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∀v ∈ V ∪ V ′, ∀sv ∈ ℘(V ) ∪ ℘(V ′), δv(v, sv) = 1 − |sv|
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∀(u, v) ∈ E ∪ E′, ∀se ∈ ℘(E) ∪ ℘(E′), δe((u, v), se) = 1 − |se|
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G′ = (V ′E′)
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δm(G, G′) = ⊗({(v, δv(v, m(v)))/v ∈ V ∪ V ′} ∪
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{((u, v), δe((u, v), m(u, v)))/(u, v) ∈ E ∪ E ′})
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76ë _

⊗P(S) =
∑

(u,d)∈S

d +
∑

((u,v),d)∈S

d

�V�!� 	 � %:-M, 3 #�%'&0( *�%',�-	(0/2103

è CÉ=@M:?B;�;@íO7:;@A8W.=z?IEGCÉ÷�A/;@MOE�÷ÒMOE�÷ =zE0;@E<HBï<AÃA��O9<W.=�ñ<F,9iìOM�é�9i=zW,MO?BCOñ0ìOF@EG7OHBA�éµ;�ö � EGF�9<HIH
=@MOAf;>A D6?BC:QO;�E<î�ìOF@EG7OHBA�éµ;�J�÷�AÉ9iFzAµHBEkEaD6?ICOñ�îÑEGF"9DíOCO?Bï�9iHBA�Ck=�éµ9�=,W,MO?IC:ñD7LA�=r÷NA8A�CÔ=@M:A



ï<A�F@=@?PW�Af;�E<îT=r÷NE�ñGFz9<ìOM:;8ö8ù�;�9�W�E<CL;>AføGí:A�C:W�A<J�=zMOA�ï<A�F@=@A��29<C:Q�AfQTñ<A�;>?Bé�?IHP9iFz?w=rë�îÑíOC:W�=@?BE<C:;
9iFzA�QTA�ð:C:A8;Å?BC�;@í:W,MÉ9�÷�9hë�=@ML9�=�9�é"íOHI=@?Bï�9iHBA�Ck=\éµ9�=,W,MO?IC:ñ"9iHB÷�9hëT;
?BC6ï<E<HBï<Af;¿9iCµ?BCTð:CO?I=@A
ìLEk;>?I=@?Bï<A�QT?P;r=,9iC:W�A<ö � íOF@=@MOA8F@é�E<FzA<Jk=zMOA8;@A�ìOFzE<7OHBA�éµ;�7¨A�?BCOñÉ;@9i=@?P;rîÁ9GW.=z?IEGC�ìOFzE<7:HIA8é�;8J6=@M:A
E<7TòrAfW.=@?Bï<A2?P;�9iHB÷�9hëT;N=@Ecð:CLQ�9céµ9�=,W,MO?BCOñ

m
;>íLW,M�=zM:9�=

δm(G, G′) = 0
ö

"$#	%:&0(+/!4��5* � #	&0(0/24.*

� W�Y ��LIý�Q �<ý�� HLûJNªû2YMH¨üA�/?Bï<A8CD=r÷�EÉñ<F,9iìOML;�M:9hï6?BCOñµ=@M:Ac;z9ié�A�C6íOé07LA8F�E<î\ï<A8F>=z?BW�A8;8JO=@M:A
ñ<F,9iìOM�?B;@E<é�E<FzìOMO?P;@é ìOFzE<7OHBA�éËW�E<C:;@?P;r=,;N?BC�ìOFzE�ïk?BCOñ0=@M:9i=�=@MOAf;>A2=r÷�Ecñ<F,9iìOM:;�9<F@A/?PQTA�CTS
=@?PW�9iH�é�?ICOEGF�9µFzA�CL9ié�?IC:ñÉEiî
=@M:A�?BF�ïGA�F@=@?PW�A8;8ö:UDEGF@A�îÑE<Fzé�9<HIHBë<JO=r÷NEÉñGFz9<ìOM:;

G = (V, E)9iC:Q
G = (V ′, E′)

;@í:W,Mc=@M:9i=
|V | = |V ′|

9<F@A�?P;>EGé�E<FzìOMO?PWN?Iî�9iC:QcEGCOHIë0?wî§=zMOA�FzA�A��T?P;r=,;¿9
7O? òrAfW.=z?IïGAÃéµ9�=,W,MO?IC:ñ

m ⊆ V ×V ′ ;@í:W,Mµ=zM:9�= (u, v) ∈ E ⇔ (m(u), m(v)) ∈ E ′ � ö � M:A
ñ<F,9iìOMÔ?P;>EGécEGF@ì:MO?B;@é ì:F@EG7OHIA8é ?P;�íL;>AfQê=@E¹ìOFzE�ï<A�=zM:9�=0=r÷NEDñGFz9<ìOM:;�9<F@AÉ;>=@Fzí:W�=@íOF,9iHBHIë
?BQTA8Ck=@?PW�9iH[ö

� ý�K&��F'Wzý �<ý�� H:ûJN[û2Y�H§ü � Ec;>EGHIïGA�=@MOA/ñ<F,9iì:Mc?P;@E<é�E<FzìOMO?P;>é ìOFzE<7OHBA�é í:;@?IC:ñ�E<íOF�QT?P;r=,9iC:W�A
écAf9<;@íOFzA<JO÷�A�COA8A8Q�=@E�W,MOE6EG;@A�ï<A�F@=@A���9<C:Q�A8QOñ<A�QT?P;r=,9iC:W�A�îÑíOC:W�=@?BE<C:;/;@í:W,M�=@M:9i=�=@M:A8;@A
îÑíOC:W.=z?IEGC:;�FzA�=zíOFzC:;

0
?wî
=zMOA�ï<A8F>=zA���EGF�A8QTñGA2?B;�éµ9i=zW,MOAfQ�=zEÉA��O9GW.=@HBëÉEGCOA�A�HBA�é�A�Ck=Ã9<C:Q

+∞
E<=@MOA8F@÷�?P;@A �Á?IC�EGFzQTA8F�=@EÉ9hï<EG?BQ�COE<C�7O? òrA8W�=@?Bï<A�éµ9�=,W,MO?IC:ñG;��.öOUDEGF@A�îÑE<Fzéµ9iHBHIë _

∀v ∈ V ∪ V ′, ∀sv ⊆ V ∪ V ′, δiso
v (v, sv) = 0

?Iî
|sv| = 1

+∞
Ei=@M:A�Fz÷�?B;@A

∀(u, v) ∈ E ∪ E′, ∀se ⊆ E ∪ E′, δiso
e (u, v, se) = 0

?Iî
|se| = 1

+∞
Ei=@M:A�Fz÷�?B;@A

� (8; � #�;�* � ��� ûJIhý�H$N	� Y �MW�K
���
�
G = (V, E)

K�H �
G′ = (V ′, E′)

þ8N �:ý N	� Y ��Y�LJL Y
�¿ûJH��
�5W�Y
�Oý�WXNªûÁý��PK�Wzý0ý���FTûJI	KMLIý�H N�

� ü

G
K�H��

G′ K�W@ý"û ��Y�Q Y�W ���6û2U
� üAN �:ý �iû �XN\KMH5U,ý

δiso =< δiso
v , δiso

e ,⊗P >
�zý�N	�\ýzý�H

G
K�H��

G′ û �"ý���F�KML N\Y 0

� W�Y.Y ��üP� �.�
⇒

� �
��ö � ëÓQTA�ðLCO?w=z?IEGC�J�?IîN=zMOA�=r÷�E�ñGFz9<ìOM:;29iFzA�?B;@E<é�E<FzìOMO?PWiJ¨=zMOA�FzA�A��T?B;>=z;9�7O? òrAfW.=z?IïGAµé�9i=zW,MO?BCOñ
m ⊆ V × V ′ ;@í:W,MÕ=@M:9i= (u, v) ∈ E ⇔ (m(u), m(v)) ∈ E ′ ö

ùÃ;Ã9�W�E<CL;>AføGí:A�C:W�A<J
∀v ∈ V ∪ V ′, |m(v)| = 1

�Á7LAfW�9iíL;>A
m
?B;�9µ7O? òrA8W�=@?Bï<A�éµ9�=,W,MO?BCOñ��

9iC:Q
∀(u, v) ∈ E ∪ E′, |m(u, v)| = 1

�Á7LAfW�9iíL;>A
∀(u, v) ∈ V × V, (u, v) ∈ E ⇔

(m(u), m(v)) ∈ E′ ��ö�46E:J§ñ<?Bï<A8CD=@M:AcQTA�ð:CO?I=@?BE<CÕEiî δiso
v

9iC:Q
δiso
e

J¨=@MOA�QT?P;r=,9iC:W�A0E<î
G9iC:Q

G′ ÷�?I=@MÔF@Af;>ì¨A8W�=2=@E m
?P;2A8økí:9iH
=zE

0
9<C:Q¹=zMOAÉQT?P;r=,9iC:W�A�7LA�=r÷NA8A�C

G
9<C:Q

G′ ?B;
A8økí:9iH§=zE

0
ö

�!�
�
⇒

���.�.ö è îN=zMOAµQT?B;>=z9<C:W�A�7¨A�=r÷�A�A8C
G
9iC:Q

G′ ?P;2A8økí:9<H
=@E 0
J§=zMOA�C�J$ñ<?Bï<A�CÕ=@M:A

QTA�ð:C:?w=z?IEGCÿEiî
δiso
v

J$=@MOA8F@AÉA��T?B;>=z;�9¹é�9i=zW,MO?BCOñ
m
;>í:W,MÔ=zM:9�=

∀v ∈ V ∪ V ′, |m(v)| =
1
ö�ù�;"9¹W�E<C:;@A8økíOA8C:W�AGJ�=@M:A�éµ9�=,W,MO?IC:ñ

m
?P;"9D7O? òrA8W�=@?Bï<A�é�9i=zW,MO?BCOñLö � íOF@=@M:A�FzécEGF@AGJ$?Iî

m
?BC6ï<EGHIïGA8;"9ÕQT?P;r=,9iC:W�A�AføGíL9iHN=@E

0
J%=@MOA8C�J

∀(u, v) ∈ E ∪ E′, |m(u, v)| = 1
ö
ùÃ;�9

� XLxzm�pkt�yrx,�,o8�s�%mr¶6o�m�~B}8y�pkuGqwv8o8�sx,u�mÃ��o�mr�>¶kqsuG¾ft,^:ÌÅ¶kx,u�mr¶Gx�tVxzm/}�~ÅvhxzyVmrqs�,x,tÃ��o�mr�>¶kx,��ÌÅq{mr¶
o0vhx@yVmrxz�

v
qwt�o0tVqwuG¾f�sxzmr}8uL^$ÀÁºP¸.ºw^

|m(v)| = 1
^:Ì
x�tV¶ko8�s�$uk}8mrx

m(v)
mr}c�Gx,uG}8mrx/mr¶Gx2tVqsuk¾8�wx

vhxzyVmrxz��mr¶ko�mÅqstÅx,�sx,��x,u�mÅ}8~
m(v)
n



W�E<CL;>AføGí:A�C:W�A<J<Af9<W,M�A8QOñ<A�E<î�7LE<=@M�=@M:AÃñ<F,9iì:M:;¿?P;\éµ9�=,W,MOA8Qc=zE�A��O9GW.=@HBëcE<COA�AfQTñ<AÃEiî�=@M:A
Ei=@M:A�F�ñ<F,9iì:M�J�;>E

(u, v) ∈ E ⇔ (m(u), m(v)) ∈ E ′ ö$46ELJ m QTA�ð:COA8;�9<CÕ?P;@E<é�E<FzìOMO?PWé�9i=zW,MO?BCOñ�7¨A�=r÷�A�A�C�=@M:A2=r÷NE�ñ<F,9iì:M:;�9iC:Q
G
9iC:Q

G′ 9iFzA2?B;@E<é�EGF@ìOM:?BW<ö

� %'#	,�/!% �B4.> �)3�#�%'&)(9/24 �5* ��#	&)(8/!4�*

� W�Y ��LIý�Q �Gý � H:ûJN[û2Y�H¨ü �/?IïGA�C¹=r÷�E�ñGFz9<ìOM:;
G = (V, E)

