOì:ìLEk;>A/=@ML9�= V ∩ V ′ = ∅

ö
�/?IïGA�CÕ9�éµ9�=zW,M:?ICOñ

m
J¨÷�AcCOEi=zA

m(v)
=zMOAµ;>A�=/E<î\ï<A8F>=z?BW�A8;�éµ9�=zW,M:A8QD=zE�9�ï<A8F>=zA��

v
ö:U¹E<FzA�îÑEGF@éµ9<HIHBë<J6÷�A�QTA�ð:C:A_

∀v ∈ V, m(v) =̇ {v′ ∈ V ′|(v, v′) ∈ m}

∀v′ ∈ V ′, m(v′) =̇ {v ∈ V |(v, v′) ∈ m}

� ëcA��6=zA�C:;@?IEGC�Jk÷�MOA�Cµ=zMOA�;@A�=�Eiî�ï<A8F>=z?BW�A8;\é�9i=zW,MOAfQµ÷�?I=@M�9�ïGA�F@=@A�� v
?B;�9";@?BCOñ<HBA�=zE<C

�rûÁü×ýfüBJ
|m(v)| = 1

�.J¿÷�AD;>ML9iHBH�9iHP;>Eêí:;@A
m(v)

=@EÿQTA8COEi=zA�=zMOA¹;@?ICOñGHIA�ï<A8F>=zA��¼=zM:9�=µ?P;
A�HBA�é�A�Ck=�Eiî

m(v)
ö
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W�?P9�=@AfQ�?BC

m
÷�?w=zM

0
J
1
EGF�;>A8ï<A�F,9iH¨ï<A8F>=z?BW�A8;8J6=@MOA2éµ9�=,W,MO?BCOñ�?B;�;z9i?PQµ=zEc7¨A Q6F'LRNªûJI�K�LBý�H Nªö

C�E�÷�A�ï<A8F8J¨E<C:Acéµ9hë¹9GQOQÕW�E<C:;>=@F,9i?BCk=z;/E<CÓ=@MOAµC6íOé07LA8F�Eiî�ï<A�F@=@?PW�Af;29�ïGA�F@=@A��¹é�9hë
7LA2éµ9�=,W,MOA8Q�÷�?w=zM�JT=zMkíL;�QTA�ð:C:?ICOñ�éµ9�=,W,MO?BCOñG;N=@ML9�=�9iFzA ��K�WXN[û2K�L���F'H5U�Nªû2YMH��.J N[Y�N[K�L���F'H5U�Z
Nªû2YMH��.J F'H:ûJI�K�LBý�H NPQ K�N[U��TûJH�� �.J�ûJH���ý�U�NªûJI�ý Q KMN\U�6ûJH=�&�¹9iCLQ ��û ��ý�U�N[ûJI�ý<Q K�N[U�6ûJH��<ö �/?Bï<A8C
=r÷NE�ñGFz9<ìOM:;

G = (V, E)
9iCLQ

G′ = (V ′, E′)
9iCLQµ9�éµ9�=zW,M:?ICOñ

m ⊆ V ×V ′ J m ?P;N;z9i?PQ=@E�7LAa_

` 9 ��K�WXN[û2K�L���F'H5U�N[û2Y�HÕîÑF@EGé G
=zE

G′ ?Iî m HB?IC�D6;�A89GW,MDï<A8F>=zA���Eiî V =zE�9i=�é�EG;>=ÃE<C:Aï<A8F>=zA���E<î
G′ J�ûÁü×ýfü�_

∀v ∈ V , |m(v)| ≤ 1

` 9 N[Y�N[K�L���F'H5U�N[û2Y�H îÑF@EGé G
=@E

G′ ?wî m
HB?BC:DT;0Af9<W,MÿïGA�F@=@A��ÿE<î

V
=zEÓA��T9GW.=zHIëÔE<C:A

ï<A8F>=zA���E<î
G′ J�ûÁü×ýfü�_

∀v ∈ V , |m(v)| = 1

` 9 F'H:ûJI�K�LIý�H�N Q KMN\U�6ûJH=��7LA�=r÷NA8A�C G
9iC:Q

G′ ?Iî m HI?BC:DT;�A89GW,M�ïGA�F@=@A��ÉEiî V 9iC:Q V ′
=@EÉ9i=�é�Ek;r=�E<C:A�ï<A�F@=@A���J¨ûÁü×ýfü�_

∀v ∈ V ∪ V ′ , |m(v)| ≤ 1

` 9iC¹ûJH���ý�U�N[ûJIhý Q KMN\U�6ûJH=�cîÑF@EGé G
=zE

G′ ?wî m HB?IC:DT;NA89GW,Mµï<A�F@=@A��cE<î V =@Ec9�QT? �¨A8F@A8Ck=ï<A8F>=zA���E<î
V ′ J�ûÁü×ýfü�_

∀(u, v) ∈ V × V, |m(u)| = |m(v)| = 1 ∧ u 6= v ⇒ m(u) 6= m(v)
ù�COE<=@MOA8F�QTA�ð:C:?w=z?IEGCÕE<î�9iCÕ?ICiòrA8W.=z?IïGA0éµ9i=zW,MO?BCOñ�îÑF@EGé

G
=@E

G′ ?P;29�éµ9�=,W,MO?BCOñ m;>íLW,M�=zM:9�=._

∀v ∈ V , |m(v)| = 1

∀v ∈ V ′ , |m(v)| ≤ 1

` 9���û ��ý�U�NªûJI�ý Q K�N[U��TûJH��c7¨A�=r÷�A�A8C G
9<C:Q

G′ ?Iî m HB?IC�D6;ÅA89<W,M�ïGA�F@=@A��cEiî V �ÑFzA8;@ì�ö
V ′ �

=@EÉ9�QT? �¨A8F@A8Ck=�ïGA�F@=@A���Eiî
V ′ �ÁF@Af;>ì�ö V �.J�ûÁü×ýfü�_

∀(u, v) ∈ (V × V ) ∪ (V ′ × V ′) , |m(u)| = |m(v)| = 1 ∧ u 6= v ⇒ m(u) 6= m(v)
ù�COE<=@MOA8F�QTA�ð:CO?I=@?BE<CDE<î
9�7O? òrA8W�=@?Bï<A�éµ9i=zW,MO?BCOñµ7¨A�=r÷�A�A�C

G
9<C:Q

G′ ?P;�9µéµ9�=,W,MO?BCOñ
m
;@í:W,M�=zM:9�=

m
HB?BC:DT;�A89GW,M�ïGA�F@=@A��ÉE<î

V
9<C:Q

V ′ =@EµA��O9<W.=zHIë�E<COA2ï<A8F>=zA���J§ûÁü×ý8ü�_

∀v ∈ V ∪ V ′ , |m(v)| = 1

	 703 ;=4 * %',�-	(0;�7 ��
+%G*�%',�-	(0/2103V� �/?Bï<A8C¹9µéµ9�=,W,MO?IC:ñ
m
E<î%=zMOA"ïGA�F@=@?PW�Af;�Eiî¿=r÷�E

ñ<F,9iìOM:;
G = (V, E)

9<C:Q
G′ = (V ′, E′)

J§9iCDA8QOñ<A
(u, v) ∈ E

?P;Ã;z9i?PQ�=@EÉ7¨A�éµ9�=,W,MOA8Q
=@E�9iCOE<=@MOA8F�AfQTñ<A

(u′, v′) ∈ E′ ?IîN9iC:QÓE<COHBëD?Iî {(u, u′), (v, v′)} ⊆ m
ö � ë�A��k=zA�C:;@?BE<C�J÷NA�;@M:9iHBHTCOEi=zA

m(u, v)
=@MOA�;@A�=¿E<îLA8QOñ<A8;%éµ9�=,W,MOA8Q"=@E/=zMOA�A8QTñGA

(u, v)
76ë�=zMOA�éµ9�=zW,M:?ICOñ

m
ûÁü×ý8ü�_

∀(u, v) ∈ E, m(u, v) =̇ {(u′, v′) ∈ E′|u′ ∈ m(u), v′ ∈ m(v)}

∀(u′, v′) ∈ E′, m(u′, v′) =̇ {(u, v) ∈ E|u ∈ m(u′), v ∈ m(v′)}
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 % * %',�-	(0/2103V� �/?Bï<A8C�9céµ9�=,W,MO?IC:ñ
m
Eiî�=r÷NEcñ<F,9iì:M:;

G =
(V, E)

9iCLQ
G′ = (V ′, E′)

J�=zMOAÉ;>í:7Oñ<F,9iìOMÕEiî
G

�ÁF@Af;>ì
G′ �/?ICLQTí:W�AfQê7kë m

?B;2C:Ei=@AfQ
Gm = (Vm, Em)

