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Ú1Cg9>9>=N58FNå�?-Þ�ÚO;Lå°9>?&;[CdÛ{êE?-D>;>=Kß&?69JCdÛ ;MIP?�Cd;>I8?-D[ä:Dp7dÚPI{á � C:DM?�Û½CED>Þ�7:FNF@å:ã47 O P>Q@EG= � J6Q@A��ZE
O J�KRKR=��>H�C:Û{;>I8?�;Lë[C�ä:Dp7dÚPI19

G
7dA1G

G′ =@9[7"9>?&; m ⊆ V ×V ′ ë�IP=KßpI�ß&CEAg;M7d=@A89U?-ê:?6D>å
ß&C:Ü8ÚPFN?

(v, v′) ∈ V × V ′ 9>Ü8ßpI�;MI87�;�êE?-D>;>?-ì v
=K9kÞ�7:ÚPÚ£?6G(ë�=²;MI�ê:?-D>;>?-ì

v′
á

��A8ß&?�7�Þ"Ü8F²;M=Nê�7dF@?-Ag;kÞ�7dÚPÚP=@APä}=@9[GO?-í8AP?6G{ã4;>IP?�AP?&ì4;�9L;M?-Ú$=@9U;>C}=@GP?-Ag;>=NÛ½å�;>IP?�9>?&;kCdÛ
Û½?67�;MÜPDM?69J;>I87d;�7dDM?�ß&CEÞ�Þ}CEA�;MC";MIP?�;LëJC}ä:Dp7dÚ8I89Uë�=N;>I(DM?69>Ú1?|ß�;[;>C};>IP=K9kÞ�7dÚPÚ8=NAPä1áOókIP=@9
9<?-;}ß&CEAg;M7d=@A89�7:FNFU;>IP?�Û½?67d;>ÜPDM?69�Û½D>CEÞ 5£Cd;MI

G
7dA8G

G′ ë�IPCg9<?�ê:?-D>;>=Kß&?|9��½DM?69>Ú{á
?6GOäE?69	�7dDM?�Þ�7�;pßpIP?6G�54å
m
;>C�7�;kFN?|7:9<;[CEAP?�ê:?6D<;M?&ì
�½DM?69>Ú{áO?6GPä:?���;>I17�;�I87:9J;MIP?�9>7:Þ}?�Û½?67d;>ÜPDM?:á

� C:DM?ÉÛ½CED>Þ�7:FNF@å:ãE;>IP?�9>?&;kCdÛ�ß&C:Þ�Þ�C:A�Û½?67d;>ÜPDM?69
descr(G) um descr(G′)

ã4ë�=N;>I(D>?|9<Ú£?6ß&;
;>C�7�Þ�7dÚPÚP=@APä

m
ãP=@9�GP?&í8AP?|G�7:9[Û½C:F@F@C�ë�9-é

descr(G) um descr(G′) =̇ {(v, l) ∈ rV | ∃(v, v′) ∈ m, (v′, l) ∈ rV ′}

∪ {(v′, l) ∈ rV ′ | ∃(v, v′) ∈ m, (v, l) ∈ rV }

∪ {(vi, vj , l) ∈ rE| ∃(vi, v
′
i) ∈ m, ∃(vj , v

′
j) ∈ m (v′

i, v
′
j , l) ∈ rE′}

∪ {(v′
i, v

′
j , l) ∈ rE′ | ∃(vi, v

′
i) ∈ m,∃(vj , v

′
j) ∈ m (vi, vj , l) ∈ rE}

Ù�=NêE?-A 7·Þ"ÜPFN;>=@ê�7dF@?-Ag;]Þ�7:ÚPÚP=@APä
m
ã
ëJ?(7dFK9<C¸I87cê:?�;MC¸=KGO?6AE;M=²Û½å�;MIP?�9<?-;]CdÛ�9<ÚPF@=N;