9iC:Q
G′ = (V ′, E′)

;@í:W,MÓ=@M:9i=
|V | ≤ |V ′|

JO=zMOA"ì:9<F>=z?B9<H$;@íO7Oñ<F,9iì:M�?P;@E<é�E<FzìOMO?P;>é1ìOFzE<7OHBA�é W�EGC:;>?P;>=z;�?BCÓ;@MOE�÷�?IC:ñ�=@M:9i=
=@MOA2ñ<F,9iì:M

G
?P;�?B;@E<é�EGF@ìOM:?BW�=@Eµ9"ìL9iF@=@?P9iH§;>íO7:ñ<F,9iìOM�Eiî�=zMOA2ñ<F,9iìOM

G′ J�ûÁü×ýfüBJO?BC�ð:CLQT?IC:ñ
9iC³?BC�òrAfW.=@?Bï<A�éµ9�=,W,MO?IC:ñ

m ⊆ V × V ′ ;>íLW,M¼=@ML9�= ∀(u, v) ∈ V × V, (u, v) ∈ E ⇒
(m(u), m(v)) ∈ E′ ö � MOA2ì:9<F>=z?B9<H�;>í:7Oñ<F,9iìOM�?B;@E<é�E<FzìOMO?P;@éúìOF@EG7OHBA�é ?P;�í:;@A8Q�=@E�ìOFzE�ï<A
=@M:9i=Ã90ñGFz9<ìOM�?P;�?BC:W�HBí:QTAfQ�?ICk=@Eµ9<COEi=zMOA�F�ñGFz9<ìOM�ö

� ý�K&��F'Wzý �Gý � H:ûJN[û2Y�H¨ü � E¹;@E<HBï<A0=@MOAÉìL9iF@=@?P9iHÅ;@íO7Oñ<F,9iì:MÕ?P;>EGé�E<FzìOMO?P;>é�ì:F@EG7OHIA8é�í:;@?IC:ñ
E<íOFÅQT?P;>=z9iCLW�A�é�A89<;@íOFzA<J�÷�A�COA�AfQ"=zE�W,MOE6EG;@A�ïGA�F@=@A��"9iC:QcA8QOñ<A�QT?P;r=,9iC:W�ANîÑí:C:W.=z?IEGC:;Å;@í:W,M
=@M:9i=�=zMOA8;@A�îÑíOCLW.=@?BE<CL;�FzA�=zíOFzC

0
?IîN9iCÓA�HBA�é�A�Ck=2Eiî

G
?P;Ãéµ9�=,W,MOA8Q¹=@E�E<COA0A�HBA�é�A�Ck=6�Á?IC

E<F,QTA�F�=zEÉìOFzA8;@A�Fzï<A2=zMOA"ïGA�F@=@?PW�A8;Ã9iC:Q�=zMOA"AfQTñ<Af;�Eiî
G
�Ã9iC:Q

+∞
E<=@MOA8F@÷�?P;@A �Ñ?BC¹E<F,QTA�F

=@E"9hïGE<?PQ0C:E<Cµ?BC�òrA8W�=@?Bï<AÃéµ9i=zW,MO?BCOñ���ö ��?B;>=z9<C:W�A�îÑíOC:W.=z?IEGC:;¿îÑEGF\ïGA�F@=@?PW�A8;\9iC:QµAfQTñ<Af;¿Eiî
G′

òrí:;r=�C:A�A8Q�=zE�9hïGE<?PQÉCOEGC�íOCO?Bïh9<HIA8Ck=�éµ9i=zW,MO?BCOñ:öOU¹E<FzA�îÑEGF@éµ9<HIHBë _

G















∀v ∈ V, ∀sv ⊆ V ′, δpsub
v (v, sv) = 0

?Iî
|sv| = 1

+∞
Ei=@M:A�Fz÷�?B;@A

∀(u, v) ∈ E, ∀se ⊆ E′, δpsub
e (u, v, se) = 0

?Iî
|se| = 1

+∞
Ei=@M:A�Fz÷�?B;@A

G′















∀v ∈ V ′, ∀sv ⊆ V, δpsub
v (v, sv) = 0

?Iî
|sv| ≤ 1

+∞
Ei=zMOA�Fz÷�?B;@A

∀(u, v) ∈ E′, ∀se ⊆ E, δpsub
e (u, v, se) = 0

?Iî
|se| ≤ 1

+∞
Ei=zMOA�Fz÷�?B;@A

� (8; � #�;�* � ��� ûJIhý�H$N	� Y �MW�K
���
�
G = (V, E)

K�H �
G′ = (V ′, E′)

þ8N �:ý N	� Y ��Y�LJL Y
�¿ûJH��
�5W�Y
�Oý�WXNªûÁý��PK�Wzý0ý���FTûJI	KMLIý�H N�


� üAN �:ý �
W�K
���
G
û �AK �:KMWXNªû2KML��XF��\�MWTK����<Y �

G′

� üAN �:ý �iû �XN\KMH5U,ý
δpsub =< δpsub

v , δpsub
e ,⊗P >

�,ý�N��\ý,ý�H
G

K�H��
G′ û �"ý���F�KML N\Y 0

� W�Y.Y ��üP� �.�
⇒

� �
��ö � ëÔQTA�ð:C:?w=z?IEGC�J
?wî G ?P;09DìL9iF@=@?P9iHN;@íO7OñGFz9<ìOMÿEiî G′ J�=@MOA8F@A�A��T?B;>=z;
9iC³?BC�òrAfW.=@?Bï<A�éµ9�=,W,MO?IC:ñ

m ⊆ V × V ′ ;>íLW,M¼=@ML9�= ∀(u, v) ∈ V × V, (u, v) ∈ E ⇒
(m(u), m(v)) ∈ E′ ö�ùÃ;�9�W�E<CL;>AføGí:A�C:W�A<J ∀v ∈ V, |m(v)| = 1

J
∀v ∈ V ′, |m(v)| ≤ 19iC:Q

∀(u, v) ∈ E′, |m(u, v)| ≤ 1
�Ñ7¨A8W89ií:;@A

m
?P;�9iCê?ICiòrA8W.=z?IïGAµéµ9�=zW,M:?ICOñ=�.ö � íOF@=@MOA8F>S

écEGF@AGJ
∀(u, v) ∈ E, |m(u, v)| = 1

�Ñ7¨A8W89ií:;@A
(u, v) ∈ E ⇒ (m(u), m(v)) ∈ E ′ �.ö�46E:J

ñ<?Bï<A�C¹=@MOAcQTA�ð:C:?w=z?IEGCÓEiî
δpsub
v

9<C:Q
δpsub
e

JL=zMOA�;>?Bé�?IHP9iFz?w=rë�Eiî
G
9iC:Q

G′ ÷�?I=@MÕF@Af;>ì¨A8W�=
=@E

m
?P;�A8økí:9<H§=@E

0
9<C:Q�=@MOA�QO?B;>=z9<C:W�A27¨A�=r÷�A�A�C

G
9iC:Q

G′ ?P;�A8økí:9<H§=@E 0
ö

�!�
�
⇒

���.�.ö è îN=zMOAµQT?B;>=z9<C:W�A�7¨A�=r÷�A�A8C
G
9iC:Q

G′ ?P;2A8økí:9<H
=@E 0
J§=zMOA�C�J$ñ<?Bï<A�CÕ=@M:A

QTA�ð:C:?w=z?IEGC¹Eiî
δpsub
v

JO=@M:A�FzA�A��T?P;r=,;Ã9µéµ9�=,W,MO?BCOñ
m
;@í:W,M�=@ML9�=

∀v ∈ V, |m(v)| = 1
9iC:Q



∀v ∈ V ′, |m(v)| ≤ 1
ö¿ùÃ;�9êW�EGC:;>AføkíOA�C:W�A<J

m
?B;�9<C³?BC�òrA8W�=@?Bï<A�é�9i=zW,MO?BCOñLö � íOF@=@MOA8F>S

écEGF@AGJO?Iî
m
?IC6ïGE<HBï<A8;�9�QT?B;>=z9<C:W�A�Aføkí:9iH$=@E

0
JO=@MOA8C�J

∀(u, v) ∈ E, |m(u, v)| = 1
ö:ùÃ;�9

W�E<CL;>AføGí:A�C:W�A<J:Af9<W,MDAfQTñ<A0Eiî
G
?P;Ãéµ9�=,W,MOA8QD=@EÉA��T9GW.=zHIë�E<C:A�A8QTñGA"E<î

G′ 9<C:Q (u, v) ∈
E ⇒ (m(u), m(v)) ∈ E′ öT46E:JG=@M:A�FzAÃA��T?P;r=,;N9<Cµ?ICiòrA8W.=z?IïGAÃéµ9�=,W,MO?BCOñ m ⊆ V ×V ′ =@M:9i=
ìOF@Af;>A8F@ïGA8;�9iHBH�=@M:A�A8QTñGA8;�Eiî

G
9<C:Q�JT76ë�QOA�ð:CO?I=@?BE<C$J

G
?P;�9cì:9iF@=@?P9iH�;@íO7OñGFz9<ìOM�E<î

G′ ö

� 1870>0-
;=794�>��)3�#�%'&)(9/24 � * ��#	&)(8/!4�*

� W�Y ��LIý�Q �Gý � H:ûJN[û2Y�H¨ü �/?IïGA�C¹=r÷�E�ñGFz9<ìOM:;
G = (V, E)

9iC:Q
G′ = (V ′, E′)

;@í:W,MÓ=@M:9i=
|V | ≤ |V ′|

J<=zMOA�?BC:QTíLW�A8Q�;>í:7Oñ<F,9iìOMµ?P;@E<é�E<FzìOMO?P;>é ìOFzE<7OHBA�éúW�E<C:;@?B;>=z;\?IC�;>M:E�÷�?ICOñ�=@M:9i=
=@MOA�ñGFz9<ìOM

G
?P;¿?P;>EGé�E<FzìOMO?PW\=zE�9iC�?BC:QTí:W�A8Qµ;@íO7Oñ<F,9iì:M0E<î

G′ J:ûÁü×ýfüBJk?ICcð:C:QO?ICOñ09iC�?ICiòrA8W.S
=@?Bï<AÅéµ9�=,W,MO?BCOñ

m ⊆ V ×V ′ ;@í:W,M2=@ML9�= ∀(u, v) ∈ V ×V, (u, v) ∈ E ⇔ (m(u), m(v)) ∈
E′ ö � MOA/?BC:QTí:W�A8Q�;>íO7:ñ<F,9iìOMµ?P;>EGé�E<FzìOMO?P;>é ìOFzE<7OHBA�é ?P;�90;@ìLAfW�?P9iH§W�9G;>A�Eiî$ì:9<F>=z?B9<H¨;@íO7TS
ñ<F,9iìOMê?B;@E<é�EGF@ìOM:?B;@é _�?w="9GQOQO;2=zMOAÉW�EGC:;r=zFz9<?ICk=2=@ML9�=�îÑEGF�A89<W,MÔW�EGíOìOHBA

(u, v) ∈ V 2 J$?Iî
(u, v)

?P;�COEi=�9iC�A8QTñGA�E<î
G
J6=@MOA8CÉ=zMOA�W�E<FzFzA8;@ìLEGC:QT?BCOñ�ï<A8F>=z?BW�A8;N?IC

m
é"í:;>=�C:A�?I=@MOA8F�7LA

9iC�A8QTñGA/E<î
G′ ö

� ý�K&��F'Wzý �<ý�� HLûJNªû2YMH¨ü � MOA�?ICLQTí:W�AfQ·;@íO7OñGFz9<ìOM¼ìOFzE<7:HIA8é 7LA�=r÷NA8A�C
G = (V, E)

9iC:Q
G′ = (V ′, E′)