�ÑFzA8;@ì�ö
G′

m = (V ′
m, E′

m)
��÷�M:A�FzA

Vm

9iC:Q
Em

�ÁF@Af;>ì�ö
V ′

m

9iCLQ
E′

m

�
9iFzAÃ=zMOA�;>A�=z;�Eiî%ï<A�F@=@?PW�Af;N9<C:Q�A8QTñGA8;�Eiî

G
�ÑFzA8;@ì�ö

G′ �\éµ9i=zW,MOAfQÉ=zEc9i=�HBA89G;r=�E<C:A�ïGA�F@=@A��
E<F�A8QOñ<A2Eiî

G′ �ÑFzA8;@ì�ö G ��J�ûÁü×ý8ü�_

Vm = {v ∈ V/m(v) 6= ∅} , Em = {(u, v) ∈ E/m(u, v) 6= ∅}

V ′
m = {v′ ∈ V ′/m(v′) 6= ∅} , E′

m = {(u′, v′) ∈ E′/m(u′, v′) 6= ∅}

 "!$# ²��:² ÖLÌ
}D¾�y>o8´k¶Gt
G
o8uk�

G′
o8uk�Õmr¶kxzqsy0tVpkjG¾8y>o�´k¶kt�qsu6�<pk�,x,�êj�|Õmr¶Gxµ��o�mr�>¶kqsuk¾

m =
{(1, a), (1, d), (2, b), (3, c)}
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� MOA\ðLFz;>=
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ñ<F,9iìOM¹éµ9i=zW,MO?BCOñ:J%ûÁü×ýfüBJ�A89<W,MÓï<A�F@=@A��DEiî\9�ñ<F,9iìOMDéµ9hë�7LAcéµ9�=,W,MOA8QÓ÷�?w=zMÕ9 O6ìLEk;@;@?B7OHIë
A�é�ìT=rëaO�;>A�=�Eiî�ïGA�F@=@?PW�Af;�Eiî$=zMOA�Ei=zMOA�F�ñGFz9<ìOM�ö

�/?IïGA�Cÿ9�éµ9�=zW,M:?ICOñ
m
J$÷�AµCOA�AfQÕ=@E D6COE�÷ îÑE<F�A89GW,MÔï<A�F@=@A��Õ9iCLQÕAf9<W,MÔA8QOñ<AµMOE�÷

é"í:W,MÉ?I=z;NìOFzE<ì¨A�F@=@?BA8;�9iFzA�FzA8W�E�ïGA�FzA8Q076ë
m
ö � MOA�FzA�îÑEGF@AGJ<÷�AÃ9<;z;@íOé�A�=@M:AÃA��T?P;r=zA�C:W�AÃE<î$9

ï<A�F@=@A�� �ÑFzA8;@ì�öGAfQTñ<A	�ÅQT?P;>=z9iCLW�A�îÑíOC:W.=z?IEGC
δv

�ÑFzA8;@ì�ö
δe

�\ñ<?Bïk?BCOñ"îÑE<F�A89<W,M�ï<A�F@=@A��
v
�ÁF@Af;>ì�ö

A8QTñGA
(u, v)

�
Eiî¨=@MOA�=r÷�E2ñ<F,9iìOML;¿9iC:QcA89GW,Mc;@A�=ÅE<îLïGA�F@=@?PW�A8;
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�ÑFzA8;@ì�ö

(u, v)
��9<C:QÉ=zMOA�;>A�=

sv

�ÑFzA8;@ì�ö
se
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A��T?B;>=@A8C:W�A2E<î�=zMOA2=r÷NEcîÑEGHIHBE�÷�?IC:ñ"îÑíOCLW.=@?BE<CL;�_

δv : (V, ℘(V ′)) ∪ (V ′, ℘(V )) → [0, +∞[

δe : (E, ℘(E′)) ∪ (E′, ℘(E)) → [0, +∞[
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∀v ∈ V ∪ V ′, ∀sv ∈ ℘(V ) ∪ ℘(V ′), δv(v, sv) = 1 − |sv|
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∀(u, v) ∈ E ∪ E′, ∀se ∈ ℘(E) ∪ ℘(E′), δe((u, v), se) = 1 − |se|
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δm(G, G′) = ⊗({(v, δv(v, m(v)))/v ∈ V ∪ V ′} ∪
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{((u, v), δe((u, v), m(u, v)))/(u, v) ∈ E ∪ E ′})
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δ(G, G′) = min
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δm(G, G′)
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⊗P : (V ∪ V ′ ∪ E ∪
E′) × [0, +∞[→ [0, +∞[
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d +
∑
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4 ∀(u, v) ∈ E′, ∀se ⊆ E, δsub
eG (u, v, se) = 0

?wî
|se| ≤ 1

+∞
Ei=zMOA�Fz÷�?B;@A
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G = (V, E)

K�H �
G′ = (V ′, E′)
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G′
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δsub
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v , δsub
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G′′ = (V, V × V )

KMH �
G′ û �

ý���F�KML N\Y
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⇒
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é�9i=zW,MO?BCOñ

m ⊆ V ×V ′ ;@í:W,M�=zM:9�= ∀(u, v) ∈ V ×V, (u, v) ∈ E ⇔ (m(u), m(v)) ∈ E ′ ö
ùÃ;�9·W�E<C:;@A8økíOA8C:W�AGJ

∀v ∈ V, |m(v)| = 1
J
∀v ∈ V ′, |m(v)| ≤ 1

9iC:Q
∀(u, v) ∈

E′, |m(u, v)| ≤ 1
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∀(u, v) ∈
E, |m(u, v)| = 1

�Á7LAfW�9<í:;>A
∀(u, v) ∈ V × V, (u, v) ∈ E ⇒ (m(u), m(v)) ∈ E ′ �

9iC:Q
∀(u, v) ∈ (V × V ) − E, m(u, v) = ∅

�Ñ7¨A8W�9<í:;@A
∀(u, v) ∈ V × V, (u, v) 6∈ E ⇒
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v

9<C:Q
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0
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⇒
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∀v ∈ V, |m(v)| = 1
9iC:Q

∀v ∈ V, |m(v)| ≤ 1
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∀(u, v) ∈ E, |m(u, v)| = 1
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G
?P;/éµ9�=zW,M:A8Q�=zE�A��O9GW.=@HBë�E<COA"A8QTñGA"Eiî

G′ J�;@E ∀(u, v) ∈ V ×
V, (u, v) ∈ E ⇒ (m(u), m(v)) ∈ E ′ ö � ?BC:9iHBHIëGJ ∀(u, v) ∈ (V × V ) − E, m(u, v) = ∅
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9iC:Q�A89<W,M�W�E<í:ìOHIA�Eiî$ïGA�F@=@?PW�Af;\E<î

G
=@ML9�=�?B;NCOEi=�9iC�A8QTñGAÃE<î

G
?B;�HB?IC�D<A8Qµ=@E�90W�E<íOìOHBAÃE<î

ï<A�F@=@?PW�Af;�Eiî
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∀(u, v) ∈ V × V, (u, v) ∈ E ⇔ (m(u), m(v)) ∈ E ′ 9iC:Q G
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Gp = (Vp, Op, Ep, Fp)
÷�M:A�FzA

(Vp, Ep)
?B;

9ÃñGFz9<ìOM�J
Op ⊆ Vp

?B;%=zMOA�;>A�=
E<î:E<ìO=@?BE<C:9<HkC:E6QOA8;
9iC:Q
Fp ⊆ (Vp×Vp)−Ep
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Eiî
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m
7¨A�=r÷�A�A8C"9iCc9iìOìOFzE	�T?Iéµ9i=@A

ì:9�=@=@A�FzC ñGFz9<ìOM
Gp = (Vp, Op, Ep, Fp)

9iC:QÚ9¼=,9iFzñ<A�=�ñ<F,9iì:M
Gt = (Vt, Et)

?P;�9
íOCO?Bïh9<HIA8Ck=�é�9i=zW,MO?BCOñ��

m ⊆ Vp × Vt

;>íLW,M�=zM:9�=._
�<ö

∀v ∈ Vp − Op, |m(v)| = 1�Tö
∀u, v ∈ Vp, |m(u)| = 1 ∧ |m(v)| = 1 ∧ (u, v) ∈ Ep ⇒ (m(u), m(v)) ∈ Et�Oö
∀u, v ∈ Vp, |m(u)| = 1 ∧ |m(v)| = 1 ∧ (u, v) ∈ Fp → (m(u), m(v)) 6∈ Et

� Ö
¶kqst�uk}�mrqs}fu�}�~
}8´Gmrqs}fuko8�$vhxzyVmrqs�,x,t�qst�}8uk�{|�pktVxz~Bpk��ÌÅ¶kx,uÉÌ
x2o�yrx2�s}�}fÈiqsuk¾0~P}8yÃo"��o�mr�>¶kqsuk¾
tro�mrqst¢~B|<qsuk¾NtV}f��x$}8mr¶Gxzy§�,}8ukt¢mVy>o�qwu�mrt,n	�Nmr¶GxzyVÌÅqstVxf^.Ì
xOØ¢pGt¢m�¶6o.vhx�mr}Åyrx,��}�vhx�}f´Gmrqs}8u6o8��vfxzyVmrqs�,x,t
o8uk�"mr¶kxzqsy\x.�<¾fx,t¿~Iyr}f� mr¶kx�´ko�mVmrxzyru0¾8y>o�´k¶