ê:?-D>;>=Kß&?|9-ã îÆïºð|ï@ãP;MIP?�9>?&;�CdÛ�ê:?6D<;M=@ß-?69J;>I17�;É7dDM?�Þ�7dÚPÚ£?6G$;>C�Þ�CED>?�;>I17dA�C:AP?�êE?-D>;>?&ì ãO?|7:ßpI
9<ÚPF@=N;�ê:?-D>;>?-ì

v
5£?-=@APä°7:9M9<COß-=@7d;>?6G�ë�=²;MI(;>IP?�9>?&;

sv

C:Û�=N;M9�Þ�7:ÚPÚ1?|G(ê:?-D>;>=Kß&?|9-é

splits(m) = {(v, sv) | v ∈ V, sv = {v′ ∈ V ′|(v, v′) ∈ m}, |sv| ≥ 2}
∪ {(v′, sv′) | v′ ∈ V ′, sv′ = {v ∈ V |(v, v′) ∈ m}, |sv′ | ≥ 2}

ókIP?
�T=@O =�Q@J�?�=@E��·CdÛ
G
7dA1G

G′
ë�=²;MI(DM?69>Ú£?6ß�;k;MC°7]Þ�7:ÚPÚP=@APä

m
=@9[;MIP?-AÈGO?-í8AP?|G$54å^é

simm(G, G′) =
f(descr(G) um descr(G′))− g(splits(m))

f(descr(G) ∪ descr(G′))

¹��&»

ë�I8?-DM?
f
7:A8G

g
7dDM?
;LëJCkÛ½Ü8A8ß�;M=NCEA89 ;MI87�;�7:D>?Ë=@Ag;>DMCOGOÜ8ß&?|G�;>C�ë[?-=@ä:Ig; Û½?67d;>ÜPDM?69#7dA8G�9>ÚPF@=²;p9-ã

GO?-Ú£?-A8GP=NAPä�CEA ;MIP?Èß&C:A19<=KGO?-DM?6G 7dÚPÚ8FN=Kß-7d;>=@C:A{á��PCED�?&ìP7dÞ�ÚPF@?:ãË=NÛ
f
=K9};>I8?�ß67dDpGO=@A87dF@=²;Lå

Û½ÜPA8ß�;M=NCEA 7:A8G
g
=K9�;MIP?$A4ÜPF@F[Û½ÜPA8ß&;>=@C:A{ã�;MIP?-A ;>IP?�9<=@Þ�=NFK7dDM=N;Lå¾=K9}ÚPDMC:Ú£C:D>;>=@C:A87:F�;>C¸;>I8?

AgÜ8Þ"5£?-D�C:Û[ß&CEÞ�Þ}CEA·Û½?|7�;MÜPD>?|9�ë�=N;>I�D>?|9<Ú£?6ß&;�;>C�;>I8?�;>Cd;p7dF�A4ÜPÞ]51?6D�CdÛ[Û½?67d;>ÜPDM?696á â�Û
g=@9];>I8?(ß67dDpGO=NA17dF@=²;Lå¸Û½ÜPA8ß&;>=@C:A{ãË=@A89<;>?67EGÝCdÛÉ;>IP?(A4ÜPFNF[Û½ÜPA1ß�;>=@C:A#ã�;>IP?6Aû;>I8?(9>=NÞ�=@F@7:D>=N;Lå�=@9

GO?6ß-D>?|7:9>?6G°Ú8D>CEÚ1CED<;M=NCEA87dF@FNå�;MC};>IP?�A4ÜPÞ]51?6D�CdÛË9<ÚPF@=N;�ê:?-D>;>=Kß&?|9-á
��=@A87:FNF@å:ã4;MIP?�O J��*=@O J6Q��T=@O =�Q@J�?�=SE	�

sim(G, G′)
CdÛ�;LëJC}ä:Dp7dÚPI19

G
7dA8G

G′
=K9[;>I8?