9<QOQO;"9¹W�EGC:;r=zFz9<?ICk=�E<CÿAf9<W,MÿW�EGíOìOHBAµEiî�ï<A8F>=z?BW�A8;�E<î
V

�×=@EÓ7LAÉEGF�COE<=
é�9i=zW,MOAfQ�=zE/9<C"A8QOñ<A�Eiî

G′ �.ö � E2W,MOA8W�D/=@M:A8;@A�W�E<C:;>=@F,9i?BCk=z;8J�=zMOA�A8QTñGA�QT?P;>=z9iCLW�ANîÑíOC:W.=z?IEGC
δe

COA8A8QO;É=@E³7¨AÕQOA�ð:COAfQ îÑE<F�A89<W,M W�E<íOì:HIA
(u, v) ∈ V × V

Eiî�ïGA�F@=@?PW�A8;ÉEiî
G
9iC:Q

A89<W,M¼;@íO7:;@A�=
se ⊆ E′ Eiî�A8QOñ<A8;"Eiî G′ ö
ùÃ;c9¹W�EGC:;>AføkíOA�C:W�A<J�E<COA�COA�AfQO;�=zEÓW�EGé�ì:9iFzA

=@MOA�W�E<é�ìOHBA�=zAÉñ<F,9iì:M
G′′ = (V, V × V )

=@ED=zMOAÉñ<F,9iì:M
G′ = (V ′, E′)

ö � MOAÉïGA�F@=@A��
QT?B;>=z9<C:W�A�îÑíOCLW.=@?BE<C é0í:;r=ÉFzA�=zíOFzC

+∞
?Iî�=zMOADéµ9�=zW,M:?ICOñÔ?P;�COEi=É?BC�òrAfW.=@?Bï<A����<J �Ô9iCLQ


��/9iC:Q
0
Ei=zMOA�Fz÷�?B;@A<ö � M:AcAfQTñ<AµQT?P;>=z9iCLW�AcîÑíOC:W�=@?BE<CÔé"í:;>=�F@A�=@íOFzC

+∞
?Iî�9iCêA8QTñGAcE<î

G
?P;�COEi=Ééµ9�=,W,MOA8Q �!�Oö �	�"EGF�?wî�9ÔW�E<í:ìOHIA

(u, v)
Eiî/ï<A�F@=@?PW�Af;cEiî

G
÷�MO?BW,M ?P;�COEi=É9iC

A8QTñGA�?B;Ãé�9i=zW,MOAfQ�=@E�9<C�A8QTñGA�Eiî
G′ � �Tö��
��9<C:Q 0

Ei=zMOA�Fz÷�?P;>AGö:UDE<FzA2îÑE<Fzéµ9iHBHIëGJOñ<?Bï<A8CD9
ñ<F,9iìOM

G = (V, E)
9iC:Qê9�ñ<F,9iì:M

G′ = (V ′, E′)
J�÷�A�COA�AfQÓ=zE¹W�EGécìL9iFzA"=zMOAµñ<F,9iìOML;

G′′ = (V, V × V )
9<C:Q

G′ ÷�?I=@M�=zMOA/=r÷NEcîÑE<HBHBE�÷�?ICOñµQT?P;>=z9iCLW�A/îÑíOC:W�=@?BE<C:;�_

G′′























1 ∀v ∈ V, ∀sv ⊆ V ′, δsub
v (v, sv) = 0

?Iî
|sv | = 1

+∞
Ei=@M:A�Fz÷�?B;@A

2.1 ∀(u, v) ∈ V 2, ∀se ⊆ E′, δsub
eG (u, v, se) = 0

?Iî
(u, v) ∈ E ∧ |se| = 1

2.2 = 0
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(u, v) 6∈ E ∧ se = ∅
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3 ∀v ∈ V ′, ∀sv ⊆ V, δsub
v (v, sv) = 0
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|sv | ≤ 1
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4 ∀(u, v) ∈ E′, ∀se ⊆ E, δsub
eG (u, v, se) = 0

?wî
|se| ≤ 1
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m ⊆ V ×V ′ ;@í:W,M�=zM:9�= ∀(u, v) ∈ V ×V, (u, v) ∈ E ⇔ (m(u), m(v)) ∈ E ′ ö
ùÃ;�9·W�E<C:;@A8økíOA8C:W�AGJ

∀v ∈ V, |m(v)| = 1
J
∀v ∈ V ′, |m(v)| ≤ 1

9iC:Q
∀(u, v) ∈

E′, |m(u, v)| ≤ 1
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?P;�9iCê?ICiòrA8W.=z?IïGA�é�9i=zW,MO?BCOñ=�.ö � í:F>=zMOA�Fzé�E<FzA<J

∀(u, v) ∈
E, |m(u, v)| = 1

�Á7LAfW�9<í:;>A
∀(u, v) ∈ V × V, (u, v) ∈ E ⇒ (m(u), m(v)) ∈ E ′ �

9iC:Q
∀(u, v) ∈ (V × V ) − E, m(u, v) = ∅
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∀(u, v) ∈ V × V, (u, v) 6∈ E ⇒
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v

9<C:Q
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eG
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G′′ 9<C:Q G′ ?B;
A8økí:9iH§=zE

0
ö

�!�
�
⇒
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∀v ∈ V, |m(v)| = 1
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∀v ∈ V, |m(v)| ≤ 1
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∀(u, v) ∈ E, |m(u, v)| = 1
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G′ J�;@E ∀(u, v) ∈ V ×
V, (u, v) ∈ E ⇒ (m(u), m(v)) ∈ E ′ ö � ?BC:9iHBHIëGJ ∀(u, v) ∈ (V × V ) − E, m(u, v) = ∅
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∀(u, v) ∈ V × V, (u, v) ∈ E ⇔ (m(u), m(v)) ∈ E ′ 9iC:Q G
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Gp = (Vp, Op, Ep, Fp)
÷�M:A�FzA

(Vp, Ep)
?B;

9ÃñGFz9<ìOM�J
Op ⊆ Vp

?B;%=zMOA�;>A�=
E<î:E<ìO=@?BE<C:9<HkC:E6QOA8;
9iC:Q
Fp ⊆ (Vp×Vp)−Ep
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Eiî
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m
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Gp = (Vp, Op, Ep, Fp)

9iC:QÚ9¼=,9iFzñ<A�=�ñ<F,9iì:M
Gt = (Vt, Et)

?P;�9
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m ⊆ Vp × Vt

;>íLW,M�=zM:9�=._
�<ö

∀v ∈ Vp − Op, |m(v)| = 1�Tö
∀u, v ∈ Vp, |m(u)| = 1 ∧ |m(v)| = 1 ∧ (u, v) ∈ Ep ⇒ (m(u), m(v)) ∈ Et�Oö
∀u, v ∈ Vp, |m(u)| = 1 ∧ |m(v)| = 1 ∧ (u, v) ∈ Fp → (m(u), m(v)) 6∈ Et
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Gp

9iCLQµ=@M:A�ñ<F,9iìOM
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(u, v)
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é�9i=zW,MOAfQÿ=zEÕ9êW�E<í:ìOHIA�EiîÃïGA�F@=@?PW�Af;

(u′, v′)
Eiî

G′ ÷�MO?BW,M·?B;c9iC·A8QTñGA�E<î Gt

�2�:ö �a��EGF
?B;�C:Ei=Ãéµ9�=,W,MOA8Q�9i=�9iHBH�?Iî
EGCOA�Eiî
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G = (Vp, Ep ∪Fp)9iC:Q
G′ = (Vt, E

′ = Vt×Vt)
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1 ∀v ∈ Vp − Op, ∀sv ⊆ Vt, δ
agm
v (v, sv) = 0
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|sv| = 1
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2 ∀v ∈ Op, ∀sv ⊆ Vt, δ
agm
v (v, sv) = 0
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3.1 ∀(u, v) ∈ Ep, ∀se ⊆ Vt × Vt, δ
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eGt

(u, v, se) = 0
?Iî

se = ∅
3.2 0

?Iî
se = {(u′, v′)} ∧ (u′, v′) ∈ Et
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4 ∀(u, v) ∈ Fp, ∀se ⊆ E′, δagm
eGt

(u, v, se) = 0
?Iî

se = {(u′, v′)} ∧ (u′, v′) 6∈ Et
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6 ∀(u, v) ∈ E′, ∀se ⊆ Ep ∪ Fp, δ
agm
eGt

(u, v, se) = 0
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|se| ≤ 1

+∞
E<=@MOA8F@÷�?P;>A

� (8; � #�;�* �V��� ûJIhý�H K�H<K
� � W�Y�SGûJQ K�NVý ��K�N N¢ý�WXH �MW�K
���
Gp = (Vp, Op, Ep, Fp)

þ K6N[K�WXZ
�Gý�NV�MWTK����

Gt = (Vt, Et)
K�H � KPQ K�� �§ûJH��

m ⊆ V ×V ′ þ8N �Oý N	� Y ��Y�LJL Y
�¿ûJH�� �5W�Y
�Oý�WXNªûÁý��
K�W@ýcý���FTûJI�K�LIý�H�N 


� ü
m
û � K ��YMLRF'N[û2Y�H Y �PN �Oý K�� � W�Y�SGûJQ K�NVý �XF��\�
W�K�����Q KMN\U
�6ûJH=� � W�Y ��LIý�Q �,ý�N	�\ý,ý�HGN �Oý

K�� �5W�Y�S<ûJQ K�NVý���K�N N¢ý�WXHE�
W�K
���
Gp = (Vp, Op, Ep, Fp)

K�H��$N �:ý N[K�W �Gý�N �MW�K
���
Gt =

(Vt, Et)� üAN �:ý ��û �XN[K�H5U,ý
δagm
Gt

=< δagm
v , δagm

eGt
,⊗P >

ûJH �MF�Uzý
� ��� N �Oý Q K�N[U��TûJH��
m

�,ý�N	�\ý,ý�H
N �:ý �
W�K
��� �

G = (Vp, Ep ∪ Fp)
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G′ = (Vt, Vt × Vt)
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∀v ∈ Vp − Op, |m(v)| = 1
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∀v ∈ Vt, |m(v)| ≤ 1
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∀v ∈ Vp − Op, |m(v)| = 1
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∀(u, v) ∈ Ep, (m(u) 6= ∅ ∧ m(v) 6= ∅) ⇒ (m(u, v) = {(u′, v′)} ∧ (u′, v′) ∈ Et)9iC:Qµ9G;\9�W�E<C:;@A8økíOA8C:W�AGJ
m
FzA8;@ì¨A8W.=,;¿=zMOA�W�E<C:QT?I=@?BE<C �:ö � ?BC:9iHBHIëGJ

∀(u, v) ∈ Fp, (m(u) 6=
∅ ∧ m(v) 6= ∅) ⇒ (m(u, v) = {(u′, v′)} ∧ (u′, v′) 6∈ Et)