 Y[u�� �8g�Ñ^ko8uµo�´k´Gyr}.�<qs��o�mrxNtVpkjk¾�y>o8´G¶c��o�mr�>¶kqsuG¾�qst\�Gxz½kukx.�"o8tÅoÃ~PpkuG�zmrqs}fu
f : Vp → Vt

jkp<m
~P}�y�o�yrx,o8tV}fuc}8~�¶G}f��}f¾8x,ukxzqsmª|�^iÌ
x��Gx@½6ukx�qsmNo�tNo�pkukqsv8o8�sx,u�mÅ��o�mr�>¶kqsuG¾



� ý�K&��F'Wzý �<ý�� H:ûJN[û2Y�H§ü¿46E<HBï6?IC:ñ�9iC�9iì:ìOF@E	�T?Béµ9�=@AÅ;@íO7OñGFz9<ìOM2éµ9�=zW,M:?ICOñ�ì:F@EG7OHIA8éÙW�E<C:;@?P;r=,;
?IC�ð:C:QT?BCOñµ9cíOCO?Bï�9iHBA�Ck=�é�9i=zW,MO?BCOñ

m
7LA�=r÷NA8A�C

Gp
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(u, v)
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(u′, v′)
Eiî

G′ ÷�MO?BW,M·?B;c9iC·A8QTñGA�E<î Gt
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G = (Vp, Ep ∪Fp)9iC:Q
G′ = (Vt, E

′ = Vt×Vt)
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1 ∀v ∈ Vp − Op, ∀sv ⊆ Vt, δ
agm
v (v, sv) = 0

?Iî
|sv| = 1

+∞
E<=@MOA8F@÷�?P;@A

2 ∀v ∈ Op, ∀sv ⊆ Vt, δ
agm
v (v, sv) = 0

?Iî
|sv| ≤ 1

+∞
E<=@MOA8F@÷�?P;@A

3.1 ∀(u, v) ∈ Ep, ∀se ⊆ Vt × Vt, δ
agm
eGt

(u, v, se) = 0
?Iî

se = ∅
3.2 0

?Iî
se = {(u′, v′)} ∧ (u′, v′) ∈ Et

+∞
E<=@MOA8F@÷�?P;@A

4 ∀(u, v) ∈ Fp, ∀se ⊆ E′, δagm
eGt

(u, v, se) = 0
?Iî

se = {(u′, v′)} ∧ (u′, v′) 6∈ Et

+∞
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5 ∀v ∈ Vt, ∀sv ⊆ Vp, δ
agm
v (v, sv) = 0

?Iî
|sv | ≤ 1
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6 ∀(u, v) ∈ E′, ∀se ⊆ Ep ∪ Fp, δ
agm
eGt

(u, v, se) = 0
?Iî
|se| ≤ 1

+∞
E<=@MOA8F@÷�?P;>A
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Gp = (Vp, Op, Ep, Fp)
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Gt = (Vt, Et)
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Gp = (Vp, Op, Ep, Fp)
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G = (Vp, Ep ∪ Fp)
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∀v ∈ Vp − Op, |m(v)| = 1
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∀v ∈ Vt, |m(v)| ≤ 1

9iC:Q
∀(u, v) ∈ Vt × Vt, |m(u, v)| ≤ 1
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∀(u, v) ∈ Ep, m(u, v) = {(u′, v′)} ∧

(u′, v′) ∈ Et
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G = (Vp, Ep ∪ Fp)
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G′ = (Vt, Vt × Vt)
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G = (Vp, Ep ∪ Fp)
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G′ = (Vt, Vt × Vt)
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∀v ∈ Vp − Op, |m(v)| = 1
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∀(u, v) ∈ Ep, (m(u) 6= ∅ ∧ m(v) 6= ∅) ⇒ (m(u, v) = {(u′, v′)} ∧ (u′, v′) ∈ Et)9iC:Qµ9G;\9�W�E<C:;@A8økíOA8C:W�AGJ
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∀(u, v) ∈ Fp, (m(u) 6=
∅ ∧ m(v) 6= ∅) ⇒ (m(u, v) = {(u′, v′)} ∧ (u′, v′) 6∈ Et)
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è C"=zMO?B;
;@íO7:;@A8W�=@?BE<C"÷�A�;>MOE�÷ÿM:E�÷ÿ=@E/é�E6QOA�H6A�FzF@EGF$=zE<HBA�F,9iCk=�ñGFz9<ìOM�éµ9�=,W,MO?BCOñ�ì:F@EG7OHIA8éµ;
9<;�ñ<F,9iìOM�QT?P;>=z9iCLW�A\é�Af9<;@íOF@Af;�ö � EGF%9<HIHG=@MOAf;>A�ìOFzE<7OHBA�éµ;8J�÷�AN9<F@ANHIE6ED6?BCOñ�îÑEGF%9ÃíOCO?Bïh9<HIA8Ck=
é�9i=zW,MO?BCOñ�7¨A�=r÷�A�A�C�=zMOA�ï<A8F>=z?BW�A8;�Eiî�=r÷NE�ñGFz9<ìOM:;8öOùÃ;�9µW�EGC:;@A8økíOA�CLW�A<Jk=zMOA�ï<A8F>=zA���9<C:Q
A8QTñGA/QT?P;>=z9iCLW�A�îÑíOC:W.=z?IEGC:;�9iFzA�W,MOEk;>A8CÉ?BC�;@í:W,M�9"÷�9hëc=zM:9�=�9�C:E<C�í:CO?Iï�9<HIA8CG=�éµ9�=,W,MO?BCOñ
9iHB÷�9hëT;cñ<?Bï<Af;µ9iC ?ICOð:CO?I=@ADì¨EG;@?w=z?IïGA¹QT?B;>=z9<C:W�AGö � í:F>=zMOA�Fzé�E<FzA<J
=@M:A8;@ADìOF@EG7OHBA�éµ;�7LA8?IC:ñ
E<ìT=z?Ié�?��89�=z?IEGCÓìOFzE<7:HIA8é�;8JL=@MOA�E<7OòrA8W.=z?IïGA"?P;29iHB÷�9hëT;�=zE�ð:C:QD=zMOA�éµ9�=zW,M:?ICOñ�ñ<?Bï6?ICOñ�=@M:A
HIE�÷�A�F�QT?P;r=,9iC:W�A<ö
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� W�Y ��LIý�Q �<ý�� HLûJNªû2YMH¨ü �/?IïGA�C�=r÷�EcñGFz9<ìOM:;
G
9iCLQ

G′ =@M:A�éµ9��T?Ié0íOé1W�E<é�é�E<C�ì:9<F>=z?B9<H
;>íO7:ñ<F,9iìOMÉì:F@EG7OHIA8éúW�E<CL;>?P;r=,;\?BCÉðLC:QT?BCOñ�=zMOA/;@?���A/Eiî�=zMOA�HP9iFzñ<Af;r=Nì:9iF@=@?P9iH§;>í:7Oñ<F,9iìOM

G′′
Eiî

G
=zM:9�=2?P;�?P;@E<é�E<FzìOMO?PW2=@E�9�ì:9iF@=@?P9iH
;>í:7Oñ<F,9iìOMDE<î

G′ ö � E<F/=@M:?B;/ìOFzE<7OHBA�é�JL=@MOA�;@? �8A
Eiî�9�ñ<F,9iì:M

G = (V, E)
?P;2QTA�ð:C:A8Qê76ë�=@MOA�C6íOé"7¨A�F�E<îN?I=z;2ïGA�F@=@?PW�A8;29<C:Q¹AfQTñ<Af;�J
ûÁü×ýfüBJ

|G| = |V | + |E|
ö � MOAÉéµ9M�6?Bé"í:é'W�E<é�é�E<CÔì:9<F>=z?B9<HN;@íO7Oñ<F,9iì:Mêì:F@EG7OHIA8é ?P;0í:;>AfQê=@E

øGíL9iCk=@?IîÑëµ=@M:A/?BCk=@A8Fz;@A8W�=@?BE<C�Eiî$=r÷�Ecñ<F,9iìOM:;�9iCLQÉ=zMOA�FzA�îÑEGF@AGJT?w=�W�9<C�7¨A2í:;@A8Q�=@EµQTA�ðLCOA�9
ñ<F,9iìOMµ;@?Ié�?BHB9<F@?I=rë"é�A89G;>í:F@AGö è C:QTA8A8Q�J<=@MOAÃ;@?Béc?BHP9iFz?w=rë0Eiî§=r÷NE"E<7TòrAfW.=z;

a
9iCLQ

b
?B;\í:;>íL9iHBHIë

QTA�ð:C:A8Q�9<;
size(a ∩ b)/size(a + b)

ó ���OJT�a�hõ¢ö

� ý�K&��F'Wzý �<ý�� H:ûJN[û2Y�H§ü �ÕANCOA�AfQ/=@E�íL;>AÅïGA�F@=@A��/9iCLQ2A8QTñGA\QT?P;r=,9iC:W�A¿îÑíOC:W�=@?BE<C:;�îÑE<Fz7O?BQ:QT?IC:ñ
é"íOHI=@?Bï�9iHBA�Ck="éµ9�=,W,MO?IC:ñD÷�MO?IHBAµA�CLW�E<í:Fz9<ñ<?BCOñ�ïGA�F@=@?PW�Af;�9iC:QêAfQTñ<Af;�Eiî