ä:DM?67�;M?69<;k9>=@Þ}=@FK7dDM=²;Lå°ë�=N;>I�DM?69>Ú1?|ß�;k;>C°7:FNF Ú£CE9M9>=N5PF@?�Þ�7dÚPÚP=@APäg9-é

sim(G,G′) = max
m⊆V ×V ′

f(descr(G) um descr(G′))− g(splits(m))

f(descr(G) ∪ descr(G′))

¹Æ`|»

� �I�#Ñ��#Ó8Ø<× ��Ó6&�708  4Ø%" Ø#$'&�Ó8ØWÒF( &ËÑÉÕ¼Ø#" &���� Ó6�#×^ÔX�UÑÉØLÒOØ<ÔUÑ

ókIP?�Þ�?67:9>ÜPDM?kCdÛ 9<=@Þ�=NFK7dDM=²;Lå]GO?69Mß&DM=N5£?6G}=@A°9<?|ß�;M=NCEA�ç�I87E9Ë5£?-?-A}í8Dp9<;�ÚPD>CEÚ1Cg9<?|G�Û½CEDUß&CEÞ}ú
Ú87dDM=NA8äÈC:5OàL?|ß�;M9"=NA 7Bß&CEÞ}Ú8ÜO;>?6D<úW7d=KGO?6G�GO?|9<=@ä:Aû7:ÚPÚPF@=@ß67�;M=NCEA{á�÷ÉC�ëJ?6ê:?-D|ã^;>I8=@9]Þ�?67:9>ÜPDM?
=@9Éä:?-A8?-DM=@ß�7:A8G�=²;�Þ�7cå$5£?"ß&Ü19L;MC:Þ�=��6?6G�54å(ÚPD>CEÚ1?6D>F@å$GP?&í8AP=@APä�Û½Ü8A8ß�;M=NCEA89

f
7:A8G

g
á1âWA

;>IP=K9�9>?6ß�;M=NCEA{ã ë[?�9>IPC�ë IPC�ë ;MIP=@9�Þ}?|7:9>ÜPDM?]DM?-FK7�;M?69�;>C�C:;>IP?6D�ä:Dp7dÚPI¸Þ�7d;MßpIP=@APäg9�Ü89<?|G
=NA°=@Þ�7däE?�D>?|ß&C:äEAP=N;>=@C:A{á:ókI8?69>?�Þ�7�;MßpI8=NAPäg9U7:D>?�C:Ûº;>?-A$GO?&í8A8?6G�Û½CEDUAPCEA�F@7:51?6FNF@?6G�äEDM7:ÚPI896á
÷�?-A1ß&?�ë[?�9<I87:FNF{9>ÜPÚPÚ£CE9>?�;>I87d;�7}APC:A�FK7d5£?-F@FN?|G(ä:Dp7dÚPI$=@9�7�Ú17dD>;>=Kß&ÜPFK7dDkFK7d5£?-F@FN?|G$äEDM7:ÚPI
9<Ü8ßpI$;>I17�;É7dF@F ê:?6D<;M=@ß-?69kI87cêE?�7�9M7dÞ�?�F@7:51?6F

lv
7:A8G(7dF@F ?6GOäE?69kI87cêE?�7�9M7dÞ�?�F@7:51?6F
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á
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	 � �����4î�� 	 ï�ókIP?�äEDM7:ÚPI�=@9>C:Þ�CED>ÚPI8=@9>Þ�Ú8D>CE5PFN?6Þÿ5£?&;Lë[?-?6A�;LëJC°äEDM7:ÚPI89
G=

(V, E)
7dA1G

G′=(V ′, E′)
9>Ü8ßpI";MI87�;

|V |=|V ′|
ß&CEA89>=@9<;M9
=@A]í1A8GO=@APä�7�5P= àL?|ß�;M=NêE?kÛ½ÜPA8ß�;M=NCEA

φ : V → V ′ 9>Ü8ßpI$;>I87d; (v1, v2) ∈ E
=²ÛË7dA8G(CEAPFNå�=²Û

(φ(v1), φ(v2)) ∈ E′ á
â�Û#Û½ÜPA8ß&;>=@C:A89

f
7dA8G

g
CdÛ#Û½CED>Þ]ÜPFK7 �Tç �[7dDM?�GO?-í8AP?|G(7E9kß-7dDpGO=@A87dF@=N;Lå]Û½Ü8A8ß�;M=NCEA89-ãP;>IP?6A

sim(G, G′)=1
=NÛk7:A8G¾C:APF@åB=NÛJ;MIP?-DM?�?&ìO=K9L;p9�7�Þ�7:ÚPÚP=@APä

m
9>Ü8ßpI·;MI87�;

