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öÍãAáVözí²á�öIîjã+ê\ëªöÍãAêwö  Gìwß-à1ájâ+ãXëªöÍãAê5õ " ó�ì�à�êjá9îjã�xê5à\ö�ê��

u ∈ V " labelG(u) = labelG′(f(u))
è

� à1ìUì`ó�è
f
çBëªá #�ç %5êcî5ö�çéìVõ " á�õ!�6ö¨ã+ê �VçBë\ö�áVõ�îcê #jê5ö  Gêjê5õæö  Gì���ê�à\öFçéîcê\ë u

á�õ!�
v
ç¨õ

G
çBë

ê('5ô+áVN!öIìªöÍãAê �VçBëcöIá�õOîcê #jê5ö  Gêjê5õþö¨ã+ê�ç¨àuáxëcë5ì)î5çéá�öIê����xê5à\öFçéîjê�ë
f(u)
á�õ!�

f(v)
ç¨õ

G′ � ë5êjê
ö¨ã+êjìVà1ê5í����-è���ã+ê�àjêéó�ìVà1ê " öÍãAê�õ+ô§í #jê5à�ì/ó ��ê5à\ö�çéîcê�ë�ì/ó G ö¨ã+á�ö�áVà1ê$á�ö�á �VçBë\ö�áVõ�îcê°ì/ó i ócàjì�í
u
çBë�ê�'�ô+á N�öIì²öÍãAê�õ+ô§í #cê�à�ì/ó �xê5à\öFçéîjê�ë�ì`ó

G′
öÍãAáVöMáVà1êuá �VçBë\ö�áVõ�îcê�ì/ó

i
ócà1ì�í

f(u) " ë�ìö¨ã+á�ö
#∆G(u) = #∆G′(f(u))

è
	}ë�á�îjìVõAë5ê�'�ô+ê5õ�îcê " öÍãAê�ë5ê�ö$ì`ó�ë5ê('5ô+ê5õ�îcê\ë�ì/ó�öÍãAê�ö� GìßVà1ácâAã'ë$áVà1ê°ê�'5ô+áVNkë " çéè¨êUè " #∆G = #∆G

è���ã+ê�õ " ó�ì�à°êcá-îcã�ë5ê�'�ô+ê5õ�îcê s ∈ #∆G "
áVõ!�¬ó�ìVà

êjá9îjã��xê5à\öIê��
u ∈ V " ö¨ã+ê�õ+ô§í #cê�à�ì`ó ��ê�à\öFçéîcê\ësöÍãAá�öMá�à1ê�á�öMá
��çBë\öIá�õ�îcê�ì`ó i ócà1ìVí u

áVõ!�
 �ã'çéîcã�ë5ê�'�ô+ê5õ�îcê�çBë

s
çBë�ê�'�ô+á N�ö�ìªö¨ã+ê�õ+ô§í #cê�à�ì/ó �xê5à\ö�çéîcê�ë�ö¨ã+á�ö�áVà1ê«á�ö�á ��çBë\öIá�õ�îcê«ì`ó

iócà1ì�í
f(u)
áVõ!�  �ã'çéîcã²ë5ê�'5ô+ê�õOîjê°çBëzáVNaë�ì

s " á�õ���öÍãAê5à1ê�ó�ì�à1ê labelG(u) = labelG′(f(u))
è



� ��� �"�
U����V
H����B W�����R ST�CBD�E����FG
H��
��9W

ñ»2�É§0B,jÊ�Ï+,j,M0;4�.j?A03,°,/2UÊ\.1037-4".103Ëu2�*V4+É�,1Ç+*-Ê52�Ê�7-ËuÇA:32�ï§0;.1032),M8j2	�XÏA03812UÉ².j7ªÊ�7-ËuÇAÏA.12s.1?+2
É§0��O258j254X.�È�*V:3ÏA2),!0349.j817§É§Ï>Ê�2)É�0;4$!AÔ3ù-Ôx×M?A2),12MÊ�7-ËuÇA:32�ï§0;.1032),!*V8j2GÎ90;È9254�ÌÍ798�*°4A7-4«É§03812UÊ\.12UÉ
Ê�7-4+4A2)Ê�.12)ÉuÎ98j*-ÇA?