G
9iC:Q

G′ =zE¹7¨A
HI?BC:D<AfQ�ö�ù�;"9¹W�E<C:;@A8økíOA8C:W�AGJ�=@M:A�ï<A8F>=zA��Ô9iC:QÔAfQTñ<A�QO?B;>=z9<C:W�AµîÑí:C:W.=z?IEGC:;�é0í:;r=cF@A�=@íOFzC
+∞
?wî
=@M:A�A�HBA�é�A�Ck=�?P;�éµ9�=,W,MOA8Q�=@E�écEGF@A/=zM:9iCDEGCOA�A�HBA�é�A�Ck=fJ

1
?wî¿?I=Ã?P;�COEi=�éµ9i=zW,MOAfQ

9iC:Q
0
?B;�=zMOA�A�HBA�é�A8CG=�?P;�éµ9�=,W,MOA8Q�=@EµA��T9GW.=zHIëÉEGCOA2A�HBA�é�A�Ck=fJ�ûÁü×ý8ü�_

∀v ∈ V ∪ V ′, ∀sv ⊆ V ∪ V ′, δmcps
v (v, sv) = 1 − |sv |

?Iî
|sv| ≤ 1

+∞
E<=@MOA8F@÷�?P;>A

∀(u, v) ∈ E ∪ E′, ∀se ⊆ E ∪ E′, δmcps
e (u, v, se) = 1 − |se|

?wî
|se| ≤ 1

+∞
E<=@MOA8F@÷�?P;>A

� (8; � #�;�*�� ��� ûJIhý�HGN�� Y �W�K��� �
G = (V, E)

KMH �
G′ = (V ′, E′)

þ KMH � K$Q K� �§ûJH��
m ⊆ V × V ′ þ N �Oý N�� Y ��Y�LJL Y
�¿ûJH�� �5WTY��:ý�WXN[ûÁý��PKMW@ýcý ��FTûJI�K�LIý�H�N 

� ü
m
û � K Q K� �¨ûJH=�$N ��K�N Q0ûJHLûJQ0û��fý�� N �Oý ��û �XN[K�H Uzý

δmcps =< δmcps
v , δmcps

e ,⊗P >



� üAN �:ý �XF��\�W�K����
Gm

Y �
G
ûJH �MF�Uzý� � � N �Oý Q KMN\U�6ûJH=�

m
û � K Q K�SGûJQPF'Q UTYMQPQ Y�H

�:KMWXNªû2KML��XF��\�MWTK����<Y �
G

KMH �
G′

� W�Y.Y ��ü � MOA¹ìOFzE6Eiî2?B;ÉQOA8W�EGé�ìLEk;>AfQ·?BCk=@Eÿ=r÷�Eÿ;r=zA�ì:;8J\÷�A�ð:F,;r=�;>MOE�÷Ë=@M:9i=ÉîÑE<F�A�ï<A8F@ë
é�9i=zW,MO?BCOñ

m ⊆ V × V ′ ;@í:W,Mµ=@ML9�= δmcps
m (G, G′) = d 6= +∞

JG=zMOA/?IC:QOí:W�AfQ�;@íO7Oñ<F,9iì:M
Gm

E<î
G
?P;%9�W�EGécé�EGC�ì:9iF@=@?P9iHk;>í:7Oñ<F,9iìOM"Eiî

G
9iCLQ

G′ 9iC:Q |Gm| = (|G|+|G′|−d)/2
ö

è CÕ9�;@A8W�E<C:QÕ;r=zA�ì�J§÷�A0;@MOE�÷ =@ML9�=8J§?Iî\=zMOA�FzA"A��6?P;>=z;29�;@íO7OñGFz9<ìOM
G′′ Eiî G ?P;@E<é�E<FzìOMO?PW=@E�9Éì:9iF@=@?P9iH%;>íO7:ñ<F,9iìOMDE<î

G′ JL=@MOA8C�J¨÷NA"W89iCDðLC:Q¹9µéµ9�=,W,MO?BCOñ m
M:9hï6?ICOñ�9ÉQT?P;r=,9iC:W�A

d
AføGíL9iH�=zE

|G| + |G′| − 2 ∗ |G′′|
9iC:Q¹;@í:W,M�=zM:9�=

G′′ = Gm

J:=zMOA0;@íO7OñGFz9<ìOM�?ICLQTí:W�AfQ
7kë�=zMOA0éµ9<ìOìO?BCOñ

m
ö � M:A�C�J�9<;�÷�A"ìOFzE�ï<A2=zM:9�=2A89GW,MÓW�EGécé�EGC¹ì:9iF@=@?P9iH%;>í:7Oñ<F,9iìOM

G′′
W�E<FzFzA8;@ìLEGC:QO;N=@Eµ9céµ9iìOìO?BCOñ�?BC:QTí:W�?ICOñÉ9cCOEGC�?BCTð:C:?w=zA�QT?B;>=z9<C:W�A�?BC6ï<A8Fz;@AÃ=zEc=@MOA�;@? �8A2Eiî
G′′ �Á9iCLQ�FzA�ïGA�F,;>A8HIë:��JG=zMOA�ìOFzE<ì¨A�F@=rëµMOE<HPQO;8ö

δmcps
m (G, G′) = d < +∞ ⇒ Gm

?B;09ÓW�EGé�écEGC¼;>í:7Oñ<F,9iìOMÔE<î
G
9iC:Q

G′ ;@í:W,M
=@M:9i=

|Gm| = (|G| + |G′| − d)/2
ö��/?Bï<A�C�=@M:A/ïGA�F@=@A���9iC:Q�A8QTñGA2QO?B;>=z9<C:W�A�îÑíOC:W�=@?BE<C:;8JO?Iî

δmcps
m (G, G′) < +∞

=@M:A�C
m
?P;Ã9Éí:CO?Iï�9<HIA8CG=/éµ9�=zW,M:?ICOñ �Ñ7¨A8W�9<í:;@A09iHBH$C:E<C¹íOC:?Iï�9iHBA�Ck=

é�9i=zW,MO?BCOñk;$ñG?IïGAN9iC"?ICTðLCO?w=zA�QT?B;>=z9<C:W�A	�.ö � ë�QTA�ð:C:?w=z?IEGC�Jh=@MOA�;@íO7Oñ<F,9iì:M Gm = (Vm, Em)Eiî
G
?BC:QTí:W�A8Qµ76ë

m
?P;N9�ìL9iF@=@?P9iHL;@íO7OñGFz9<ìOMµEiî

G
9<C:Q�=@M:A�;@íO7Oñ<F,9iì:M

G′
m = (V ′

m, E′
m)Eiî

G′ ?BC:QTí:W�A8Q 76ë m
?B;�9³ì:9iF@=@?P9iH2;>í:7Oñ<F,9iìOM Eiî

G′ ö �/?IïGA�CÒ=zMOAÿQTA�ð:C:?w=z?IEGC Eiî"9<C
?IC:QOí:W�AfQD;>íO7:ñ<F,9iìOMD9iCLQ DkC:E�÷�?ICOñ�=zM:9�=Ã=@MOA0é�9<ìOìO?BCOñµ?P;�íOCO?Bï�9iHBA�Ck=8J:=@MOA0éµ9�=zW,M:?ICOñ

m?B;�9�7O? òrA8W�=@?Bï<A�éµ9�=zW,M:?ICOñ�7¨A�=r÷�A�A8CÓ=zMOAµï<A8F>=z?BW�A8;/Eiî
Gm

9iC:Q
G′

m

;@í:W,MÓ=zM:9�=
(u, v) ∈

Em ⇔ (m(u), m(v)) ∈ E′
m

ö§ùÃ;Ã9�W�EGC:;>AføkíOA�C:W�A<J
Gm

9<C:Q
G′

m

9iFzA�?B;@E<é�EGF@ìOM:?BW�9<C:Q
Gm

?P;�9"W�E<é�é�E<CÉì:9<F>=z?B9<H¨;@íO7OñGFz9<ìOMµEiî�7LE<=@M
G
9iC:Q

G′ ö:�/?Bï<A�CÉ=@MOA/ï<A8F>=zA��É9iC:Q�A8QTñGA
QT?B;>=z9<C:W�A�îÑíOC:W.=z?IEGC:;8J<?Iî

δmcps
m (G, G′) = d < +∞

=zMOA�C
d = |G|+ |G′|− |Gm|− |G′

m|
ö

ùÃ;
Gm

9iC:Q
G′

m

9iFzA"?P;>EGé�E<FzìOMO?PWiJL=@MOA8C
|Gm| = |G′

m|
ö§ù�;�9�W�E<C:;@A8økíOA8C:W�AGJ

|Gm| =
(|G| + |G′| − d)/2

9iC:Q�=@M:A�ìOF@EGìLA8F>=rëµM:E<HPQO;�ö
G′′ ?B;Å92W�E<é�é�E<Cµ;>í:7Oñ<F,9iìOM0Eiî G 9<C:Q G′ ⇒ ∃m

;@í:W,Mc=@ML9�=
δmcps
m (G, G′) = |G|+

|G′| − 2 ∗ |G′′|
9iCLQ

G′′ = Gm

ö è î�=@M:A�FzA�A��6?P;>=z;\90W�EGécé�EGC�;>í:7Oñ<F,9iìOM
G′′ = (V ′′, E′′)Eiî

G = (V, E)
9iC:Q

G′ = (V ′, E′)
J�=@MOA8C�J�76ëÿQTA�ð:CO?I=@?BE<C¼E<îÃ9ÓW�EGé�écEGC¼;>í:7Oñ<F,9iìOM$J