9<C:Q¼9G;"9¹W�E<C:;@A8økíOA8C:W�AGJ
m
FzA8;@ì¨A8W.=,;�=zMOADW�EGC:QT?I=@?BE<C�
Ô9iC:Q

m
?B;�9Ó;@E<HBíT=z?IEGC³EiîÃ=@MOA�9iìOì:F@E	�T?Bé�9i=@A�;@íO7OñGFz9<ìOM

é�9i=zW,MO?BCOñ�ìOFzE<7OHBA�é�ö

�V�	� 	 #.#�� # , ���!;a#�%:1 , 3 #�%'&0(9* %',�-	(0/2103

è C"=zMO?B;
;@íO7:;@A8W�=@?BE<C"÷�A�;>MOE�÷ÿM:E�÷ÿ=@E/é�E6QOA�H6A�FzF@EGF$=zE<HBA�F,9iCk=�ñGFz9<ìOM�éµ9�=,W,MO?BCOñ�ì:F@EG7OHIA8éµ;
9<;�ñ<F,9iìOM�QT?P;>=z9iCLW�A\é�Af9<;@íOF@Af;�ö � EGF%9<HIHG=@MOAf;>A�ìOFzE<7OHBA�éµ;8J�÷�AN9<F@ANHIE6E
D6?BCOñ�îÑEGF%9ÃíOCO?Bïh9<HIA8Ck=
é�9i=zW,MO?BCOñ�7¨A�=r÷�A�A�C�=zMOA�ï<A8F>=z?BW�A8;�Eiî�=r÷NE�ñGFz9<ìOM:;8öOùÃ;�9µW�EGC:;@A8økíOA�CLW�A<Jk=zMOA�ï<A8F>=zA���9<C:Q
A8QTñGA/QT?P;>=z9iCLW�A�îÑíOC:W.=z?IEGC:;�9iFzA�W,MOEk;>A8CÉ?BC�;@í:W,M�9"÷�9hëc=zM:9�=�9�C:E<C�í:CO?Iï�9<HIA8CG=�éµ9�=,W,MO?BCOñ
9iHB÷�9hëT;cñ<?Bï<Af;µ9iC ?ICOð:CO?I=@ADì¨EG;@?w=z?IïGA¹QT?B;>=z9<C:W�AGö � í:F>=zMOA�Fzé�E<FzA<J
=@M:A8;@ADìOF@EG7OHBA�éµ;�7LA8?IC:ñ
E<ìT=z?Ié�?��89�=z?IEGCÓìOFzE<7:HIA8é�;8JL=@MOA�E<7OòrA8W.=z?IïGA"?P;29iHB÷�9hëT;�=zE�ð:C:QD=zMOA�éµ9�=zW,M:?ICOñ�ñ<?Bï6?ICOñ�=@M:A
HIE�÷�A�F�QT?P;r=,9iC:W�A<ö
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� W�Y ��LIý�Q �<ý�� HLûJNªû2YMH¨ü �/?IïGA�C�=r÷�EcñGFz9<ìOM:;
G
9iCLQ

G′ =@M:A�éµ9��T?Ié0íOé1W�E<é�é�E<C�ì:9<F>=z?B9<H
;>íO7:ñ<F,9iìOMÉì:F@EG7OHIA8éúW�E<CL;>?P;r=,;\?BCÉðLC:QT?BCOñ�=zMOA/;@?���A/Eiî�=zMOA�HP9iFzñ<Af;r=Nì:9iF@=@?P9iH§;>í:7Oñ<F,9iìOM

G′′
Eiî

G
=zM:9�=2?P;�?P;@E<é�E<FzìOMO?PW2=@E�9�ì:9iF@=@?P9iH
;>í:7Oñ<F,9iìOMDE<î

G′ ö � E<F/=@M:?B;/ìOFzE<7OHBA�é�JL=@MOA�;@? �8A
Eiî�9�ñ<F,9iì:M

G = (V, E)
?P;2QTA�ð:C:A8Qê76ë�=@MOA�C6íOé"7¨A�F�E<îN?I=z;2ïGA�F@=@?PW�A8;29<C:Q¹AfQTñ<Af;�J
ûÁü×ýfüBJ

|G| = |V | + |E|
ö � MOAÉéµ9M�6?Bé"í:é'W�E<é�é�E<CÔì:9<F>=z?B9<HN;@íO7Oñ<F,9iì:Mêì:F@EG7OHIA8é ?P;0í:;>AfQê=@E

øGíL9iCk=@?IîÑëµ=@M:A/?BCk=@A8Fz;@A8W�=@?BE<C�Eiî$=r÷�Ecñ<F,9iìOM:;�9iCLQÉ=zMOA�FzA�îÑEGF@AGJT?w=�W�9<C�7¨A2í:;@A8Q�=@EµQTA�ðLCOA�9
ñ<F,9iìOMµ;@?Ié�?BHB9<F@?I=rë"é�A89G;>í:F@AGö è C:QTA8A8Q�J<=@MOAÃ;@?Béc?BHP9iFz?w=rë0Eiî§=r÷NE"E<7TòrAfW.=z;

a
9iCLQ

b
?B;\í:;>íL9iHBHIë

QTA�ð:C:A8Q�9<;
size(a ∩ b)/size(a + b)

ó ���OJT�a�hõ¢ö

� ý�K&��F'Wzý �<ý�� H:ûJN[û2Y�H§ü �ÕANCOA�AfQ/=@E�íL;>AÅïGA�F@=@A��/9iCLQ2A8QTñGA\QT?P;r=,9iC:W�A¿îÑíOC:W�=@?BE<C:;�îÑE<Fz7O?BQ:QT?IC:ñ
é"íOHI=@?Bï�9iHBA�Ck="éµ9�=,W,MO?IC:ñD÷�MO?IHBAµA�CLW�E<í:Fz9<ñ<?BCOñ�ïGA�F@=@?PW�Af;�9iC:QêAfQTñ<Af;�Eiî

G
9iC:Q

G′ =zE¹7¨A
HI?BC:D<AfQ�ö�ù�;"9¹W�E<C:;@A8økíOA8C:W�AGJ�=@M:A�ï<A8F>=zA��Ô9iC:QÔAfQTñ<A�QO?B;>=z9<C:W�AµîÑí:C:W.=z?IEGC:;�é0í:;r=cF@A�=@íOFzC
+∞
?wî
=@M:A�A�HBA�é�A�Ck=�?P;�éµ9�=,W,MOA8Q�=@E�écEGF@A/=zM:9iCDEGCOA�A�HBA�é�A�Ck=fJ

1
?wî¿?I=Ã?P;�COEi=�éµ9i=zW,MOAfQ

9iC:Q
0
?B;�=zMOA�A�HBA�é�A8CG=�?P;�éµ9�=,W,MOA8Q�=@EµA��T9GW.=zHIëÉEGCOA2A�HBA�é�A�Ck=fJ�ûÁü×ý8ü�_

∀v ∈ V ∪ V ′, ∀sv ⊆ V ∪ V ′, δmcps
v (v, sv) = 1 − |sv |

?Iî
|sv| ≤ 1

+∞
E<=@MOA8F@÷�?P;>A

∀(u, v) ∈ E ∪ E′, ∀se ⊆ E ∪ E′, δmcps
e (u, v, se) = 1 − |se|

?wî
|se| ≤ 1

+∞
E<=@MOA8F@÷�?P;>A

� (8; � #�;�*�� ��� ûJIhý�HGN�� Y �
W�K
��� �
G = (V, E)

KMH �
G′ = (V ′, E′)

þ KMH � K$Q K
� �§ûJH��
m ⊆ V × V ′ þ N �Oý N�� Y ��Y�LJL Y
�¿ûJH�� �5WTY��:ý�WXN[ûÁý��PKMW@ýcý ��FTûJI�K�LIý�H�N 


� ü
m
û � K Q K
� �¨ûJH=�$N ��K�N Q0ûJHLûJQ0û��fý�� N �Oý ��û �XN[K�H Uzý

δmcps =< δmcps
v , δmcps

e ,⊗P >



� üAN �:ý �XF��\�
W�K����
Gm

Y �
G
ûJH �MF�Uzý
� � � N �Oý Q KMN\U
�6ûJH=�

m
û � K Q K�SGûJQPF'Q UTYMQPQ Y�H

�:KMWXNªû2KML��XF��\�MWTK����<Y �
G

KMH �
G′

� W�Y.Y ��ü � MOA¹ìOFzE6Eiî2?B;ÉQOA8W�EGé�ìLEk;>AfQ·?BCk=@Eÿ=r÷�Eÿ;r=zA�ì:;8J\÷�A�ð:F,;r=�;>MOE�÷Ë=@M:9i=ÉîÑE<F�A�ï<A8F@ë
é�9i=zW,MO?BCOñ

m ⊆ V × V ′ ;@í:W,Mµ=@ML9�= δmcps
m (G, G′) = d 6= +∞

JG=zMOA/?IC:QOí:W�AfQ�;@íO7Oñ<F,9iì:M
Gm

E<î
G
?P;%9�W�EGécé�EGC�ì:9iF@=@?P9iHk;>í:7Oñ<F,9iìOM"Eiî

G
9iCLQ

G′ 9iC:Q |Gm| = (|G|+|G′|−d)/2
ö

è CÕ9�;@A8W�E<C:QÕ;r=zA�ì�J§÷�A0;@MOE�÷ =@ML9�=8J§?Iî\=zMOA�FzA"A��6?P;>=z;29�;@íO7OñGFz9<ìOM
G′′ Eiî G ?P;@E<é�E<FzìOMO?PW=@E�9Éì:9iF@=@?P9iH%;>íO7:ñ<F,9iìOMDE<î

G′ JL=@MOA8C�J¨÷NA"W89iCDðLC:Q¹9µéµ9�=,W,MO?BCOñ m
M:9hï6?ICOñ�9ÉQT?P;r=,9iC:W�A

d
AføGíL9iH�=zE

|G| + |G′| − 2 ∗ |G′′|
9iC:Q¹;@í:W,M�=zM:9�=

G′′ = Gm

J:=zMOA0;@íO7OñGFz9<ìOM�?ICLQTí:W�AfQ
7kë�=zMOA0éµ9<ìOìO?BCOñ

m
ö � M:A�C�J�9<;�÷�A"ìOFzE�ï<A2=zM:9�=2A89GW,MÓW�EGécé�EGC¹ì:9iF@=@?P9iH%;>í:7Oñ<F,9iìOM

G′′
W�E<FzFzA8;@ìLEGC:QO;N=@Eµ9céµ9iìOìO?BCOñ�?BC:QTí:W�?ICOñÉ9cCOEGC�?BCTð:C:?w=zA�QT?B;>=z9<C:W�A�?BC6ï<A8Fz;@AÃ=zEc=@MOA�;@? �8A2Eiî
G′′ �Á9iCLQ�FzA�ïGA�F,;>A8HIë:��JG=zMOA�ìOFzE<ì¨A�F@=rëµMOE<HPQO;8ö

δmcps
m (G, G′) = d < +∞ ⇒ Gm

?B;09ÓW�EGé�écEGC¼;>í:7Oñ<F,9iìOMÔE<î
G
9iC:Q

G′ ;@í:W,M
=@M:9i=

|Gm| = (|G| + |G′| − d)/2
ö��/?Bï<A�C�=@M:A/ïGA�F@=@A���9iC:Q�A8QTñGA2QO?B;>=z9<C:W�A�îÑíOC:W�=@?BE<C:;8JO?Iî

δmcps
m (G, G′) < +∞

=@M:A�C
m
?P;Ã9Éí:CO?Iï�9<HIA8CG=/éµ9�=zW,M:?ICOñ �Ñ7¨A8W�9<í:;@A09iHBH$C:E<C¹íOC:?Iï�9iHBA�Ck=

é�9i=zW,MO?BCOñk;$ñG?IïGAN9iC"?ICTðLCO?w=zA�QT?B;>=z9<C:W�A	�.ö � ë�QTA�ð:C:?w=z?IEGC�Jh=@MOA�;@íO7Oñ<F,9iì:M Gm = (Vm, Em)Eiî
G
?BC:QTí:W�A8Qµ76ë

m
?P;N9�ìL9iF@=@?P9iHL;@íO7OñGFz9<ìOMµEiî

G
9<C:Q�=@M:A�;@íO7Oñ<F,9iì:M

G′
m = (V ′

m, E′
m)Eiî

G′ ?BC:QTí:W�A8Q 76ë m
?B;�9³ì:9iF@=@?P9iH2;>í:7Oñ<F,9iìOM Eiî

G′ ö �/?IïGA�CÒ=zMOAÿQTA�ð:C:?w=z?IEGC Eiî"9<C
?IC:QOí:W�AfQD;>íO7:ñ<F,9iìOMD9iCLQ DkC:E�÷�?ICOñ�=zM:9�=Ã=@MOA0é�9<ìOìO?BCOñµ?P;�íOCO?Bï�9iHBA�Ck=8J:=@MOA0éµ9�=zW,M:?ICOñ

m?B;�9�7O? òrA8W�=@?Bï<A�éµ9�=zW,M:?ICOñ�7¨A�=r÷�A�A8CÓ=zMOAµï<A8F>=z?BW�A8;/Eiî
Gm