G = (V, E)
,/Ï+Êc?u.j?+*�.

|V | = n
*-4+É

|E| = p
Ò�0;.1?

n−1 ≤ p < n2 Ô

δG(u, v)
� ÿ :;:�É§2�ä>4A0g.j0;794+,�034X.18j7§É§Ï+Ê�2UÉR0;4å,12)Ê�.1037-4D!AÔ3ùª*V8j2²(+*9,/2UÉ»794æÉ§0B,`.c*V4+Ê52),�(�2�Ó

.`Ò@2)254"Ê57-ÏAÇ+:;2U,M7VÌ�È92581.10BÊ�2),)Ô ÿ [@8j2)*9É'.1? 
!0;8c,`.°%'2U*V8cÊc?»Û
[ 
¬%AÝz÷ ��û�ÌÍ8j7-ËÚ2U*-Êc?wÈ92581.125ïª7VÌ
Æ 03,}4A2)2)É§2UÉð.j7�Ê57-ËuÇAÏ§.j2�.j?A25Ë *-:;:bK

n
[ 
�%·*V8j2�4A2)2)É§2UÉ�<O2)*9Êc?67VÌ­.j?A25ËÜÇ>2)8/ÌÍ7981Ëu034AÎ

O(p)
79Ç>2)8j*V.1037-4+,)<A,/7ª.1?+*V.$.1?A2�.103Ë«2«Ê�79Ë«Ç+:;25ï'0;.`Ñw0B,$034

O(np)
ÔO×M?A2�,1Ç+*9Ê�2�4A2)2)É§2UÉ�.17

,`.j7-8j2z.j?A2),12s0;4AÌÍ7-8jËu*V.1037-4+,M0B,M034
O(n2)

Ô

∆G(u, i) � #∆G(u, i)
����R

#∆G(u)
� ÿ :;:�.1?+2),12zÈ�*V:3ÏA2U,�Ê)*V4"(>2�Ê�79ËuÇAÏ§.12UÉª034"*-4

0;4+Ê5812)Ëu254X.j*-:�ÒM*xÑwÒ�?A03:;2«Ê�79Ë«Ç+Ï§.1034AÎw,1?A7-81.12U,`.zÇ+*�.j?+, K>2)*9Êc?�.103Ë«2«*ªÉ§0B,`.c*V4+Ê52
δG(u, v)03,«Ê�79Ë«Ç+Ï§.12UÉ�<!.1?A2"È-2581.125ï

u
Ûé812U,/ÇoÔ

v
Ý�0B,�*9ÉAÉ§2)É
.176.j?A2�,/25.

∆G(v, δG(u, v))
ÛÍ8j2),1ÇoÔ

∆G(u, δG(u, v))
Ý�<-(�7V.1?

#∆G(u, δG(u, v))
*-4+É

#∆G(v, δG(u, v))
*-812M034+Ê�8j25Ëu254X.j2)É�<

*V4+É´.j?A2þ,/2��9Ï+254+Ê52),
#∆G(u)

*V4+É
#∆G(v)

*-812»ÏAÇ�É+*�.12UÉ ('Ñ´0;4>Ê�8j25Ëu254X.1034AÎå.1?A2)0;8

δG(u, v)
.1? Ê57-ËuÇ�7-4A2)49.UÔ ÿ :;:!.j?A2),12�79Ç>2)8j*V.1037-4+,}Ê5*-46(�2uÉA7-4A2�0;4RÊ�7-4>,`.c*V4X.z.j0;Ëu29ÔO×M?+2

,/Ç+*9Ê�2s4A2)2)É§2UÉw.j7²,`.j7-8j2z.j?A2),12s0;4AÌÍ7-8jËu*V.1037-4+,M0B,M034
O(n2)