=@MOA8F@ADA��6?P;>=z;É9i=ÉHIAf9<;>=�EGCOADñ<F,9iì:M
G′′′ = (V ′′′ ⊆ V ′, E′′′ ⊆ E′)

9<C:Q 9Ô7O? òrAfW.=z?IïGA
é�9i=zW,MO?BCOñ

m ⊆ V ′′ × V ′′′ ;@í:W,Mÿ=zM:9�= (u, v) ∈ E′′ ⇔ (m(u), m(v)) ∈ E′′′ ö
ùÃ;c9
W�E<CL;>AføGí:A�C:W�A<JL=@MOA�éµ9�=,W,MO?IC:ñ

m
?P;/;@í:W,MÓ=@M:9i=

∀v ∈ V ′′ ∪ V ′′′, |m(v)| = 1
�Á7LAfW�9iíL;>A

m
?P;�9ÿ7:? òrAfW.=@?Bï<AÓé�9i=zW,MO?BCOñ=�.J

∀(u, v) ∈ E′′ ∪ E′′′, |m(u, v)| = 1
�Ñ7¨A8W�9<í:;@A

m
?P;

;>í:W,M·=@ML9�=
(u, v) ∈ E′′ ⇔ (m(u), m(v)) ∈ E′′′ ö � íOF@=@MOA8F@é�E<FzA<J
76ë³QTA�ð:CO?I=@?BE<C�J m?B;�;>íLW,M =@ML9�=

∀v ∈ V − V ′′, m(v) = ∅
J
∀v ∈ V ′ − V ′′′, m(v) = ∅

J
∀(u, v) ∈

E − E′′, m(u, v) = ∅
9iCLQ

∀(u, v) ∈ E′ − E′′′, m(u, v) = ∅
ö%ù�;c9ÕW�EGC:;>AføkíOA�C:W�A<J

δmcps
m (G, G′) = |G| + |G′| − |G′′| − |G′′′|

ö
G′′ 9iC:Q G′′′ 9iFzA�?P;>EGé�E<FzìOMO?PWiJT;>ELJ |G′′| =

|G′′′|
9iC:Q

δmcps
m (G, G′) = |G| + |G′| − 2 ∗ |G′′|

ö � MOA�ìOFzE<ì¨A�F@=rëµMOE<HPQO;8ö
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� W�Y ��LIý�Q �<ý�� HLûJNªû2YMH¨üB�/?Bï<A8Cµ=r÷NE�ñGFz9<ìOM:;
G
9iC:Q

G′ =@M:AÃéµ9��T?Bé"íOé W�EGécé�EGCÉ?ICLQTí:W�AfQ
;>íO7:ñ<F,9iìOM¼ì:F@EG7OHIA8é W�E<CL;>?P;r=,;c?IC³ð:C:QT?BCOñÕ=@MOA�=@M:A�HP9iFzñ<Af;r=c?IC:QOí:W�AfQ³;@íO7Oñ<F,9iì:M

G′′ Eiî
G
=@ML9�=�?B;/?P;>EGé�E<FzìOMO?PW�=zE�9<CÓ?BC:QTí:W�A8Qê;>íO7:ñ<F,9iìOMÕEiî

G′ ö � EGFÃ=zMO?P;2ìOF@EG7OHBA�é�J¨=@MOAµ;@? �8A
EiîN9�ñ<F,9iìOM

G = (V, E)
?P;2QTA�ð:C:A8QÕ7kë�=zMOAcCkí:é"7¨A�F2Eiî\?I=z;2ïGA�F@=@?PW�Af;�J%ûÁü×ý8üBJ

|G| = |V |
ö

ùÃ;µ=zMOA¹éµ9��T?Bé"íOé W�EGé�écEGC ì:9iF@=@?P9iHÃ;@íO7OñGFz9<ìOM�J¿=zMOAÓéµ9M�6?Bé"í:éW�EGé�écEGCÒ?ICLQTí:W�AfQ



;>íO7:ñ<F,9iìOMÔìOFzE<7OHBA�é ?B;"í:;@A8QÕ=@EÓQOA�ð:COA�9iCÿ?BCG=zA�F,;>AfW.=z?IEGCê7¨A�=r÷�A�A8Cê=r÷NEDñGFz9<ìOM:;�9<C:QÔ9
W�E<FzFzA8;@ìLEGC:QT?BCOñ0ñGFz9<ìOM�;@?Béc?BHP9iFz?w=rëÉé�Af9<;@íOF@AcóR�fõ¢ö

� ý�K&��F'Wzý��<ý�� HLûJNªû2YMH¨ü � E2;>EGHIïGA¿=@M:A�éµ9M�6?Bé"í:é W�E<é�é�E<C0;>íO7:ñ<F,9iìOM�ì:F@EG7OHIA8é í:;@?ICOñ/E<í:F
QT?B;>=z9<C:W�A�é�A89G;>íOFzA<Jh÷�ANC:A�A8Q"=@E/í:;@A�ï<A�F@=@A���9iC:Q0A8QTñGA�QO?B;>=z9<C:W�ANîÑíOC:W�=@?BE<C:;
A8C:W�EGíOFz9<ñ<?BCOñ
ï<A�F@=@?PW�Af;
Eiî

G
=@E�7¨A�HB?IC:DGA8Qc÷�MO?BHIA�îÑEGF@7:?BQOQO?ICOñ�éµ9i=zW,MO?BCOñ2=@ML9�=NQTE6Af;¿COEi=\W�E<FzF@Af;>ì¨E<C:Q"=@E

W�E<é�é�E<C�?BC:QTí:W�A8QD;@íO7OñGFz9<ìOM�ö:46ELJ:;>?Bé�?IHP9iFzHBëÉ=@E�=zMOA�?BC:QTí:W�A8QD;@íO7OñGFz9<ìOM�?P;@E<é�E<FzìOMO?P;>é
ìOF@EG7OHBA�é�Ji=zMOA�AfQTñ<A�QT?B;>=z9<C:W�AÃîÑíOC:W�=@?BE<CÉé0í:;r=�W,MOA8W�D�9�W�E<C:;>=@F,9i?BCk= �Á9<C:QÉ;@E�7LA/QTA�ðLCOA8Q��
îÑE<F
A89GW,M"W�EGíOìOHBANE<î:ï<A8F>=z?BW�A8;�Eiî:7¨Ei=zM�=@M:A�ñGFz9<ìOM:;8ö8ù�;¿9ÃW�EGC:;@A8økíOA�CLW�A<JhW�EGé�ìOHIA�=@A�ñ<F,9iìOML;
é"í:;>="7¨A�W�EGécìL9iFzA8Q�ö � M:Aµï<A�F@=@A��êQT?P;>=z9iCLW�AµîÑíOCLW.=@?BE<CÿA8C:W�EGíOF,9iñ<Af;�=@MOAÉïGA�F@=@?PW�Af;�Eiî

G=@Ec7LA2éµ9�=,W,MOA8Q � �.��9<C:Qµ=zMOA2A8QTñGA/QT?P;>=z9iCLW�A�îÑíOC:W.=z?IEGC�FzA�=zíOFzC:;
+∞
÷�MOA8C�9cW�EGíOìOHBA�E<î

ï<A�F@=@?PW�Af;
(u, v)

Eiî
G

�ÁF@Af;>ì�ö
(u′, v′)

E<î
G′ ��?B;/HB?IC�D<A8QD=@E�9�W�EGíOìOHBA"EiîNï<A�F@=@?PW�Af; (u′, v′)Eiî

G′ �ÑFzA8;@ì�ö
(u, v)

Eiî
G
�0;@í:W,MÔ=@M:9i=

(u, v) ∈ E 6⇔ (u′, v′) ∈ E′ �!��$�ÑFzA8;@ì�ö � 
=���.ö
� ?BC:9<HIHBë<J<=@MOA�é�9i=zW,MO?BCOñ�é0í:;r=N7LA�íOCO?Bïh9<HIA8Ck= �2���.öGU¹E<FzA�îÑE<Fzéµ9iHBHIëGJi÷NAÃCOA�AfQc=@E"W�E<é�ìOíT=zA
=@MOA�QT?P;r=,9iC:W�A0E<î¿=@MOAcñ<F,9iìOM
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(u, v, se) = cei
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se = ∅

0
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(V2, E2, L2, α2, β2)
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(u,v)∈m

smv(u, v)

|V1|.|V2|
+

∑
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1 − smv(u, v)

|V1|.|V2|
+
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+
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|E1|.|E2|

� ý�K&��F'Wzý �<ý�� HLûJNªû2YMH¨ü � ë¼ìOFzE<ì¨A�FzHBë³W,MOE6EG;@?IC:ñÓï<A8F>=zA��·9<C:Q·A8QTñGA�QO?B;>=z9<C:W�A�îÑíOC:W�=@?BE<C:;
δv