descr(G) um

descr(G′)=descr(G)∪descr(G′)
7:A8G

splits(m)=∅
ãOîÆïºð|ïNñ

sim(G, G′)=1
=NÛ{7dA8G]C:APF@å

=²Û
G
7:A8G

G′
7dDM?�=@9>C:Þ�C:DMÚPIP=Kßdá

� 

� � î@
 � � ����� �#
����·î�� �
	 � �����4î�� 	 ï"ókIP?"Ú17dD>;>=K7dF�9>ÜP5PäEDM7:ÚPI�=@9>C:Þ�CED>ÚPI8=@9>Þ�Ú8D>CE5PFN?6Þ�5£?&ú
;LëJ?6?-A�;Lë[C�ä:Dp7dÚ8I89

G=(V, E)
7dA8G

G′=(V ′, E′)
9>Ü8ßpI�;>I17�;

|V | ≤ |V ′|
ß-C:A89>=K9L;p9{=@A�í8A8G4ú

=NAPä�7:A(=@A�àL?|ß�;>=@ê:?�Û½ÜPA1ß�;>=@C:A
φ :V → V ′ 9>Ü8ßpI(;>I87d; (v1, v2)∈E ⇒ (φ(v1), φ(v2))∈E′ á� ?&;�Ü89#GO?-í8AP?ËÛ½Ü8A8ß�;M=NCEA
g
C:ÛgÛ½CED>Þ]ÜPFK7
�xç �{7:9 ;MIP?Uß67dDpGO=NA17dF@=²;LåÉÛ½ÜPA8ß�;M=NCEA"7dA1G�Û½ÜPA8ß�;M=NCEA

f
7:9k7}ë[?-=@ä:Ig;>?|G$9>ÜPÞ ë�IP?6D>?�;MIP?�ëJ?6=NäEIE;�C:Û#;>I8?�Û½?|7�;MÜPD>?|9kCdÛ

G
�½DM?69>Ú{á

G′
�J=@9

1
�ÆD>?|9<Ú{á

0
��áOâWA�;>IP=K9�ß-7E9<?Eã

sim(G, G′)=1
=NÛ
7:A8G�CEAPF@å�=²Û�;>IP?6D>?�?&ìO=K9L;p9�7"Þ�7dÚ8ÚP=NA8ä

m
9>Ü8ßpI°;MI87�;

descr(G) ⊆ descr(G)um descr(G′)
�Æ7E9

f(descr(G)∪descr(G′))=|descr(G)|
��7:A8G

splits(m)=∅
ã�îÆïºð6ï@ã

sim(G, G′)=1
=NÛ�7dA8G¾CEAPFNå·=²Ûk;>I8?-DM?�?&ìO=@9<;M9"7�Ú87dD>;>=K7dF�9>ÜP5PäEDM7:ÚPI

=@9>C:Þ�C:DMÚPIP=K9>Þ(á

� ����� �V
���� î�� �
	 � �����Oî�� 	 ï¸ókIP?B9<Ü85Pä:Dp7dÚPI =K9<CEÞ}CED>Ú8IP=@9>Þ ÚPDMC:5PF@?-Þ =@9°7�9>Ú1?|ß&=K7dFÉß67:9>?
CdÛ�Ú87dD>;>=K7dF�9>ÜP5PäEDM7:ÚPI =K9>C:Þ�C:DMÚPIP=K9<Þ�éË=N;$7:G8GP9�;>I8?Bß&C:A19L;MDM7:=NAg;�;>I87d;�Û½C:D°?|7:ßpI ß&CEÜPÚPF@?
(v1, v2) ∈ V 2 ãO=NÛ (v1, v2)

=@9[APC:;�7dA�?|GOä:?�C:Û
G
ã4;>IP?6A

(φ(v1), φ(v2))
Þ"Ü89<;�AP?-=N;>I8?-D�5£?