Ô

labelG(u)
� ×�7�Ê�79Ë«Ç+Ï§.12u*V4+É»Ê�79Ë«Ç>*V8j2�:B*V(�25:B,z25üªÊ�03254X.1:3Ñ-<�Ò�2�ä>8j,/.s,17-81.°.j?A2²,/25.}7-Ì

*V:3:+,/2��XÏA254+Ê52),)<-,17s.1?+*V.G*sÏA4A0^�9Ï+2$0;4X.j25Î-2)8¬03,@*-,j,/7§Ê503*V.12)É�Ò�0;.1?u2)*9Êc?uÉA0��O258j254X.@,12	�XÏA2)4+Ê�29Ô
×M?A03,­03,¬É§794A2M0;4

O(n2.log(n))
7-Ç�258c*�.j0;794+,�*-,!.1?+258j2�0B,­*V.�Ëu7X,`.

n
É§0��O258j254X.G,12	�XÏA2)4+Ê�2U,5<

*V4+É6.1?A2²Ê�79ËuÇ+*V8j03,17-4ð7-Ì­.`Ò�7�,12	�XÏA2)4+Ê�2U,°0B,}0;4
O(n)
Ôo×M?A2)4o<O.1?A2uÊ�79ËuÇAÏ§.j*V.1037-4»7VÌ@*-:;:

:3*-(>2):3,¬Ê)*V4u(>2$ÉA7-4A2M034
O(n2)

7-Ç�258c*�.j0;794+,MÛé*9,!.1?A2)812�*V8j2
n
:B*V(�25:B,!.17�Ê57-ËuÇAÏ§.j2-<�2U*-Êc?«7VÌ

.1?A2)Ë Ê57-4X.j*-0;4A034AÎ²*�.zË«7X,`.
n
É§0���2)812)4X.$.18j0;Ç+:;2U,jÝ�<+*V4+É�8j2	�XÏA038j2),

O(n2)
,/Ç+*9Ê�29Ô 
!0;4+*-:;:3Ñ-<

.1?A2�Ê�79ËuÇ+*V8j03,17-4²7-Ìo.`Ò�7�:B*V(�25:B,�Ê)*V4"(>2sÉ§7-4+2z034
O(n)
7-Ç�258c*�.j0;794+,)<-ÇA8j7�È'03É§2UÉu.1?>*�.M.1?A2

,/25.$7VÌ�.j8103ÇA:32),
(i, s, k)

Ê�794X.j*V034A2UÉw034"2U*-Êc?�:3*-(>2):o0B,�,/798/.j2)É�Ô
ÿ ,�*�Ê�794+,/2��XÏA254+Ê52-<-.1?A2}Ê�7-ËuÇAÏA.j*�.j0;794ª7VÌo*-:;:�È�*V:3ÏA2),G0;4X.18j7§É§Ï+Ê52)É²034w,12)Ê\.j0;794"!AÔ3ù�ÌÍ798

*²Î-8c*VÇA?
G = (V, E)

8j2	�XÏA038j2),
O(|V |.|E| + |V |2.log(|V |))

7-Ç�258c*�.j0;794+,$*-4+É
O(|V |2),/Ç+*9Ê�29Ô

� � ,�)`Á;:7/ )�ÄOÁG¾749¿'À0/�Å1¾@¿ �cÁ­À 	ò½��]4

ñ»2�4+7�Ò 0349.j817§É§Ï>Ê�2�*u4A2)Ò Î9:;79(+*V:�Ê57-4+,/.18c*V034X.MÌÍ7-8M.j*9ÊcÕ':;034AÎwÆ}ÖIÙG,�25üªÊ�03254X.1:3Ñ-ÔO%'Ñ'49.c*-Ê�Ó
.10BÊ5*V:3:3Ñ-<'.1?+03,$Ê57-4+,/.18c*V034X.�03,�É§25ä+4A2UÉ"('Ñ².j?A2�8j25:B*�.1037-4

gip(V, E, V ′, E′, L)
Ò�?+258j2


 V
*V4+É

V ′
*V8j2�ø«,12�.c,M7VÌ�Èx*-:;Ï+2),�,1Ï+Êc?w.j?+*�.