9iCLQ
δe

J%÷�A�W�9<C¼é�ETQTA�H�=@M:A�;@?Ié�?BHB9<F@?I=rëÔEiî � E6A�FzA8;"9<C:Q¼9<Hªö
9<;c9¹ñGFz9<ìOM¼QT?P;r=,9iC:W�AécAf9<;@íOFzA<ö � MOA�ïGA�F@=@A���QT?P;r=,9iC:W�A�îÑí:C:W.=z?IEGCDF@A�=@íOFzC:;
+∞
÷�MOA8C�=@MOA�éµ9�=,W,MO?BCOñµï6?IEGHB9i=@A8;

90W�E<C:;>=@F,9i?BCk=�9<C:Q�7¨Ei=zM�=zMOA2ï<A8F>=zA���9iCLQÉA8QOñ<A�QT?P;r=,9iC:W�AÃîÑíOCLW.=@?BE<C�FzA�ìOFzETQTí:W�A�=@M:A2;@?Bé0S
?IHP9iFz?w=rë�é�9i=@Fz?BW�A8;

smv

9iC:Q
sme

ö:UDE<FzA/îÑE<Fzéµ9iHBHIë _

G1































∀v ∈ V1, ∀sv ⊆ V2, δ
nbgm
v (v, sv) =

∑

v′∈sv
1− smv(v, v′)

+
∑

v′∈V2−sv
smv(v, v′)?Iî

connected(v, sv)
+∞
E<=@MOA8F@÷�?P;@A

∀(u, v) ∈ E1, ∀se ⊆ E2, δ
nbgm
e ((u, v), se) =

∑

(u′,v′)∈se
1 − sme((u, v), (u′, v′))

+
∑

(u′,v′)∈E2−se
sme((u, v), (u′, v′))



G2







∀v ∈ V2, ∀sv ⊆ V1, δ
nbgm
v (v, sv) = 0

?Iî
allowed(v, sv)

+∞
E<=@MOA8F@÷�?P;>A

∀(u′, v′) ∈ E2, ∀se ⊆ E1, δ
nbgm
e ((u′, v′), se) = 0

÷�MOA�FzA
connected

9<C:Q
allowed

9<F@A�=r÷NEÓîÑíOC:W�=@?BE<C:;c?BCG=zF@ETQTíLW�A8Q¼=@EÔW,MOA8W�Dê=zMOADW�E<COS
;r=zFz9<?ICk=z;8ö

connected
?B;�9�îÑí:C:W.=z?IEGCÿF@A�=@íOFzCO?BCOñ

+∞
÷�MOA�Cÿ9�ïGA�F@=@A��êEiî�=@MOA�écETQTA8HÅ?P;

COEi=µéµ9�=,W,MOA8Q·E<F�÷�MOA8C ?I=µ?B;�éµ9i=zW,MOAfQ¼=zEÔ9êCOEGCTSVW�E<C:COA8W�=@A8Q·;>A�=µEiî�ïGA�F@=@?PW�Af;c9<C:Q
0Ei=@M:A�Fz÷�?B;@A<ö

allowed
?B;N9/îÑíOC:W�=@?BE<CµFzA�=@í:F@CO?BCOñ

+∞
÷�MOA8CÉ92ï<A8F>=zA��0E<î§=@MOA�?Béµ9iñGA�?P;ÅC:Ei=

é�9i=zW,MOAfQÉ=zEµE<COHBëÉEGCOA�9iHBHIE�÷�A8Q�ï<A�F@=@A���Eiî�=@MOA�é�ETQTA8H$9iC:Q
0
Ei=zMOA�Fz÷�?P;>Aa_

∀v ∈ V1, ∀sv ⊆ V2, connected(v, sv) =
=@FzíOA�?Iî

sv

?B;�9cCOEGCTS¢A�é�ìT=rë�;@A�=�Eiî
W�E<C:COA8W�=@A8Q�ïGA�F@=@?PW�A8;
îÁ9iHP;@A�Ei=@M:A�Fz÷�?B;@A

∀v ∈ V2, ∀sv ⊆ V1, allowed(v, sv) =
=@FzíOA�?Iî

sv = {v′} ∧ (v, v′)
?B;Ã9iHBHIE�÷�A8Q

îÁ9iHP;@A�Ei=@M:A�Fz÷�?B;@A

� (8; � #�;�*�� ��� � N �:ý Q K�N[U�6ûJH��
m

QcûJH:ûJQcû���ûJH�� N �Oý ��û �XN[K�H Uzý
δnbgm =< δnbgm

v , δnbgm
e ,⊗P >�iûJI�ý�� W.û ��ý N\Y K H5YMH�ZVûJH � H:ûJNVý ��û �XN[K�H Uzý�þ N �Oý�H

m
û � N �Oý Q K�N[U�6ûJH�� N �:K�N Q K�SGûJQ0û��fý�� N �Oý

�,ûJQcûJL KMW.ûJN � Y � � Yfý�W@ý���ý�N)KMLIüVYMN �:ý�W �¿û ��ý�þ0N �Oý�W@ý �Yfý�� H Y�N¿ý�SGû �XN]KAQ K�� �¨ûJH��6N �:KMN ��KMNªû � ��ý��
N �:ý ��K�W �EU�Y�H��XN W�K�ûJH N��AY � N �Oý �.ûJQ0ûJL�K�W.ûJN �EY � � Yfý�W@ý��"ý�NBK�LBü
� W�Y.Y ��ü �ÕA�W89iCcA89<;@?BHIë�ì:F@E�ïGAÅ=@ML9�=8Ji=@M:9<C:DT;%=@E2=@M:A�îÑíOC:W.=z?IEGC:;

connected
9<C:Q

allowed
J

=@MOA"QO?B;>=z9<C:W�A�7¨A�=r÷�A�A8C
G1
9iC:Q

G2
÷�?w=zMDF@Af;>ì¨A8W�=�=@E�9�éµ9�=,W,MO?BCOñ

m
?P;�A8økí:9<H�=@E

+∞?wîN9<C:QDEGCOHIë�?Iî
m
?B;/9Ééµ9�=,W,MO?BCOñÉ=zM:9�=2ï6?IEGHB9i=@A8;�9�=/HIAf9<;>=�E<C:A0W�EGC:;>=@F,9i?BCG=fö � ?BC:9iHBHIëGJL76ë

QTA8W�E<é�ìLEk;>?BCOñ0=@MOA2ïGA�F@=@A���9<C:QÉAfQTñ<A�QT?P;>=z9iCLW�A�îÑíOC:W.=z?IEGC:;8JT÷NA�W�9<C�ìOFzE�ï<AÃ=@M:9i=�=@MOA�QT?P;rS
=z9iCLW�A

δnbgm
?P;Å?BC6ï<A�F,;@AN=zE2=@MOA�;>?Bé�?IHP9iFz?w=rë"Eiî
ó �iõ¨9iCLQc9G;¿9�W�EGC:;>AføkíOA�C:W�A<J�=zMOA�éµ9�=,W,MO?BCOñ

éc?BCO?Bé�? �8?ICOñ�=zMOA�QT?P;r=,9iC:W�A
δnbgm

?B;�=zMOA�éµ9�=,W,MO?IC:ñ0=zM:9�=�éµ9M�6?Bé�? �8A8;�=zMOA�;>?Bé�?IHP9iFz?w=rë�Eiî
� E6A8F@Af;NA�=Ã9iH[ö

� �Òâ��
	 � �6ç  ç�� �
â:çVá
	 ã��	� � �  	�ç@à �¿à�ä�
�ã �@à�ã\à�rÞ\Þ��

è C¹ó �<ô�õ¢J<÷�AÃ;@MOE�÷ =@M:9i=\=@M:A�;@?Ié�?BHB9<F@?I=rë0E<î�KNM:9ié�ìO?BC�9iCLQÉ46E<HBCOE<CÓó �a��õL?P;ÅñGA�COA8F@?PW�?BCµ=@M:A
;>A8C:;>A�=@ML9�=8J676ëµìOFzE<ì¨A�FzHIë�?BC:;>=z9iCLW�?P9�=@?BCOñ0ì:9iF,9ié�A�=zA�F,;ÅE<î�=@MO?P;�é�A89G;>íOFzA<Jk?I=�W89iC�7¨A/í:;>AfQ
=@E0;@E<HBï<A�9iHBH:=zMOA�ñGFz9<ìOMµéµ9�=,W,MO?IC:ñ�ìOFzE<7OHBA�éµ;NHI?P;r=zA8QÉ9<7LE�ïGA<ö è Cµ=@MO?P;�;>AfW.=z?IEGC�JG÷�A�7OFz?BA �:ë
ìOF@Af;>A8Ck=N=zMOA�ñ<F,9iìOM�;>?Bé�?IHP9iFz?w=rëµé�Af9<;@íOF@A/EiîÅKNM:9ié�ìO?BC�9iC:Q�46E<HBCOEGC�9iCLQ�÷�A�;>MOE�÷ =@M:9i=
=@MO?P;�é�A89G;>í:F@Aµ9iCLQÕEGíOF�ñ<F,9iì:MêQT?P;>=z9iCLW�Aµé�A89G;>íOFzAµ9iFzA�A8økíO?Bïh9<HIA8Ck=�?ICÔ=zMOAÉ;>A8C:;@A�=@M:9i=
=@MOA8ë�W�9<C�A��TìOF@Af;@;N=zMOA�;@9<é�A/ñGFz9<ìOM�é�9i=zW,MO?BCOñk;Nì:F@EG7OHIA8éµ;�ö