9iC:Q
G′

m

;@í:W,MÓ=zM:9�=
(u, v) ∈

Em ⇔ (m(u), m(v)) ∈ E′
m

ö§ùÃ;Ã9�W�EGC:;>AføkíOA�C:W�A<J
Gm

9<C:Q
G′

m

9iFzA�?B;@E<é�EGF@ìOM:?BW�9<C:Q
Gm

?P;�9"W�E<é�é�E<CÉì:9<F>=z?B9<H¨;@íO7OñGFz9<ìOMµEiî�7LE<=@M
G
9iC:Q

G′ ö:�/?Bï<A�CÉ=@MOA/ï<A8F>=zA��É9iC:Q�A8QTñGA
QT?B;>=z9<C:W�A�îÑíOC:W.=z?IEGC:;8J<?Iî

δmcps
m (G, G′) = d < +∞

=zMOA�C
d = |G|+ |G′|− |Gm|− |G′

m|
ö

ùÃ;
Gm

9iC:Q
G′

m

9iFzA"?P;>EGé�E<FzìOMO?PWiJL=@MOA8C
|Gm| = |G′

m|
ö§ù�;�9�W�E<C:;@A8økíOA8C:W�AGJ

|Gm| =
(|G| + |G′| − d)/2

9iC:Q�=@M:A�ìOF@EGìLA8F>=rëµM:E<HPQO;�ö
G′′ ?B;Å92W�E<é�é�E<Cµ;>í:7Oñ<F,9iìOM0Eiî G 9<C:Q G′ ⇒ ∃m

;@í:W,Mc=@ML9�=
δmcps
m (G, G′) = |G|+

|G′| − 2 ∗ |G′′|
9iCLQ

G′′ = Gm

ö è î�=@M:A�FzA�A��6?P;>=z;\90W�EGécé�EGC�;>í:7Oñ<F,9iìOM
G′′ = (V ′′, E′′)Eiî

G = (V, E)
9iC:Q

G′ = (V ′, E′)
J�=@MOA8C�J�76ëÿQTA�ð:CO?I=@?BE<C¼E<îÃ9ÓW�EGé�écEGC¼;>í:7Oñ<F,9iìOM$J

=@MOA8F@ADA��6?P;>=z;É9i=ÉHIAf9<;>=�EGCOADñ<F,9iì:M
G′′′ = (V ′′′ ⊆ V ′, E′′′ ⊆ E′)

9<C:Q 9Ô7O? òrAfW.=z?IïGA
é�9i=zW,MO?BCOñ

m ⊆ V ′′ × V ′′′ ;@í:W,Mÿ=zM:9�= (u, v) ∈ E′′ ⇔ (m(u), m(v)) ∈ E′′′ ö
ùÃ;c9
W�E<CL;>AføGí:A�C:W�A<JL=@MOA�éµ9�=,W,MO?IC:ñ

m
?P;/;@í:W,MÓ=@M:9i=

∀v ∈ V ′′ ∪ V ′′′, |m(v)| = 1
�Á7LAfW�9iíL;>A

m
?P;�9ÿ7:? òrAfW.=@?Bï<AÓé�9i=zW,MO?BCOñ=�.J

∀(u, v) ∈ E′′ ∪ E′′′, |m(u, v)| = 1
�Ñ7¨A8W�9<í:;@A

m
?P;

;>í:W,M·=@ML9�=
(u, v) ∈ E′′ ⇔ (m(u), m(v)) ∈ E′′′ ö � íOF@=@MOA8F@é�E<FzA<J
76ë³QTA�ð:CO?I=@?BE<C�J m?B;�;>íLW,M =@ML9�=

∀v ∈ V − V ′′, m(v) = ∅
J
∀v ∈ V ′ − V ′′′, m(v) = ∅

J
∀(u, v) ∈

E − E′′, m(u, v) = ∅
9iCLQ

∀(u, v) ∈ E′ − E′′′, m(u, v) = ∅
ö%ù�;c9ÕW�EGC:;>AføkíOA�C:W�A<J

δmcps
m (G, G′) = |G| + |G′| − |G′′| − |G′′′|

ö
G′′ 9iC:Q G′′′ 9iFzA�?P;>EGé�E<FzìOMO?PWiJT;>ELJ |G′′| =

|G′′′|
9iC:Q

δmcps
m (G, G′) = |G| + |G′| − 2 ∗ |G′′|

ö � MOA�ìOFzE<ì¨A�F@=rëµMOE<HPQO;8ö
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� W�Y ��LIý�Q �<ý�� HLûJNªû2YMH¨üB�/?Bï<A8Cµ=r÷NE�ñGFz9<ìOM:;
G
9iC:Q

G′ =@M:AÃéµ9��T?Bé"íOé W�EGécé�EGCÉ?ICLQTí:W�AfQ
;>íO7:ñ<F,9iìOM¼ì:F@EG7OHIA8é W�E<CL;>?P;r=,;c?IC³ð:C:QT?BCOñÕ=@MOA�=@M:A�HP9iFzñ<Af;r=c?IC:QOí:W�AfQ³;@íO7Oñ<F,9iì:M

G′′ Eiî
G
=@ML9�=�?B;/?P;>EGé�E<FzìOMO?PW�=zE�9<CÓ?BC:QTí:W�A8Qê;>íO7:ñ<F,9iìOMÕEiî

G′ ö � EGFÃ=zMO?P;2ìOF@EG7OHBA�é�J¨=@MOAµ;@? �8A
EiîN9�ñ<F,9iìOM

G = (V, E)
?P;2QTA�ð:C:A8QÕ7kë�=zMOAcCkí:é"7¨A�F2Eiî\?I=z;2ïGA�F@=@?PW�Af;�J%ûÁü×ý8üBJ

|G| = |V |
ö

ùÃ;µ=zMOA¹éµ9��T?Bé"íOé W�EGé�écEGC ì:9iF@=@?P9iHÃ;@íO7OñGFz9<ìOM�J¿=zMOAÓéµ9M�6?Bé"í:é
W�EGé�écEGCÒ?ICLQTí:W�AfQ
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QT?B;>=z9<C:W�A�é�A89G;>íOFzA<Jh÷�ANC:A�A8Q"=@E/í:;@A�ï<A�F@=@A���9iC:Q0A8QTñGA�QO?B;>=z9<C:W�ANîÑíOC:W�=@?BE<C:;
A8C:W�EGíOFz9<ñ<?BCOñ
ï<A�F@=@?PW�Af;
Eiî

G
=@E�7¨A�HB?IC:DGA8Qc÷�MO?BHIA�îÑEGF@7:?BQOQO?ICOñ�éµ9i=zW,MO?BCOñ2=@ML9�=NQTE6Af;¿COEi=\W�E<FzF@Af;>ì¨E<C:Q"=@E

W�E<é�é�E<C�?BC:QTí:W�A8QD;@íO7OñGFz9<ìOM�ö:46ELJ:;>?Bé�?IHP9iFzHBëÉ=@E�=zMOA�?BC:QTí:W�A8QD;@íO7OñGFz9<ìOM�?P;@E<é�E<FzìOMO?P;>é
ìOF@EG7OHBA�é�Ji=zMOA�AfQTñ<A�QT?B;>=z9<C:W�AÃîÑíOC:W�=@?BE<CÉé0í:;r=�W,MOA8W�D�9�W�E<C:;>=@F,9i?BCk= �Á9<C:QÉ;@E�7LA/QTA�ðLCOA8Q��
îÑE<F
A89GW,M"W�EGíOìOHBANE<î:ï<A8F>=z?BW�A8;�Eiî:7¨Ei=zM�=@M:A�ñGFz9<ìOM:;8ö8ù�;¿9ÃW�EGC:;@A8økíOA�CLW�A<JhW�EGé�ìOHIA�=@A�ñ<F,9iìOML;
é"í:;>="7¨A�W�EGécìL9iFzA8Q�ö � M:Aµï<A�F@=@A��êQT?P;>=z9iCLW�AµîÑíOCLW.=@?BE<CÿA8C:W�EGíOF,9iñ<Af;�=@MOAÉïGA�F@=@?PW�Af;�Eiî

G=@Ec7LA2éµ9�=,W,MOA8Q � �.��9<C:Qµ=zMOA2A8QTñGA/QT?P;>=z9iCLW�A�îÑíOC:W.=z?IEGC�FzA�=zíOFzC:;
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G1
�rûÁü×ýfüBJ

∀v ∈
V2, |m(v)| = 1

�.ö � ?BC:9<HIHBë<J�;@E<é�AµW�EGíOìOHBA8;2Eiî�ï<A8F>=z?BW�A8;2W�9<COCOE<=27¨AÉéµ9�=,W,MOA8QÓ=@EGñ<A�=@MOA8F8ö
�/?IïGA�C�9iC6ë�é�9i=zW,MO?BCOñ�=zM:9�=%F@Af;>ì¨A8W�=z;§=zMOA8;@A\W�EGC:;>=@F,9i?BCG=,;�J�9Ã;>?Bé�?IHP9iFz?w=rë�é�A89<;@íOFzA

sim[6]m?B;�W�E<é�ìOíO=@A8Q ÷�?w=zM F@Af;>ì¨A8W�=É=@E·9ÿï<A8F>=zA��Ò9iC:QÒ9<CÒA8QTñGAÓ;>?Bé�?IHP9iFz?I=rë³îÑíOCLW.=@?BE<C
smv :

V1 × V2 → [0, 1]
9iC:Q

sme : E1 × E2 → [0, 1]
9G;�îÑE<HBHIE�÷�;�_

sim[6]m =

∑

(u,v)∈m

smv(u, v)

|V1|.|V2|
+

∑

(u,v)∈(V1×V2)−m

1 − smv(u, v)

|V1|.|V2|
+

∑

((u,u′),(v,v′))∈E1×E2,{(u,v),(u′,v′)}∈m

sme((u, u′), (v, v′))

|E1|.|E2|
+

∑

((u,u′),(v,v′))∈E1×E2,{(u,v),(u′,v′)}6∈m

1 − sme((u, u′), (v, v′))

|E1|.|E2|

� ý�K&��F'Wzý �<ý�� HLûJNªû2YMH¨ü � ë¼ìOFzE<ì¨A�FzHBë³W,MOE6EG;@?IC:ñÓï<A8F>=zA��·9<C:Q·A8QTñGA�QO?B;>=z9<C:W�A�îÑíOC:W�=@?BE<C:;
δv

9iCLQ
δe

J%÷�A�W�9<C¼é�ETQTA�H�=@M:A�;@?Ié�?BHB9<F@?I=rëÔEiî � E6A�FzA8;"9<C:Q¼9<Hªö
9<;c9¹ñGFz9<ìOM¼QT?P;r=,9iC:W�AécAf9<;@íOFzA<ö � MOA�ïGA�F@=@A���QT?P;r=,9iC:W�A�îÑí:C:W.=z?IEGCDF@A�=@íOFzC:;
+∞
÷�MOA8C�=@MOA�éµ9�=,W,MO?BCOñµï6?IEGHB9i=@A8;

90W�E<C:;>=@F,9i?BCk=�9<C:Q�7¨Ei=zM�=zMOA2ï<A8F>=zA���9iCLQÉA8QOñ<A�QT?P;r=,9iC:W�AÃîÑíOCLW.=@?BE<C�FzA�ìOFzETQTí:W�A�=@M:A2;@?Bé0S
?IHP9iFz?w=rë�é�9i=@Fz?BW�A8;

smv

9iC:Q
sme

ö:UDE<FzA/îÑE<Fzéµ9iHBHIë _

G1































∀v ∈ V1, ∀sv ⊆ V2, δ
nbgm
v (v, sv) =

∑

v′∈sv
1− smv(v, v′)

+
∑

v′∈V2−sv
smv(v, v′)?Iî

connected(v, sv)
+∞
E<=@MOA8F@÷�?P;@A

∀(u, v) ∈ E1, ∀se ⊆ E2, δ
nbgm
e ((u, v), se) =

∑

(u′,v′)∈se
1 − sme((u, v), (u′, v′))

+
∑

(u′,v′)∈E2−se
sme((u, v), (u′, v′))