|V | = |V ′|
<


 E ⊆ V × V
03,�*u,12�.$7VÌ�Ç+*-0;8c,�7VÌ�Èx*-:;Ï+2),�ÌÍ8j7-Ë

V
<


 E′ ⊆ V ′ × V ′
03,�*u,12�.$7-Ì�Ç+*-0;8c,M7VÌ�È�*V:3ÏA2),�ÌÍ8j7-Ë

V ′
<


 L
03,�*�,12�.�7VÌ�Ê�7-Ï+ÇA:;2U,sÒ�?A0BÊc?þ*9,1,17§Ê�0B*�.j2),}7-4A2ªÉA0��O258j254X.�È�*V8j03*-(A:32«7-Ì@.j?A2"=M%'Ù .j7
2)*9Êc?»É§0���2)812)4X.sÈ�*-:;ÏA2u7-Ì

V
<¬çéè¨êUè3<

L
0B,}*�,12�.�7VÌ

|V |
Ê57-ÏAÇ+:;2U,s7VÌ­.j?A2uÌÍ7-8jË

(xu, u)Ò�?A258j2
xu

03,}*ªÈ�*V8j0B*V(A:32�7VÌ¬.j?A2ª=M%'Ù *V4>É
u
0B,}*ªÈ�*V:3ÏA2�7-Ì

V
<O*V4+É·,/Ï+Êc?6.1?+*V.zÌÍ798

*V4'ÑþÇ+*V038�7-ÌzÉ§0���2)812)4X.«Ê�79ÏAÇA:32),
(xu, u)

*V4+É
(xv , v)

7VÌ
L
<�(�7V.j?

xu

*V4+É
xv

*V8j2
É§0���2)812)49.$È�*-810B*V(A:32),M*-4+É

u 6= v
Ô



%'25Ë²*V4X.j03Ê)*V:3:;Ñ9<+.j?A2uÎ-:37-(+*-:�Ê�794+,/.18c*V0349.
gip(V, E, V ′, E′, L)

03,sÊ57-4+,103,/.12)4X.z0;Ì�*V4>Éð7-4A:3Ñ
0gÌ�.1?A2)812²25ï§03,/.j,�*-4»0B,17-Ëu7-8jÇA?A0B,/Ë ÌÍÏA4+Ê\.j0;794

f : V → V ′
,1Ï+Êc?R.1?>*�.�ÌÍ7-8�2U*-Êc?þÊ�79ÏAÇA:32

(xu, u) ∈ L
.1?A2)812s2�ï§0B,`.c,�*«Èx*-:;Ï+2

u′ ∈ D(xu)
,17�.j?+*�.

u′ = f(u)
Ô

×M?A03,ªÎ-:37-(+*-:$Ê�7-4>,`.j8j*-0;4X.²03,ª4A7V.",125Ë²*-49.j03Ê)*V:3:;ÑåÎ-:37-(+*-:$*-,²0;."Ê5*-4´(>2ð8j25ÇA8j2),1254X.j2)É
(XÑ�*ª,125Ë²*V4X.10BÊ5*-:;:3Ñª2��9Ï+0;È�*V:3254X.°,12�.°7-Ì!(+0;4+*-81Ñ�Ê�794+,`.j8j*-0;4X.c,�*-,$É§2U,1Ê58103(�2)É�0;46,12)Ê�.1037-46ø§Ô
ý$7�Ò�25È-2)8)<X.j?A2

gip
Ê�794+,/.18c*V0349.$*-:;:37�Ò$,MÏ+,M.j7ª2�ï§ÇA:37-0;.�.1?A2�Î9:;79(+*V:o,125Ë²*-49.j03Ês7-Ì¬Æ}ÖIÙ@,�.17