� �!� �E;��)10/ ,�/�� 1 � �B,�(0; 3 #�%'&0(94./2* /��2%:#	/2, 
 �����P(0%:*G&)/21 %:107 � � �21 � 1��!� ���
� MOA�écAf9<;@íOFzA0E<î�KNM:9<écì:?ICÔ9iC:QÔ46EGHICOEGCÕ?P;�QTA�ð:COA8QÓîÑE<F2é0íOHw=z?wS¢HP9i7¨A�HBHIAfQÕñGFz9<ìOM:;8J�ûÁü×ýfüBJ
ñ<F,9iìOM:;�÷�MOA�FzA�9DC:E<CTS¢A�é�ìT=rëÔ;>A�=0E<î�HB9<7LA8HB;"?B;c9<;z;>ETW�?B9i=@A8QÕ=zEÓA89GW,Mÿï<A8F>=zA��ê9<C:QÿAf9<W,M
A8QTñGA/E<î$=zMOA�ñ<F,9iìOML;�öTUDEGF@A�îÑE<Fzéµ9iHBHIëGJTñ<?Bï<A�C�9�;>A�=

LV

Eiî%ï<A�F@=@A���HP9i7¨A�HP;�9iC:Q�9�;>A�=
LEEiî�A8QTñGAµHB9<7LA8HB;8J�9�é0íOHI=@?IS[HP9i7¨A�HBHIAfQÔñ<F,9iìOM

G
?P;"QTA�ð:COA8QÔ76ëÔ9�=@íOì:HIA

G = 〈V, rV , rE〉;>í:W,M�=@ML9�=�_



` V
?B;�90ð:C:?w=zA�;>A�=�Eiî
ï<A�F@=@?PW�Af;�J

` rV ⊆ V ×LV

?P;�9"FzA�HP9�=z?IEGC�9<;z;@E6W�?B9i=@?BCOñ�HP9i7¨A�HP;N=@Ecï<A�F@=@?PW�Af;�J¨ûÁü×ýfüIþ
rV

?P;N=@MOA2;@A�=�Eiî
W�EGíOìOHBA8;

(vi, l)
;>íLW,M�=zM:9�=�ïGA�F@=@A��

vi

?B;�HP9i7¨A�HBA8Q�76ë
l
J

` rE ⊆ V × V ×LE

?B;�90F@A8HB9i=@?BE<C�9G;@;@ETW�?P9�=z?ICOñ0HB9<7LA8HB;�=zE0AfQTñ<Af;�J§ûÁü×ýfüIþ
rE

?B;�=zMOA�;>A�=
EiîÅ=zF@?BìOHBA8;

(vi, vj , l)
;>í:W,M¹=@M:9i=/AfQTñ<A

(vi, vj)
?B;�HP9i7¨A�HBA8Q¹76ë

l
ö ��E<=@A0=@M:9i=�=zMOA�;>A�=

E
Eiî�AfQTñ<Af;�Eiî%=@MOA�ñGFz9<ìOM�W89iC�7LA�QOA�ð:COAfQ�7kë

E = {(vi, vj)|∃l, (vi, vj , l) ∈ rE}
ö

� MOA�ð:F,;>=/;>=@A�ì¹îÑE<F/écAf9<;@íOFz?ICOñ�ñ<F,9iìOM¹;@?Ié�?BHB9<F@?I=rë�Eiî¿=r÷�EÉñ<F,9iìOML;
G = 〈V, rV , rE〉9iC:Q

G′ = 〈V ′, rV ′ , rE′〉
QTA�ð:COA8Q�E�ï<A8F¿=@MOA2;z9ié�A�;@A�=

LV

9iC:Q
LE

E<î�ï<A8F>=zA��É9iC:Q�A8QTñGA
HB9<7LA8HB;\?B;Å=@E�éµ9�=,W,M�=@MOA8?IFNï<A�F@=@?PW�Af;�ö � MOA�éµ9�=,W,MO?IC:ñ

m
W�EGC:;@?BQTA8F@AfQcMOA�FzA�?B;\é"íOHI=@?Bï�9iHBA�Ck=8J

ûÁü×ý8üBJ
m ⊆ V × V ′ ö
��C:W�A/9�é"í:Hw=z?Iï�9iHBA�Ck=�éµ9iìOìO?BCOñc?B;�QTA�ð:COA8Q�J6=@MOA/COA��6=�;r=zA�ì�?B;\=@Ec?BQOA�Ck=@?IîÑë�=@MOA2;@A�=�Eiî

îÑA89�=zíOFzA8;¿=zM:9�=�9iFzAÃW�E<é�é�E<C�=@E"=@MOAÃ=r÷NE0ñ<F,9iìOML;¿÷�?w=zM�FzA8;@ìLAfW.=Å=zE�=zMO?B;�éµ9�=,W,MO?BCOñ:ö � MO?B;
;>A�=cW�EGCk=z9i?BC:;�9<HIH\=@MOA�îÑA89i=@íOFzA8;�îÑF@EGé 7¨Ei=zM

G
9iC:Q

G′ ÷�MOEk;>A�ï<A�F@=@?PW�Af; �ÑFzA8;@ì�ö%A8QTñGA8;��
9iFzA�éµ9�=,W,MOA8Q�76ë

m
=@Eµ9�=�HIAf9<;>=�EGCOA2ï<A8F>=zA�� �ÑFzA8;@ì�öTA8QOñ<A.�Å=@ML9�=�M:9<;N=zMOA�;@9<écA�îÑA89i=@íOFzA<ö

UDE<FzA�îÑEGF@éµ9iHBHBë<JG=@MOA�;@A�=�Eiî$W�EGé�écEGCÉîÑAf9�=@í:F@Af;
Gum G′ J6÷�?w=zM�FzA8;@ìLAfW.=N=@E�9"éµ9�=,W,MO?BCOñ

m
JO?P;�QTA�ð:COA8Q�9G;�îÑE<HBHIE�÷�;�_
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W�E<é�ìOíO=@AN=@MOA�9iFzñ<í:écA8Ck=z;�E<îO=@M:ANîÑí:C:W.=z?IEGC:;
f
9iC:Q

g
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⊗
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f
9<C:Q

g
?BC¹=zMOAµ;>?Bé�?IHP9iFz?I=rë�E<î

KNM:9ié�ìO?BCD9iC:Q�46E<HBCOEGC�ö
� E<F�A89GW,MDé"íOHI=@?IS[HP9i7¨A�HBHBA8QDñGFz9<ìOM

G = 〈V, rV , rE〉
QTA�ð:C:A8Q¹E�ïGA�F�=zMOA0;@A�=,;

LV

9<C:Q
LE

E<îÃï<A8F>=zA��ÿ9iC:QÿAfQTñ<A�HB9<7LA8HB;8J%E<COA�W�9iC·QTA�ð:C:A�=zMOA�ñGFz9<ìOM
G′ = (V, E)

9<C:QÔ=r÷�E
HB9<7LA8HIHB?IC:ñ0îÑí:C:W.=z?IEGC:;�_
` E = {(u, v), ∃(u, v, l) ∈ rE}` lv : V → ℘(LV ), ∀v ∈ V, lv(v) = {l/(v, l) ∈ rV }
` le : E → ℘(LE), ∀(u, v) ∈ E, le(u, v) = {l/(u, v, l) ∈ rE}
��C:W�A/=@M:A�ñ<F,9iìOML;\=zEµ7LA0W�E<é�ì:9<F@AfQ�9<F@A�QTA�ð:COAfQ�J:EGCOA2COA�AfQO;�=@EÉQOA�ð:COA�=@MOA�ïGA�F@=@A��
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9�7O? òrAfW.=z?IïGA�îÑíOC:W�=@?BE<C

num : ℘(V ′
2) → N

=@ML9�=�9G;@;@ETW�?P9�=@Af;�9�íOCO?PøkíOA�?ICk=zA�ñ<A8F�ï�9iHBíOA2=@E
A�ï<A8F@ëÉQO?��§A�FzA�Ck=�;>íO7L;>A�=�E<î�ïGA�F@=@?PW�A8;NEiî

G′
2

ö � M:A�îÑí:C:W.=z?IEGC
num
?B;�í:;@A8Q�76ëµ=@MOA2ïGA�F@=@A��

QT?B;>=z9<C:W�A"îÑíOC:W�=@?BE<C
δv

=@E�FzA�=zíOFzCD=@MOAc;>A�=�E<îÅï<A�F@=@?PW�Af;�E<î
G′

2

éµ9�=,W,MOA8QD=@E�Af9<W,MDïGA�F@=@A��
Eiî

G′
1

_

∀v ∈ V1, ∀sv ⊆ V2, δv(v, sv) = num(sv)