G2







∀v ∈ V2, ∀sv ⊆ V1, δ
nbgm
v (v, sv) = 0

?Iî
allowed(v, sv)

+∞
E<=@MOA8F@÷�?P;>A

∀(u′, v′) ∈ E2, ∀se ⊆ E1, δ
nbgm
e ((u′, v′), se) = 0

÷�MOA�FzA
connected

9<C:Q
allowed

9<F@A�=r÷NEÓîÑíOC:W�=@?BE<C:;c?BCG=zF@ETQTíLW�A8Q¼=@EÔW,MOA8W�Dê=zMOADW�E<COS
;r=zFz9<?ICk=z;8ö

connected
?B;�9�îÑí:C:W.=z?IEGCÿF@A�=@íOFzCO?BCOñ

+∞
÷�MOA�Cÿ9�ïGA�F@=@A��êEiî�=@MOA�écETQTA8HÅ?P;

COEi=µéµ9�=,W,MOA8Q·E<F�÷�MOA8C ?I=µ?B;�éµ9i=zW,MOAfQ¼=zEÔ9êCOEGCTSVW�E<C:COA8W�=@A8Q·;>A�=µEiî�ïGA�F@=@?PW�Af;c9<C:Q
0Ei=@M:A�Fz÷�?B;@A<ö

allowed
?B;N9/îÑíOC:W�=@?BE<CµFzA�=@í:F@CO?BCOñ

+∞
÷�MOA8CÉ92ï<A8F>=zA��0E<î§=@MOA�?Béµ9iñGA�?P;ÅC:Ei=

é�9i=zW,MOAfQÉ=zEµE<COHBëÉEGCOA�9iHBHIE�÷�A8Q�ï<A�F@=@A���Eiî�=@MOA�é�ETQTA8H$9iC:Q
0
Ei=zMOA�Fz÷�?P;>Aa_

∀v ∈ V1, ∀sv ⊆ V2, connected(v, sv) =
=@FzíOA�?Iî

sv

?B;�9cCOEGCTS¢A�é�ìT=rë�;@A�=�Eiî
W�E<C:COA8W�=@A8Q�ïGA�F@=@?PW�A8;
îÁ9iHP;@A�Ei=@M:A�Fz÷�?B;@A

∀v ∈ V2, ∀sv ⊆ V1, allowed(v, sv) =
=@FzíOA�?Iî

sv = {v′} ∧ (v, v′)
?B;Ã9iHBHIE�÷�A8Q

îÁ9iHP;@A�Ei=@M:A�Fz÷�?B;@A

� (8; � #�;�*�� ��� � N �:ý Q K�N[U
�6ûJH��
m

QcûJH:ûJQcû���ûJH�� N �Oý ��û �XN[K�H Uzý
δnbgm =< δnbgm

v , δnbgm
e ,⊗P >�iûJI�ý�� W.û ��ý N\Y K H5YMH�ZVûJH � H:ûJNVý ��û �XN[K�H Uzý�þ N �Oý�H

m
û � N �Oý Q K�N[U
�6ûJH�� N �:K�N Q K�SGûJQ0û��fý�� N �Oý

�,ûJQcûJL KMW.ûJN � Y � � Yfý�W@ý���ý�N)KMLIüVYMN �:ý�W �¿û ��ý�þ0N �Oý�W@ý �
Yfý�� H Y�N¿ý�SGû �XN]KAQ K�� �¨ûJH��6N �:KMN ��KMNªû � ��ý��
N �:ý ��K�W �EU�Y�H��XN W�K�ûJH N��AY � N �Oý �.ûJQ0ûJL�K�W.ûJN �EY � � Yfý�W@ý��"ý�NBK�LBü
� W�Y.Y ��ü �ÕA�W89iCcA89<;@?BHIë�ì:F@E�ïGAÅ=@ML9�=8Ji=@M:9<C:DT;%=@E2=@M:A�îÑíOC:W.=z?IEGC:;

connected
9<C:Q

allowed
J

=@MOA"QO?B;>=z9<C:W�A�7¨A�=r÷�A�A8C
G1
9iC:Q

G2
÷�?w=zMDF@Af;>ì¨A8W�=�=@E�9�éµ9�=,W,MO?BCOñ

m
?P;�A8økí:9<H�=@E

+∞?wîN9<C:QDEGCOHIë�?Iî
m
?B;/9Ééµ9�=,W,MO?BCOñÉ=zM:9�=2ï6?IEGHB9i=@A8;�9�=/HIAf9<;>=�E<C:A0W�EGC:;>=@F,9i?BCG=fö � ?BC:9iHBHIëGJL76ë

QTA8W�E<é�ìLEk;>?BCOñ0=@MOA2ïGA�F@=@A���9<C:QÉAfQTñ<A�QT?P;>=z9iCLW�A�îÑíOC:W.=z?IEGC:;8JT÷NA�W�9<C�ìOFzE�ï<AÃ=@M:9i=�=@MOA�QT?P;rS
=z9iCLW�A

δnbgm
?P;Å?BC6ï<A�F,;@AN=zE2=@MOA�;>?Bé�?IHP9iFz?w=rë"Eiî
ó �iõ¨9iCLQc9G;¿9�W�EGC:;>AføkíOA�C:W�A<J�=zMOA�éµ9�=,W,MO?BCOñ

éc?BCO?Bé�? �8?ICOñ�=zMOA�QT?P;r=,9iC:W�A
δnbgm

?B;�=zMOA�éµ9�=,W,MO?IC:ñ0=zM:9�=�éµ9M�6?Bé�? �8A8;�=zMOA�;>?Bé�?IHP9iFz?w=rë�Eiî
� E6A8F@Af;NA�=Ã9iH[ö

� �Òâ��
	 � �6ç 
 ç�� �
â:çVá
	 ã��	� � � 
 	�ç@à �¿à�ä�
�ã �@à�ã\à
�rÞ\Þ��

è C¹ó �<ô�õ¢J<÷�AÃ;@MOE�÷ =@M:9i=\=@M:A�;@?Ié�?BHB9<F@?I=rë0E<î�KNM:9ié�ìO?BC�9iCLQÉ46E<HBCOE<CÓó �a��õL?P;ÅñGA�COA8F@?PW�?BCµ=@M:A
;>A8C:;>A�=@ML9�=8J676ëµìOFzE<ì¨A�FzHIë�?BC:;>=z9iCLW�?P9�=@?BCOñ0ì:9iF,9ié�A�=zA�F,;ÅE<î�=@MO?P;�é�A89G;>íOFzA<Jk?I=�W89iC�7¨A/í:;>AfQ
=@E0;@E<HBï<A�9iHBH:=zMOA�ñGFz9<ìOMµéµ9�=,W,MO?IC:ñ�ìOFzE<7OHBA�éµ;NHI?P;r=zA8QÉ9<7LE�ïGA<ö è Cµ=@MO?P;�;>AfW.=z?IEGC�JG÷�A�7OFz?BA �:ë
ìOF@Af;>A8Ck=N=zMOA�ñ<F,9iìOM�;>?Bé�?IHP9iFz?w=rëµé�Af9<;@íOF@A/EiîÅKNM:9ié�ìO?BC�9iC:Q�46E<HBCOEGC�9iCLQ�÷�A�;>MOE�÷ =@M:9i=
=@MO?P;�é�A89G;>í:F@Aµ9iCLQÕEGíOF�ñ<F,9iì:MêQT?P;>=z9iCLW�Aµé�A89G;>íOFzAµ9iFzA�A8økíO?Bïh9<HIA8Ck=�?ICÔ=zMOAÉ;>A8C:;@A�=@M:9i=
=@MOA8ë�W�9<C�A��TìOF@Af;@;N=zMOA�;@9<é�A/ñGFz9<ìOM�é�9i=zW,MO?BCOñk;Nì:F@EG7OHIA8éµ;�ö

� �!� �E;��)10/ ,�/�� 1 � �B,�(0; 3 #�%'&0(94./2* /��2%:#	/2, 
 �����P(0%:*G&)/21 %:107 � � �21 � 1��!� ���
� MOA�écAf9<;@íOFzA0E<î�KNM:9<écì:?ICÔ9iC:QÔ46EGHICOEGCÕ?P;�QTA�ð:COA8QÓîÑE<F2é0íOHw=z?wS¢HP9i7¨A�HBHIAfQÕñGFz9<ìOM:;8J�ûÁü×ýfüBJ
ñ<F,9iìOM:;�÷�MOA�FzA�9DC:E<CTS¢A�é�ìT=rëÔ;>A�=0E<î�HB9<7LA8HB;"?B;c9<;z;>ETW�?B9i=@A8QÕ=zEÓA89GW,Mÿï<A8F>=zA��ê9<C:QÿAf9<W,M
A8QTñGA/E<î$=zMOA�ñ<F,9iìOML;�öTUDEGF@A�îÑE<Fzéµ9iHBHIëGJTñ<?Bï<A�C�9�;>A�=

LV

Eiî%ï<A�F@=@A���HP9i7¨A�HP;�9iC:Q�9�;>A�=
LEEiî�A8QTñGAµHB9<7LA8HB;8J�9�é0íOHI=@?IS[HP9i7¨A�HBHIAfQÔñ<F,9iìOM

G
?P;"QTA�ð:COA8QÔ76ëÔ9�=@íOì:HIA

G = 〈V, rV , rE〉;>í:W,M�=@ML9�=�_



` V
?B;�90ð:C:?w=zA�;>A�=�Eiî
ï<A�F@=@?PW�Af;�J

` rV ⊆ V ×LV

?P;�9"FzA�HP9�=z?IEGC�9<;z;@E6W�?B9i=@?BCOñ�HP9i7¨A�HP;N=@Ecï<A�F@=@?PW�Af;�J¨ûÁü×ýfüIþ
rV

?P;N=@MOA2;@A�=�Eiî
W�EGíOìOHBA8;

(vi, l)
;>íLW,M�=zM:9�=�ïGA�F@=@A��

vi

?B;�HP9i7¨A�HBA8Q�76ë
l
J

` rE ⊆ V × V ×LE

?B;�90F@A8HB9i=@?BE<C�9G;@;@ETW�?P9�=z?ICOñ0HB9<7LA8HB;�=zE0AfQTñ<Af;�J§ûÁü×ýfüIþ
rE

?B;�=zMOA�;>A�=
EiîÅ=zF@?BìOHBA8;

(vi, vj , l)
;>í:W,M¹=@M:9i=/AfQTñ<A

(vi, vj)
?B;�HP9i7¨A�HBA8Q¹76ë

l
ö ��E<=@A0=@M:9i=�=zMOA�;>A�=

E
Eiî�AfQTñ<Af;�Eiî%=@MOA�ñGFz9<ìOM�W89iC�7LA�QOA�ð:COAfQ�7kë

E = {(vi, vj)|∃l, (vi, vj , l) ∈ rE}
ö

� MOA�ð:F,;>=/;>=@A�ì¹îÑE<F/écAf9<;@íOFz?ICOñ�ñ<F,9iìOM¹;@?Ié�?BHB9<F@?I=rë�Eiî¿=r÷�EÉñ<F,9iìOML;
G = 〈V, rV , rE〉9iC:Q

G′ = 〈V ′, rV ′ , rE′〉
QTA�ð:COA8Q�E�ï<A8F¿=@MOA2;z9ié�A�;@A�=

LV

9iC:Q
LE

E<î�ï<A8F>=zA��É9iC:Q�A8QTñGA
HB9<7LA8HB;\?B;Å=@E�éµ9�=,W,M�=@MOA8?IFNï<A�F@=@?PW�Af;�ö � MOA�éµ9�=,W,MO?IC:ñ

m
W�EGC:;@?BQTA8F@AfQcMOA�FzA�?B;\é"íOHI=@?Bï�9iHBA�Ck=8J

ûÁü×ý8üBJ
m ⊆ V × V ′ ö
��C:W�A/9�é"í:Hw=z?Iï�9iHBA�Ck=�éµ9iìOìO?BCOñc?B;�QTA�ð:COA8Q�J6=@MOA/COA��6=�;r=zA�ì�?B;\=@Ec?BQOA�Ck=@?IîÑë�=@MOA2;@A�=�Eiî