,/79:;È92z.j?A25Ë Ëu7-8j2s2�üªÊ�03254X.1:3Ñ-Ô>ñ»2�4+7�Ò É§25ä+4A2�*«Ç+*-8/.j03*-:�Ê�794+,103,/.12)4+Ê�Ñ9<A*V4+Éð*-4�*9,1,17§Ê�0;Ó
*�.12UÉ6ä>:g.j258j0;4AÎð*-:;Î97-8j0g.j?AË Ûé,12)Ê�.1037-4]#+Ô3ùUÝ��OÒ�2²,/?+*-:;:�.j?A254
É§2U,1Ê58103(�2�?A7�Ò¤.17�ÇA8j7-Ç+*-Î9*V.12
Ê�7-4>,`.j8j*-0;4X.j,sÛ�,/2UÊ\.1037-4 #>Ô ø9Ý\Ô

�>��� �������9��� S ����W�
�W	�	�9��STI�����R �������9��� �E�H�����P

��U � �0�
gip

S ����W �	�V��
��O��W

×M?A2579812)Ë ø«2),/.j*-(A:303,1?A2),�.j?+*�.}*V4�03,17-Ëu7981ÇA?+03,1ËØÌÍÏA4>Ê\.1037-46*-:;ÒM*xÑ§,�Ëu*-Ç+,�È92581.10BÊ�2),�.1?+*V.
?+*xÈ-2»03É§2)4X.10BÊ5*V:}:B*V(�25:B,5Ô�ý$2)4+Ê�29<MÒ@2RÊ5*V4 É§2�ä>4A2R*åÇ+*V81.10B*V:sÊ�794+,103,/.12)4+Ê�Ñ¦ÌÍ7-8�.j?A2

gipÊ�7-4>,`.j8j*-0;4X.)<VÊ)*V:3:;2UÉ N;á #cê N M/îcì�õ+ëcçBë\öIê�õOî a�<-.1?+*V.G254>,/ÏA8j2),¬.1?+*V.­ÌÍ7-8­2U*-Êc?²Ê�79ÏAÇA:32
(xi, v) ∈ L

<
2)*-Êc?�È�*V:3ÏA2

u
0;4�.j?A2�É§7-Ë²*-0;4�7VÌ

xi

?>*-,�.1?+2�,1*-Ë«2s:B*V(�25:O.j?+*V4
v
Ô

Q �	�E��
��	
��C��� � ×M?A2sÎ-:37-(>*V:oÊ�794+,/.18c*V0349.
gip(V, E, V ′, E′, L)

0B,M:B*V(�25:;Ó�Ê57-4+,103,/.12)4X.M0��

∀(xu, u) ∈ L, ∀u′ ∈ D(xu), label(V,E)(u) = label(V ′,E′)(u
′)

×�7«*-Êc?A0325È92$:3*-(>2):gÓIÊ�794+,103,/.12)4+Ê�Ñ9<-7-4+2GÐ`Ï+,/.M?+*-,­.17uÊ�7-ËuÇAÏA.12$.j?A2}:3*-(>2):�7-Ìo2)*9Êc?ªÈ-2)8/.j2�ïu7VÌ
.1?A2°.`Ò@7�Î98j*-ÇA?+,)<-*-,@É§2),jÊ�8j03(>2UÉu0;4w,12)Ê�.1037-4&!+Ô øA<9*V4>Éu812)Ë«7�È92MÌÍ8179Ë¤.j?A2zÉA7-Ë²*V034²7VÌo2U*-Êc?
Èx*-810B*V(+:;2

xu

*-,j,17'Ê503*V.12UÉ·Ò�0;.1?æ*�È92581.12�ï
u ∈ V

2)È-2)81Ñ6È�*-:;ÏA2
u′ ∈ D(xu)

,1Ï+Êc?R.1?+*V.
label(V,E)(u) 6= label(V ′,E′)(u

′)
Ô

×M?A03,�:B*V(�25:;Ó�ä+:;.12)81034AÎ$7-Ì¨.12)4�É§8c*-,/.10BÊ5*-:;:3Ñz8j2)ÉAÏ+Ê�2U,oÈ�*V8j03*-(A:32@É§79Ëu*-0;4>,5Ô
	o2�.�Ï+,!Ê�794+,/0BÉ§2)8
ÌÍ7-8}2�ïA*VËuÇA:32�.1?+2�Î98j*-ÇA?