7dA(?6GOäE?�C:Û
G′ á

ó#C°ßpIP?|ßpô�Û½CEDÉ9>ÜP5Pä:Dp7dÚ8I(=K9>C:Þ�C:DMÚPIP=K9<Þ�ãPë[?�I87cêE?�;>C�7EGPG��<APCd;>ú�7:AOúT?|GOä:?���FK7d5£?-FK9�;MC
7dF@F4ß-C:ÜPÚ8FN?|9�C:Û8ê:?6D<;M=@ß-?69#;>I87d;�7dDM?UAPC:;�?|GOä:?|9-ãc7dA1G�;>I8?-A];>C�ßpIP?6ßpô�;MI87�;Ë7dF@F
�LAPC:;<úW7dAOú�?6GPä:?��
F@7:51?6F@9#CdÛ

G
7dDM?
Ú8D>?|9<?6D>êE?6G�5gå�;>I8?�Þ�7dÚPÚP=@APä1á � CED>?�Û½CED>Þ�7dF@F@å:ã&äE=NêE?-A�7kä:Dp7dÚPI

G=(V, E)
ã

ëJ?�GP?&í8AP?°;>IP?$F@7:51?6FNF@?6G�äEDM7:ÚPI
Glabel =(V, rV , rE)

9<Ü1ßpI¸;MI87�;
rV ={(v, lv)|v ∈ V }7dA8G

rE={(u, v, le)|(u, v) ∈ E} ∪ {(u, v, lnotE)|(u, v) ∈ V × V − E}
á � ?-;�Ü19�;MIP?-A

GO?&í8A8?�Û½Ü8A8ß�;M=NCEA89
f
7dA1G

g
CdÛ{Û½CED>Þ]ÜPF@7 �xç �U7E9kGOC:AP?�Û½C:D[;MIP?�Ú87dD>;>=K7dF 9>ÜP5Pä:Dp7dÚ8I{áEâWA$;>I8=@9

ß-7:9>?:ã
sim(Glabel, G

′
label)=1

=NÛ�7:A8G�CEAPF@å°=²Û
;>I8?-DM?�?&ìO=@9<;M9�7�9>ÜP5PäEDM7:ÚPI$=K9>C:Þ�C:DMÚPIP=K9<Þ�á

� 
��Eî 	 ��	��V�
	�	 ��� �,

� � î@
 � � ����� �#
����! 
mcps " ï�ókIP? mcps

C:Û{;LëJC}ä:Dp7dÚ8I89
G
7dA8G

G′
=@9[;MIP?�F@7:D>äE?69<;[äEDM7:ÚPI �Æë�=²;MI�D>?|9<Ú£?6ß&;[;MC};>IP?�A4ÜPÞ]51?6D�CdÛ�êE?-D>;>=Kß&?|9[7:A8G$?6GOäE?69	�Uë�I8=@ßpI(=@9
7]Ú17dD>;>=K7dF{9>ÜP5Pä:Dp7dÚ8I�CdÛ�5£Cd;>I

G
7dA8G

G′
á

� ?&;[Ü89kGO?&í1AP?ÉÛ½Ü8A8ß�;M=NCEA
f
CdÛ#Û½C:DMÞ"ÜPFK7 �Tç �J7:9U;>IP?�ß-7:DMGO=@A87:FN=N;Lå"Û½Ü8A8ß�;M=NCEA{ãO7dA8G°Û½ÜPA8ß�ú

;>=@C:A
g
9<C};>I17�;É9>ÚPFN=N;�ê:?6D<;M=@ß-?69k7dDM?�Û½C:DM5P=@G8GO?-A �LîÆïºð|ïNñ

g(S)=+∞
=²Û

S 6= ∅
7dA8G

g(∅)=0
��á

âWAÈ;>IP=K9�ß-7E9<?EãP;>I8?]Þ�7dÚ8ÚP=NA8ä
m
;MI87�;�Þ�7�ìO=@Þ}= �-?|9�Û½CED>Þ]ÜPF@7

(1)
=@9É;>I8?"Þ�7dÚPÚ8=NAPä$ë�IP=KßpI

Þ�7dìO=NÞ�= �-?69U;>I8?�A4ÜPÞ]51?6DJC:Û#ß&C:Þ�Þ�C:A°Û½?67�;MÜPDM?69J=NA
descr(G)um descr(G′)