∀v ∈ V2, ∀sv ⊆ V1, δv(v, sv) = 0

∀(u, v) ∈ E1, ∀se ⊆ E2, δe((u, v), se) = 0

∀(u′, v′) ∈ E2, ∀se ⊆ E1, δe((u
′, v′), se) = 0

�Ò?w=zM�;@í:W,MD90îÑíOC:W�=@?BE<C
δv

JT=zMOA�;@A�=�Eiî%=@í:ìOHIAf;
S = {(u, δv(u, m(u)))/u ∈ V }

W89iC
7LA�í:;@A8Q�=zEcFzA8W�E<C:;>=@?I=@íO=@A/=@MOA�éµ9i=zW,MO?BCOñ

m
QTEGCOA_

m = {(u, u′)/∃(u, d) ∈ S ∧ u′ ∈ num−1(d)}



� MOAÃ;@A�=
S
E<î§=@MOAf;>A�=zíOìOHBA8;N7LA8?IC:ñ"9�;@íO7:;@A�=NE<î�?w=,;N9<F@ñGíOé�A�Ck=z;8J�=@M:A�îÑíOC:W�=@?BE<C

⊗
W�9<C

7LAÃQOA�ð:COAfQ�?IC�;>í:W,Mµ9�÷�9hë�=zM:9�=
⊗
FzA8W�E<C:;>=@?I=@íT=zA8;
=zMOA�éµ9�=,W,MO?BCOñ

m
9iCLQµW�E<é�ìOíO=@A8;Å=@MOA

;>A�=z;
G um G′ 9iC:Q splits(m)

öOù�;�9�W�E<CL;>AføGí:A�C:W�A<J6=@M:A2îÑíOC:W.=z?IEGC
⊗
W�9<C�FzA8W�E<C:;>=@?I=@íO=@A

=@MOA�9<F@ñGíOé�A�Ck=z;�Eiî%=@M:A2îÑíOC:W.=z?IEGC:;
f
9iC:Q

g �
ö

� (8; � #�;�* ���V� � ûJI�ý�H K �iû ��N[K�H U,ý �Gý � H:ûJN[û2Y�H
δ =< δv, δe,⊗ >

�,ý�N��\ý,ý�H N�� YP�MWTK����
�
G1 = (V1, E1)

KMH �
G2 = (V2, E2)

þAN �Oý�W@ý¹ýTSGû �XN�� K �MWTK���� �.ûJQ0ûJL KMW.ûJN �GQµý�K �XF'W@ý Y �
����K�Q��¨ûJH K�H���� Y�LRH Y�H � �Gý � H¨ý� ���AN �Oý N�� Y ��F'H5U�Nªû2YMH��

f
K�H��

g � Y �BN�� YAQPF'L�NªûJZ[L K �,ý�LJLIý��MW�K���
�
G′

1 = 〈V1, rV 1, rE1〉
K�H �

G′
2 = 〈V2, rV 2, rE2〉

�XF�U��GN ��K�N N �:ý$Q KMN\U�6ûJH=�
m���6û2U� QcûJH:ûJQcû��fý��AN �Oý ��û �XN[K�H Uzý

δ
�,ý�N��\ý,ý�H

G1 = (V1, E1)
K�H��

G2 = (V2, E2)
û �AN �Oý

Q KMN\U�6ûJH=� ���Tû2U�� Q K�SGûJQ0û��fý�� N �:ý �.ûJQcûJL K�W.ûJN �$Y �
G′

1

K�H��
G′

2

ü
� W�Y.Y ��ü è C0EGFzQTA8F$=zE2é�9D<A\=@MOA�ìOFzE6EiîrJh÷NA�;@MOE�÷ÿ=@ML9�=8J�76ë�ìOFzE<ì¨A�FzHBë�W,MOE6EG;@?ICOñÃ=@MOA�é0íOHw=z?wS
HB9<7LA8HIHBA8QÔñGFz9<ìOM:;

G1
9<C:Q

G2
=zEÓW�EGé�ì:9iFzA<J�=zMOA�;@A�=

G1 um G2
W�9<C¼W�EGCG=,9i?BCÿ9iHBHÅ=@M:A

?ICTîÑEGF@éµ9i=@?BE<C�F@AføkíO?IFzA8Q0=zE DkC:E�÷³=zMOA�éµ9�=,W,MO?IC:ñ
m
QTEGCOA<ö<ù�;\9�W�E<C:;@A8økíOA8C:W�AGJ�=@MOA�îÑíOC:W.S

=@?BE<C
f
=@ML9�="=,9MDGA8;�=zMO?P;0;@A�=�9<;�ìL9iF,9ié�A�=zA�F"W89iC³W�E<é�ìOíT=zAµ=@MOA�îÑíOC:W�=@?BE<C:;

δv

J
δe

9<C:Q
⊗
ö
�/?IïGA�Cÿ=r÷�EÓñGFz9<ìOM:;

G1 = (V1, E1)
9<C:Q

G2 = (V2, E2)
J
÷�A�QOA�ð:COA�=@M:A�é0íOHw=z?wS

HB9<7LA8HIHBA8Q�ñGFz9<ìOM:;
G′

1 = 〈V1, rV 1, rV 2〉
9<C:Q

G′
2 = 〈V2, rV 2, rE2〉

9iC:Qc=zMOA�;@A�=z;
LV

9<C:Q
LE

Eiî
ï<A�F@=@A���9iC:Q�AfQTñ<A2HP9i7¨A�HP;�;>í:W,M�=@ML9�=�_

LV = {(u, v), u ∈ V1, v ∈ V2} , LE = {le}

rV 1 = {(u, (u, v)), u ∈ V1, v ∈ V2} , rE1 = {(u, v, le), (u, v) ∈ E1}

rV 2 = {(v, (u, v)), u ∈ V1, v ∈ V2} , rE2 = {(u, v, le), (u, v) ∈ E2}
�Ò?w=zM�;>í:W,M�é0íOHI=@?IS[HP9i7¨A�HBHIAfQ2ñ<F,9iìOML;�J.=zMOA\;@A�=

G′
1umG′

2

E<î6W�E<é�é�E<C�HP9i7¨A�HP;�FzA8W�E�ï<A�FzA8Q
7kë

m
W�EGCk=z9i?BC:;Å9<HIHO=@MOA�?BCTîÑE<Fzéµ9�=z?IEGCcFzA8økíO?BFzA8Q"=@E�FzA8W�E<C:;>=@?I=@íT=zA�=@MOA�éµ9i=zW,MO?BCOñ

m
QTEGCOA_

m = {(u, v)/∃(u, (u, v)) ∈ G′
1 um G′

2}
� MOA/;@A�=

G′
1 um G′

2

7LA8?IC:ñ0?I=z;�9<F@ñGíOé�A�Ck=8JG=@MOA/îÑíOCLW.=@?BE<C
f
W89iC�7LA�QTA�ð:COA8Q�?BC�;@í:W,M

9¼÷�9hë¼=@ML9�=
f
FzA8W�E<C:;>=@?I=@íO=@A8;�=@M:AÓéµ9�=,W,MO?IC:ñ

m
9<C:Q W�EGé�ìOíT=@Af;É=zMOAÓï�9<HIíOAf;�E<î�=@MOA

îÑíOC:W.=z?IEGC:;
δv

J
δe

9iC:Q
⊗
ö � MOA2ìOFzE<ì¨A�F@=rëÉMOEGHBQO;8ö
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÷�9hë ÷�MO?BHIAê=zMOAê;@?Béc?BHP9iFz?w=rë EiîÉKNM:9ié�ìO?BCÚ9<C:QÚ4TE<HBCOE<CÙW�9iCÚE<COHBëÒ7O?BC:9iFz?BHIëÒW�EGé�ì:9iFzA
ìOF@EGìLA8F>=z?IAf;�F@A8ìOF@Af;>A8Ck=@A8QÉ7kë�QT?B;zW�FzA�=zA�ï�9<HIíOAf;�ö � íOF@=@MOA8F@é�E<FzA<JT;@E<é�A2W�E<CL;r=zFz9<?ICk=z;NE<C�=@M:A
é�9i=zW,MO?BCOñ¼9<F@ADAf9<;@?IA8Fµ=@E¼A��TìOF@Af;@;É÷�?w=zMÒE<íOF�QO?B;>=z9<C:W�AD=zM:9iCÒ÷�?I=@M =@MOAÓ;@?Béc?BHP9iFz?w=rë·Eiî
KNM:9ié�ìO?BC09<C:Q046EGHIC:E<C�ö � EGF�A��O9ié�ìOHBA<Jf=@MOA�éµ9�=,W,MO?IC:ñ/W�E<C:;>=@F,9i?BCk= @,=zEÃ7¨A�E<COHBë2é�9i=zW,MOAfQ
=@E/ï<A�F@=@?PW�Af;$ML9hïk?BCOñÃ9�ñ<?Bï<A8C�ìOFzE<ì¨A�F@=rë @
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}8mr¶Gxzy��.o8tVx8^¨mr¶kx/´Gyr}fjG�sx,� qst�mr}c��o��<qs��qsÛ,x�mr¶Gx2tVqs��qs�Io�yrq{m[|�n¨]<}<^Lmr¶Gx/~PpGuk�zmrqs}fu

⊗
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�Gxz½kukx.�"qsuc�,}8uktVx.Ä�pkxzuk�,xfn
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J¿9iCLQ³?I=@A8Fz9i=@?Bï<A�HBëÿ9<QOQ:;"=zE

m
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cand = V × V ′ − m
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