G
7VÌ 
!03Î+Ô!ù-ÔO×M?A2�ä+8c,/.°.1?+812)2�.18j03ÇA:;2U,�Û�,/798/.j2)Éð('Ñ�0;4>Ê�8j2)*-,1034AÎ

É§03,/.j*-4+Ê�29<o*V4+É».j?A254þ('Ñ6034+Ê�8j2)*9,/034AÎ�,/2��9Ï+254+Ê52«4'ÏAË�(>2)8cÝ}7-ÌG.j?A2²:3*-(>2):­7VÌ�2)*9Êc?»È92581.12�ï
*V8j2TK

labelG(A) = {(0, < 1, 4, 4, 1 >, 1), (1, < 1, 3, 4, 2 >, 2), (1, < 1, 4, 4, 1 >, 2), ...}
labelG(B) = {(0, < 1, 3, 4, 2 >, 1), (1, < 1, 3, 3, 3 >, 1), (1, < 1, 4, 4, 1 >, 2), ...}
labelG(C) = {(0, < 1, 3, 4, 2 >, 1), (1, < 1, 3, 4, 2 >, 1), (1, < 1, 4, 4, 1 >, 2), ...}
labelG(D) = {(0, < 1, 4, 4, 1 >, 1), (1, < 1, 3, 4, 2 >, 2), (1, < 1, 4, 4, 1 >, 1), ...}
labelG(E) = {(0, < 1, 3, 4, 2 >, 1), (1, < 1, 3, 4, 2 >, 2), (1, < 1, 4, 5, 0 >, 1), ...}
labelG(F ) = {(0, < 1, 4, 4, 1 >, 1), (1, < 1, 3, 3, 3 >, 1), (1, < 1, 3, 4, 2 >, 1), ...}
labelG(G) = {(0, < 1, 3, 4, 2 >, 1), (1, < 1, 3, 4, 2 >, 2), (1, < 1, 4, 4, 1 >, 1), ...}
labelG(H) = {(0, < 1, 4, 5, 0 >, 1), (1, < 1, 3, 4, 2 >, 2), (1, < 1, 4, 4, 1 >, 2), ...}
labelG(I) = {(0, < 1, 3, 4, 2 >, 1), (1, < 1, 3, 3, 3 >, 1), (1, < 1, 3, 4, 2 >, 1), ...}
labelG(J) = {(0, < 1, 3, 3, 3 >, 1), (1, < 1, 3, 4, 2 >, 2), (1, < 1, 4, 4, 1 >, 1), ...}

ÿ Ê\.1Ï>*V:3:;Ñ9<�*V:3:­È-2)8/.j03Ê52),s7-Ì
G
?+*xÈ92uÉA0��O258j254X.�:B*V(�25:B,5Ô ÿ ,�*ðÊ�794+,12	�XÏA254>Ê�2-<OÌÍ798�*V4'Ñ

gipÊ�7-4>,`.j8j*-0;4X.M(>25.`Ò@2)254
G
*-4+É"*-4A7V.j?A258MÎ98j*-ÇA?

G′
<§:B*V(�25:;Ó�ä+:;.12)81034AÎuÒ�03:;:o*-:;:37�Ò 7-4+2}2)0g.j?A258

.17»ÉA2�.12UÊ\.²*V4æ034+Ê57-4+,103,/.12)4+Ê�ÑòÛé0gÌz,17-Ëu2":3*-(>2):@7-Ì
G
03,«4A7-.�034

G′
Ý\<�7-8�.17»812UÉ§Ï+Ê52ª.1?+2

É§7-Ë²*V03467-ÌG2)*9Êc?6È�*V8j03*-(A:;2�.17�*",1034AÎ-:32�.j7-4·,17ª.j?+*�.sÎ-:37-(+*-:!Ê57-4+,10B,`.j254+Ê5Ñ�Ê)*V4»(>2«2)*9,/03:;Ñ
Êc?A2)ÊcÕ92)É�Ô




z4".j?A0B,�2�ïA*VËuÇA:32-<+Ò@2�Ê)*V4ðÊ�79Ë«Ç>*V8j2}:B*V(�25:;ÓIÊ�7-4>,/0B,`.j254+Ê5Ñw7-Ì�*
gip
Ê57-4+,/.18c*V034X.$Ò�0g.j?