ãgë�IP=NF@?�Û½C:D>ú
5P=@G8GO=NA8ä°9<ÚPF@=N;�ê:?-D>;>=Kß&?|9-ãO7:A8G$;>IP?6D>?-Û½C:DM?�=N;Éß&CED>DM?69>Ú1CEA8GP9J;>C�7

mcps
á

ókIP?69>?�GO?&í8A8=²;M=NCEA89�ß-7:A¸5£?�?&ì4;M?-A8GO?|G¸;>C�;>I8?�ÚPD>CE5PF@?-Þ C:ÛUí8A8GP=NAPä�;MIP?�Þ�7�ìO=@Þ"ÜPÞ
ß&C:Þ�Þ�C:AB9>ÜP5PäEDM7:ÚPI �

mcs
�kCdÛ�;Lë[C°ä:Dp7dÚPI19-ã îÆïºð|ïNñ#;MIP?�ÚPDMC:5PF@?-Þ�CdÛ�í8A1GO=NA8ä�;>IP?"F@7:D>äE?69<;

APC:A°Ú17dD>;>=K7dF19>ÜP5PäEDM7:ÚPI{ágókIP=@9J=K9JGOCEAP?É54å�ß&CEA89>=@GO?6D>=@APä�FK7d5£?-F@FN?|G°äEDM7:ÚPI89�;MI87�;�7:9M9<COß-=@7d;>?
�LAPC:;<úW7dAOú�?6GPä:?���F@7:51?6F@9#;>C�7dF@FEß&CEÜPÚPF@?69#CdÛPê:?6D<;M=@ß-?69 ë�I8=@ßpI"7:D>?UAPCd;#?|GOä:?|9-ã6FN=@ô:?�Û½C:D{;MIP?J9>ÜP5Oú
ä:Dp7dÚPI$=@9>C:Þ�C:DMÚPIP=K9>ÞøÚPD>CE5PF@?-Þ�áOókIP?

mcs
CdÛ#;Lë[C}ä:Dp7dÚPI89[=K9kÜ89>?6G$=NA¾æ$#Oã&%8ãMýcè^;MC�GP?&í8AP?

;>IP?}9<=@Þ�=NFK7dDM=²;Lå(CdÛË;Lë[C°äEDM7:ÚPI89�7E9
simmcs(G, G′)= |mcs(G,G′)|

max (|G|,|G′|)

á ��AP?]ß-7dA¸7dÚPÚPDMC:Ú8D>=Nú
7�;>?6FNå�GO?-í8AP?�Û½ÜPA8ß&;>=@C:A89

f
7dA1G

g
=@A$9>Ü8ßpI�7"ë[7cå];>I87d;J;MIP?�Þ�7:ÚPÚP=@APä"ë�I8=@ßpI$Þ�7dìO=NÞ�= �-?69

Û½C:DMÞ"ÜPFK7 �('��[ß-C:DMD>?|9<Ú£C:A8G89U;MC};>IP?�Þ�7dÚ8ÚP=NA8ä�ë�IP=@ßpI(Þ�7�ìO=@Þ}= �-?|9
simmcs(G, G′)

á
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∀m ∈ ℘(V × V ′), neighbourhood(m) = {m ∪ {(v, v′)}|(v, v′) ∈ (V × V ′) − m}

∪ {m − {(v, v′)}|(v, v′) ∈ m}
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cand← {m′ ∈ neighbourhood(m)/simm′ (G, G′) > simbestm
(G, G′)}
��

cand = ∅
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cand← {m′ ∈ neighbourhood(m)/isNotTabu(m, m′, k)
����,
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cand← {m′ ∈ cand/m′ mno���j-�:mn��j6�OÁËuWh�zKy6uL��lg�²j]¹Æ`6»Ëj6r4�"�ny�y|¶�µxj6¯gtpj|�!.
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m′ ∈ cand
makeTabu(m,m′, k) � m← m′ � nbMoves← nbMoves + 1
��

simm(G, G′) > simbestm
(G, G′)

¨ � 
/� bestm ← m
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