îÑA89�=zíOFzA8;¿=zM:9�=�9iFzAÃW�E<é�é�E<C�=@E"=@MOAÃ=r÷NE0ñ<F,9iìOML;¿÷�?w=zM�FzA8;@ìLAfW.=Å=zE�=zMO?B;�éµ9�=,W,MO?BCOñ:ö � MO?B;
;>A�=cW�EGCk=z9i?BC:;�9<HIH\=@MOA�îÑA89i=@íOFzA8;�îÑF@EGé 7¨Ei=zM

G
9iC:Q

G′ ÷�MOEk;>A�ï<A�F@=@?PW�Af; �ÑFzA8;@ì�ö%A8QTñGA8;��
9iFzA�éµ9�=,W,MOA8Q�76ë

m
=@Eµ9�=�HIAf9<;>=�EGCOA2ï<A8F>=zA�� �ÑFzA8;@ì�öTA8QOñ<A.�Å=@ML9�=�M:9<;N=zMOA�;@9<écA�îÑA89i=@íOFzA<ö

UDE<FzA�îÑEGF@éµ9iHBHBë<JG=@MOA�;@A�=�Eiî$W�EGé�écEGCÉîÑAf9�=@í:F@Af;
Gum G′ J6÷�?w=zM�FzA8;@ìLAfW.=N=@E�9"éµ9�=,W,MO?BCOñ

m
JO?P;�QTA�ð:COA8Q�9G;�îÑE<HBHIE�÷�;�_

G um G′ =̇ {(v, l) ∈ rV |∃v′ ∈ m(v), (v′, l) ∈ rV ′}

∪ {(v′, l) ∈ rV ′ |∃v ∈ m(v′), (v, l) ∈ rV }

∪ {(vi, vj , l) ∈ rE |∃(v′i, v
′
j) ∈ m(vi, vj), (v

′
i, v

′
j , l) ∈ rE′}

∪ {(v′i, v
′
j , l) ∈ rE′ |∃(vi, vj) ∈ m(v′i, v

′
j), (vi, vj , l) ∈ rE}

�/?IïGA�C·9Õé"í:Hw=z?Iï�9iHBA�Ck=µéµ9�=,W,MO?IC:ñ
m
J¿÷NA�9iHP;@EÕM:9hïGA�=zEÕ?PQTA8CG=z?wîÑë¼=@MOAD;@A�=µEiî2;>ìOHB?I=

ï<A�F@=@?PW�Af;�J¨ûÁü×ýfüBJO=@M:A/;@A�=�Eiî�ï<A�F@=@?PW�Af;N=@M:9i=�9<F@A/éµ9�=zW,M:A8Qµ=zE0é�EGF@A�=@M:9<C�EGCOA�ïGA�F@=@A��§J6Af9<W,M
;>ìOHB?I=�ï<A�F@=@A��

v
7¨A�?BCOñÉ9<;z;>ETW�?B9i=@A8Q�÷�?w=zM�=@MOA�;@A�=

sv

E<î�?I=z;�éµ9<ìOìLAfQ�ï<A�F@=@?PW�Af;�_

splits(m) = {(v, m(v))|v ∈ V ∪ V ′, |m(v)| ≥ 2}

� MOA 4./2*�/��2%'#�/ , 
 E<î
G
9iC:Q

G′ ÷�?w=zMµF@Af;>ì¨A8W�=Å=@E"92éµ9<ìOìO?BCOñ m
?P;¿=zMOA�CÉQOA�ð:COAfQ�76ë5_

simm(G, G′) =
f(G um G′) − g(splits(m))

f(rV ∪ rE ∪ rV ′ ∪ rE′)

�2���

÷�MOA�FzA
f
9<C:Q

g
9iFzA�=r÷�EêîÑíOC:W�=@?BE<C:;�=zM:9�=�9iFzA�?BCk=@FzETQTí:W�AfQ·=@EÔ÷NA8?IñGMk=µîÑA89�=zíOFzA8;µ9iCLQ

;>ìOHB?I=z;8J:QTA�ì¨A�CLQT?IC:ñµE<C�=@MOA�W�E<C:;@?BQOA�FzA8Q�9<ìOìOHB?BW89�=z?IEGC�ö
� ?BC:9<HIHBë<J6=zMOA *�% � /2* % � 4./2*�/��2%'#�/ , 


sim(G, G′)
Eiî�=r÷NEcñ<F,9iìOML;

G
9iC:Q

G′ ?P;�=@M:A
MO?IñGMOA8;>=�;>?Bé�?IHP9iFz?I=rëÉ÷�?w=zM�F@Af;>ì¨A8W�=�=zEÉ9iHBH�ìLEk;@;@?B7OHIA2éµ9iì:ìO?IC:ñG;�_

sim(G, G′) = max
m⊆V ×V ′

f(G um G′) − g(splits(m))

f(rV ∪ rE ∪ rV ′ ∪ rE′)

� 
=�
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W�K
��� �,ûJQcûJL KMW.ûJN � Qµý�K �XF'W@ý Y ��� �:K�Q��¨ûJH K�H���� Y�LRH Y�H�� �<ý�� H§ý
�
� � N �:ý N�� Y ��F'H5U�N[û2Y�H��

f
K�H��

g � Y � N�� Y Q6F'LRNªûJZ[L�K �,ý�LJLBý��B�
W�K
��� � G1 = 〈V1, rV 1, rE1〉
K�H �

G2 = 〈V2, rV 2, rE2〉
�<ý�� H¨ý
� Y�I�ý�W N �Oý���K�Qµý ��ý�N��

LV

K�H��
LE

Y � I�ý�WXNVýTS KMH �Óý
���Gý
L K �,ý�L �,þAN �:ý�W@ýÕý�SGû �XN � K �iû ��N[K�H U,ý �Gý � H:ûJN[û2Y�H

δ =< δv, δe,⊗ >
�zý�N	�\ýzý�H9N	� Y �MWTK����
�

G′
1 = (V1, E1)

K�H��
G′

2 = (V2, E2)
�XF�U
� N ��K�N]N �Oý Q K�N[U��TûJH��

m
���6û2U
�$QcûJH:ûJQcû��8ý�� N �Oý

��û �XN\KMH5U,ý
δ
�,ý�N��\ý,ý�H

G′
1

KMH �
G′

2

û � N �Oý Q K�N[U��TûJH�� ���6û2U
�EQ K�SGûJQcû��8ý�� N �Oý��.ûJQcûJL K�W.ûJN � Y �
G1

K�H��
G2
ü

� W�Y.Y ��ü è C EGFzQOA�Fc=@EÔéµ9MDGA�=zMOA�ìOFzEkE<îrJ¿÷NA�ð:F,;>=µ;@MOE�÷Ë=@M:9i=�9Õé0íOHI=@?IS[HP9i7¨A�HBHIAfQ³ñGFz9<ìOM
G = 〈V, rV , rE〉

W�9iCÓ7LA0écETQTA8HIHBA8Q¹7këD9�ñ<F,9iìOM
G′ = (V, E)

÷�?w=zM¹=r÷�EµîÑíOC:W�=@?BE<C:;
lv9iC:Q

le
HP9i7¨A�HBHI?BCOñ�=zMOA�ï<A8F>=z?BW�A8;%9iC:Q�=@MOA�A8QTñGA8;�Eiî

G′ ö � MOA8C�J�÷NA�;>M:E�÷ÿ=@M:9i=%?I=
?B;%ì¨EG;z;>?B7OHBA
=@E�QOA�ð:COA"=@MOAcQT?P;r=,9iC:W�A�îÑíOC:W�=@?BE<C:;

δv

9<C:Q
δe

?ICÓ;@í:W,MÓ9É÷�9hë�=@M:9i=Ã=zMOAc9<F@ñGíOé�A�Ck=z;�Eiî
=@MOA/îÑíOC:W�=@?BE<C

⊗
W�EGCk=z9i?BC:;N=@M:A/éµ9i=zW,MO?BCOñ�QTE<COA �rûÁü×ýfüBJL9<HIH¨=zMOA2?ICTîÑEGF@éµ9i=@?BE<C�FzA8økíO?BF@AfQ�=@E

W�E<é�ìOíO=@AN=@MOA�9iFzñ<í:écA8Ck=z;�E<îO=@M:ANîÑí:C:W.=z?IEGC:;
f
9iC:Q

g
�.ö�ù�;%9/W�EGC:;@A8økíOA�CLW�A<J8=@M:ANîÑí:C:W.=z?IEGC

⊗
W�9<CÕW�EGé�ìOíT=@A0=@M:A�;z9ié�Acï�9iHBíOA"=zM:9iCÓ=@MOAcîÑíOCLW.=@?BE<CL;

f
9<C:Q

g
?BC¹=zMOAµ;>?Bé�?IHP9iFz?I=rë�E<î

KNM:9ié�ìO?BCD9iC:Q�46E<HBCOEGC�ö
� E<F�A89GW,MDé"íOHI=@?IS[HP9i7¨A�HBHBA8QDñGFz9<ìOM

G = 〈V, rV , rE〉
QTA�ð:C:A8Q¹E�ïGA�F�=zMOA0;@A�=,;

LV

9<C:Q
LE

E<îÃï<A8F>=zA��ÿ9iC:QÿAfQTñ<A�HB9<7LA8HB;8J%E<COA�W�9iC·QTA�ð:C:A�=zMOA�ñGFz9<ìOM
G′ = (V, E)

9<C:QÔ=r÷�E
HB9<7LA8HIHB?IC:ñ0îÑí:C:W.=z?IEGC:;�_
` E = {(u, v), ∃(u, v, l) ∈ rE}` lv : V → ℘(LV ), ∀v ∈ V, lv(v) = {l/(v, l) ∈ rV }
` le : E → ℘(LE), ∀(u, v) ∈ E, le(u, v) = {l/(u, v, l) ∈ rE}
��C:W�A/=@M:A�ñ<F,9iìOML;\=zEµ7LA0W�E<é�ì:9<F@AfQ�9<F@A�QTA�ð:COAfQ�J:EGCOA2COA�AfQO;�=@EÉQOA�ð:COA�=@MOA�ïGA�F@=@A��

9iC:QµAfQTñ<A2QT?P;r=,9iC:W�A�îÑíOCLW.=@?BE<CL;�ö � MOAf;>AÃîÑíOC:W.=z?IEGC:;�é"í:;>=NFzA�=zíOFzC�9"ï�9<HIíOA/W�EGF@FzA8;@ìLEGC:QT?BCOñ
=@E/=@MOA�éµ9i=zW,MO?BCOñ�QTE<C:A<öiUDEGF@ANîÑE<Fzéµ9iHBHIëGJi9<;�=@MOA�;@A�=¿E<î¨ïGA�F@=@?PW�A8;%?P;%ð:CO?I=@AGJi÷NA�W89iC�QTA�ð:C:A
9�7O? òrAfW.=z?IïGA�îÑíOC:W�=@?BE<C

num : ℘(V ′
2) → N

=@ML9�=�9G;@;@ETW�?P9�=@Af;�9�íOCO?PøkíOA�?ICk=zA�ñ<A8F�ï�9iHBíOA2=@E
A�ï<A8F@ëÉQO?��§A�FzA�Ck=�;>íO7L;>A�=�E<î�ïGA�F@=@?PW�A8;NEiî

G′
2

ö � M:A�îÑí:C:W.=z?IEGC
num
?B;�í:;@A8Q�76ëµ=@MOA2ïGA�F@=@A��

QT?B;>=z9<C:W�A"îÑíOC:W�=@?BE<C
δv

=@E�FzA�=zíOFzCD=@MOAc;>A�=�E<îÅï<A�F@=@?PW�Af;�E<î
G′

2

éµ9�=,W,MOA8QD=@E�Af9<W,MDïGA�F@=@A��
Eiî

G′
1

_

∀v ∈ V1, ∀sv ⊆ V2, δv(v, sv) = num(sv)