*V8cÊ"Ê57-4+,103,/.12)4+Ê�Ñ
7-Ì$.1?+2»=M%'Ù ÉA2�ä+4A2UÉå034´,/2UÊ\.1037-4´ø§Ô 	�2�.²Ï+,uÉ§2�ä>4A2ð*V4A7-.1?A2)8«Î98j*-ÇA?
G′ = (V ′, E′)

.j?+*�.�0B,�0B,/79Ëu7-8jÇA?A0BÊ�.j7ð.1?+2ªÎ-8c*VÇA?
G = (V, E)

7-Ì 
�03Î+ÔGù-<�*-4+Éþ,/Ï+Êc?
.1?+*V.�2U*-Êc?ªÈ92581.12�ï

u ∈ V
03,�8j254+*-Ë«2UÉ²0349.j7

u′
0;4

G′
Ô 	�2�.�Ï+,�Ê�7-4>,/0BÉ§258@.1?+2�=M%§ÙåÒ�?A0BÊc?

Ë«7§É§2):;0 _52U,M.1?+2�ÇA8j7-(A:325Ë�7VÌ!ä+4+É§034AÎw*-4ð03,17-Ëu7981ÇA?+03,1ËØ(�2�.`Ò�25254�.j?A2),12s.`Ò�7²Î-8c*VÇA?+,)<+*9,
É§2�ä+4+2)É�0;4«,/2UÊ\.1037-4uø§Ô 
A798�.j?A0B,G=M%'Ù�<x.1?A2�É§79Ëu*-0;4

D(xu)
7-Ì+2)*9Êc?�È�*V8j03*-(A:32

xu

Ê57-4X.j*-0;4>,
25È-2)81ÑwÈ-2581.125ï

u′ ∈ V ′
,1Ï+Êc?�.1?>*�.

u
*-4+É

u′
?+*xÈ-2�*²,j*VËu2�4'ÏAË�(>2)8$7VÌ¬034+Ê�0BÉ§2)49.z2)É§Î92),)<

,/7«.1?>*�. K

D(xA) = D(xD) = D(xF ) = D(xH ) = {A′, D′, F ′, G′}

D(xB) = D(xC) = D(xE) = D(xG) = D(xI ) = D(xJ ) = {B′, C ′, E′, G′, I ′, J ′}

×M?A03,�=M%'Ù *-:;8j2)*9É§Ñ�03,s*V8cÊ�Ê57-4+,10B,`.j254X.s,17".1?+*V.�*-4 ÿ =GÓFä+:;.1258j034AÎ"Ò�03:3:!4+7V.�812UÉ§Ï+Ê52«*-4XÑ
É§7-Ë²*V034oÔ � 7-.12�*-:3,17².1?>*�.)<�7-46.1?A0B,°25ïA*VËuÇA:32-<O*-ÉAÉ§034AÎw*-4 áVN N ��ç � Ê�7-4>,`.j8j*-0;4X.°É§7'2),z4A7-.
*V:3:;7�Òò.j7uä+:;.1258�Ëu79812�É§79Ëu*-0;4>,5Ô