∀v ∈ V2, ∀sv ⊆ V1, δv(v, sv) = 0

∀(u, v) ∈ E1, ∀se ⊆ E2, δe((u, v), se) = 0

∀(u′, v′) ∈ E2, ∀se ⊆ E1, δe((u
′, v′), se) = 0

�Ò?w=zM�;@í:W,MD90îÑíOC:W�=@?BE<C
δv

JT=zMOA�;@A�=�Eiî%=@í:ìOHIAf;
S = {(u, δv(u, m(u)))/u ∈ V }

W89iC
7LA�í:;@A8Q�=zEcFzA8W�E<C:;>=@?I=@íO=@A/=@MOA�éµ9i=zW,MO?BCOñ

m
QTEGCOA
_

m = {(u, u′)/∃(u, d) ∈ S ∧ u′ ∈ num−1(d)}



� MOAÃ;@A�=
S
E<î§=@MOAf;>A�=zíOìOHBA8;N7LA8?IC:ñ"9�;@íO7:;@A�=NE<î�?w=,;N9<F@ñGíOé�A�Ck=z;8J�=@M:A�îÑíOC:W�=@?BE<C

⊗
W�9<C

7LAÃQOA�ð:COAfQ�?IC�;>í:W,Mµ9�÷�9hë�=zM:9�=
⊗
FzA8W�E<C:;>=@?I=@íT=zA8;
=zMOA�éµ9�=,W,MO?BCOñ

m
9iCLQµW�E<é�ìOíO=@A8;Å=@MOA

;>A�=z;
G um G′ 9iC:Q splits(m)

öOù�;�9�W�E<CL;>AføGí:A�C:W�A<J6=@M:A2îÑíOC:W.=z?IEGC
⊗
W�9<C�FzA8W�E<C:;>=@?I=@íO=@A

=@MOA�9<F@ñGíOé�A�Ck=z;�Eiî%=@M:A2îÑíOC:W.=z?IEGC:;
f
9iC:Q

g �
ö

� (8; � #�;�* ���V� � ûJI�ý�H K �iû ��N[K�H U,ý �Gý � H:ûJN[û2Y�H
δ =< δv, δe,⊗ >

�,ý�N��\ý,ý�H N�� YP�MWTK����
�
G1 = (V1, E1)

KMH �
G2 = (V2, E2)

þAN �Oý�W@ý¹ýTSGû �XN�� K �MWTK���� �.ûJQ0ûJL KMW.ûJN �GQµý�K �XF'W@ý Y �
����K�Q��¨ûJH K�H���� Y�LRH Y�H � �Gý � H¨ý
� ���AN �Oý N�� Y ��F'H5U�Nªû2YMH��

f
K�H��

g � Y �BN�� YAQPF'L�NªûJZ[L K �,ý�LJLIý
��MW�K
���
�
G′

1 = 〈V1, rV 1, rE1〉
K�H �

G′
2 = 〈V2, rV 2, rE2〉

�XF�U��GN ��K�N N �:ý$Q KMN\U
�6ûJH=�
m���6û2U
� QcûJH:ûJQcû��fý��AN �Oý ��û �XN[K�H Uzý

δ
�,ý�N��\ý,ý�H

G1 = (V1, E1)
K�H��

G2 = (V2, E2)
û �AN �Oý

Q KMN\U
�6ûJH=� ���Tû2U�� Q K�SGûJQ0û��fý�� N �:ý �.ûJQcûJL K�W.ûJN �$Y �
G′

1

K�H��
G′

2

ü
� W�Y.Y ��ü è C0EGFzQTA8F$=zE2é�9
D<A\=@MOA�ìOFzE6EiîrJh÷NA�;@MOE�÷ÿ=@ML9�=8J�76ë�ìOFzE<ì¨A�FzHBë�W,MOE6EG;@?ICOñÃ=@MOA�é0íOHw=z?wS
HB9<7LA8HIHBA8QÔñGFz9<ìOM:;

G1
9<C:Q

G2
=zEÓW�EGé�ì:9iFzA<J�=zMOA�;@A�=

G1 um G2
W�9<C¼W�EGCG=,9i?BCÿ9iHBHÅ=@M:A

?ICTîÑEGF@éµ9i=@?BE<C�F@AføkíO?IFzA8Q0=zE DkC:E�÷³=zMOA�éµ9�=,W,MO?IC:ñ
m
QTEGCOA<ö<ù�;\9�W�E<C:;@A8økíOA8C:W�AGJ�=@MOA�îÑíOC:W.S

=@?BE<C
f
=@ML9�="=,9MDGA8;�=zMO?P;0;@A�=�9<;�ìL9iF,9ié�A�=zA�F"W89iC³W�E<é�ìOíT=zAµ=@MOA�îÑíOC:W�=@?BE<C:;

δv

J
δe

9<C:Q
⊗
ö
�/?IïGA�Cÿ=r÷�EÓñGFz9<ìOM:;

G1 = (V1, E1)
9<C:Q

G2 = (V2, E2)
J
÷�A�QOA�ð:COA�=@M:A�é0íOHw=z?wS

HB9<7LA8HIHBA8Q�ñGFz9<ìOM:;
G′

1 = 〈V1, rV 1, rV 2〉
9<C:Q

G′
2 = 〈V2, rV 2, rE2〉

9iC:Qc=zMOA�;@A�=z;
LV

9<C:Q
LE

Eiî
ï<A�F@=@A���9iC:Q�AfQTñ<A2HP9i7¨A�HP;�;>í:W,M�=@ML9�=�_

LV = {(u, v), u ∈ V1, v ∈ V2} , LE = {le}

rV 1 = {(u, (u, v)), u ∈ V1, v ∈ V2} , rE1 = {(u, v, le), (u, v) ∈ E1}

rV 2 = {(v, (u, v)), u ∈ V1, v ∈ V2} , rE2 = {(u, v, le), (u, v) ∈ E2}
�Ò?w=zM�;>í:W,M�é0íOHI=@?IS[HP9i7¨A�HBHIAfQ2ñ<F,9iìOML;�J.=zMOA\;@A�=

G′
1umG′

2

E<î6W�E<é�é�E<C�HP9i7¨A�HP;�FzA8W�E�ï<A�FzA8Q
7kë

m
W�EGCk=z9i?BC:;Å9<HIHO=@MOA�?BCTîÑE<Fzéµ9�=z?IEGCcFzA8økíO?BFzA8Q"=@E�FzA8W�E<C:;>=@?I=@íT=zA�=@MOA�éµ9i=zW,MO?BCOñ

m
QTEGCOA
_

m = {(u, v)/∃(u, (u, v)) ∈ G′
1 um G′

2}
� MOA/;@A�=

G′
1 um G′

2

7LA8?IC:ñ0?I=z;�9<F@ñGíOé�A�Ck=8JG=@MOA/îÑíOCLW.=@?BE<C
f
W89iC�7LA�QTA�ð:COA8Q�?BC�;@í:W,M

9¼÷�9hë¼=@ML9�=
f
FzA8W�E<C:;>=@?I=@íO=@A8;�=@M:AÓéµ9�=,W,MO?IC:ñ

m
9<C:Q W�EGé�ìOíT=@Af;É=zMOAÓï�9<HIíOAf;�E<î�=@MOA

îÑíOC:W.=z?IEGC:;
δv

J
δe

9iC:Q
⊗
ö � MOA2ìOFzE<ì¨A�F@=rëÉMOEGHBQO;8ö

� MOAÅé�A89G;>íOFzAÅE<î:KNML9ié�ìO?BC"9iC:Q046E<HBCOE<C�9<C:Q2E<í:F�QT?P;r=,9iC:W�A\é�A89G;>í:F@A¿M:9hïGA¿=@M:AN;z9ié�A
9i7O?BHI?I=rëÕ=@EÓFzA�ì:F@Af;>A8CG=�ñGFz9<ìOMÿéµ9�=,W,MO?IC:ñ¹ìOFzE<7OHBA�éµ;8öVC�E�÷�A�ïGA�FfJ�E<íOFcQT?P;r=,9iC:W�AÉé�A89<;@íOFzA
?B;�é�E<FzA �:A��T?B7OHIAGö è î%ïGA�F@=@?PW�A8;�9iCLQ�AfQTñ<Af;NML9hï<AÃì:F@EGìLA8F>=z?IAf;NFzA�ì:F@Af;>A8CG=zA8Q�7këÉW�E<Ck=@?BC6íOE<íL;
ïh9<HIí:A8;8J�E<íOFÅQT?P;>=z9iCLW�A�é�A89G;>íOFzA�?B;¿9<7OHBA�=@E�W�EGécìL9iFzAN=zMOA8;@A�ï�9iHBíOA8;¿?BCµ92;r=zFz9<?IñGMG=@îÑE<Fz÷�9<FzQ
÷�9hë ÷�MO?BHIAê=zMOAê;@?Béc?BHP9iFz?w=rë EiîÉKNM:9ié�ìO?BCÚ9<C:QÚ4TE<HBCOE<CÙW�9iCÚE<COHBëÒ7O?BC:9iFz?BHIëÒW�EGé�ì:9iFzA
ìOF@EGìLA8F>=z?IAf;�F@A8ìOF@Af;>A8Ck=@A8QÉ7kë�QT?B;zW�FzA�=zA�ï�9<HIíOAf;�ö � íOF@=@MOA8F@é�E<FzA<JT;@E<é�A2W�E<CL;r=zFz9<?ICk=z;NE<C�=@M:A
é�9i=zW,MO?BCOñ¼9<F@ADAf9<;@?IA8Fµ=@E¼A��TìOF@Af;@;É÷�?w=zMÒE<íOF�QO?B;>=z9<C:W�AD=zM:9iCÒ÷�?I=@M =@MOAÓ;@?Béc?BHP9iFz?w=rë·Eiî
KNM:9ié�ìO?BC09<C:Q046EGHIC:E<C�ö � EGF�A��O9ié�ìOHBA<Jf=@MOA�éµ9�=,W,MO?IC:ñ/W�E<C:;>=@F,9i?BCk= @,=zEÃ7¨A�E<COHBë2é�9i=zW,MOAfQ
=@E/ï<A�F@=@?PW�Af;$ML9hïk?BCOñÃ9�ñ<?Bï<A8C�ìOFzE<ì¨A�F@=rë @
?B;%Af9<;@?IHBë2A��TìOFzA8;z;>AfQ2?ICk=@E�=@M:A\îÑíOCLW.=@?BE<C

δv

E<î:E<í:F
QT?B;>=z9<C:W�Aµ9<C:QÓ?P;�QT?��ÉW�íOHI=�=@E�A��6ì:F@Af;@;/÷�?I=@Mê=@MOAµ;@?Ié�?BHB9<F@?I=rë¹E<î�KNM:9<écì:?ICÔ9iC:Qÿ46EGHIC:E<C
7LAfW�9iíL;>A0=@MO?P;2;>?Bé�?IHP9iFz?I=rë�?P;2QTA�ðLCOA8QÓ÷�?w=zMÓFzA8;@ìLAfW.=/=@E�=@MOA�;>A�=/E<î\HP9i7¨A�HP;�FzA8W�E�ï<A8F@AfQ�76ë
=@MOA�éµ9�=,W,MO?BCOñ:ö
� `�}�mrx/¶k}.Ì%x,vhxzy�mr¶ko�m�qsu�}fuGx/�.o�tVx/mr¶kx�´Gyr}fjG�sx,� qst�mr}"��qwuGqs��qwÛzxÃmr¶Gx2�Gqst¢m>o�uk�,x/o8u6�Éqsu�mr¶Gx
}8mr¶Gxzy��.o8tVx8^¨mr¶kx/´Gyr}fjG�sx,� qst�mr}c��o��<qs��qsÛ,x�mr¶Gx2tVqs��qs�Io�yrq{m[|�n¨]<}<^Lmr¶Gx/~PpGuk�zmrqs}fu

⊗
�/pGt¢m�jTx

�Gxz½kukx.�"qsuc�,}8uktVx.Ä�pkxzuk�,xfn
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