�>��� � �V�0�E��UC� �	

��UXST�C��W	� �V��

�O�	W

	�*V(�25:;ÓFä+:g.j258j0;4+ÎRÉ§7'2U,�4+7V.²*V:3Ò�*xÑ§,�812UÉ§Ï+Ê�2�25È9258jÑ
É§7-Ë²*V034æ.j7R*R,10;4AÎ9:;25.1794 ,17·.j?+*�.²0;.
Ëu*xÑ�(�2u4A2)Ê52),j,1*-81Ñ".17�2�ï§ÇA:37-8j2�.j?A2«,12)*-8jÊc?»,/Ç+*9Ê�29Ô 	�2�.�Ï+,sÊ�794+,/0BÉ§2)8°ÌÍ798z25ï§*-ËuÇA:;2�.1?+2
Î-8c*VÇA?þÉ§0B,/ÇA:B*xÑ-2UÉ6034 
�03Î+Ô!ø§Ôo×M?A0B,sÎ-8c*VÇA?R?+*9,sËu*-4'Ñ·,/Ñ'Ëu2�.j81032),²Ûé0g.�0B,�0B,/79Ëu7-8jÇA?A0BÊ�.j7
*V4'Ñ�Î98j*-ÇA?u7-(§.c*V034A2)Éu('Ñ�*�Ê�038jÊ5ÏA:3*-8¬Ç>2)81Ë�Ï§.j*V.1037-4²7-ÌO0;.j,GÈ-2)8/.j03Ê52),cÝ\<-,17s.1?+*V.�*-:;:AÈ92581.10BÊ�2U,
*V8j2�*9,1,17§Ê�0B*�.12UÉ�Ò�0;.1?²*},1*-Ë«2�,12	�XÏA2)4+Ê�2M*V4+É«*s,1*-Ëu2�:B*V(�25:FÔ�ÖI4�.1?A0B,­Ê5*9,/29<x:3*-(>2):gÓFä+:;.1258j034AÎ
É§7'2),M4A7-.$4+*V8j817�Ò *-4'ÑwÉ§7-Ë²*-0;4oÔ

11

44

66

55

22

33

�������	��

�������������
u ∈ V �

#∆G(u) = < 1, 2, 2, 1 >
�����

labelG(u) = { (0, < 1, 2, 2, 1 >, 1),
(1, < 1, 2, 2, 1 >, 2),
(2, < 1, 2, 2, 1 >, 2),
(3, < 1, 2, 2, 1 >, 1)}

����� ��!"� #$
&%'��
&(�)*�+�-,��
��.��
G = (V, E)

�����/�����������/0��&12(3�&��
��&04�����5)*��67�&)80

9;:"<�=?>�@BAC<�>*DFEG>IH�<�J�K�="L5M7N�<�OP="NBH-J�<�M7QCR+<SH�:"<TM7NBUV@2K�=WNBXY<�@BR&:[Z�@BJ�K\@2AG>I<]H�N^@/O
K�="L3>I<�D
H�NB=`_BNB=G<S:G@BOaH�Nb<�c�dG>IN3J�<eH�:"<fO�<�@2J&R&:VO
dC@BR+<SR�NBU�d N3O�<�M^N2XY@2>�>Gd N3O�O�KIA">�<f@3O�O�KIL3="U�<�=�H�OgA�h
R+NB=CO�H�J�QGR+H�K�="L[@?O
<i@2J&R&:?H�J�<�<Bjlk-Hm<i@BR&:n="N7M7</N2XaH�:GK�OoO
<i@2J&R&:pH�J�<�<3_GH�:"</M7N3UV@2K�=nN2X�NB=G<
Z�@BJ�K\@2AG>I<qK\OfO�d">�K*H�H�<�MpK�=�H�N[O�UV@2>�>I<�JSdG@BJ
H&O�_ @2=GM?H�:G<�=nEG>IH�<�J�K�="L�H�<�R&:"="K\R�Om@2J�<b@2d"dG>IK�<�MrH�N
=G@2J�J�Nts$Z�@BJ�K\@2AG>I<]M7N3U�@BKI=COgs]K*H�:^J�<�O�d <�R	HaH�NbO
N3U�<->�N7R�@B>GR+N3=GO
K\O
H�<�=CR+K�<�O�j2ue:"<�O�<-EG>*H�<�J�KI=GL
H�<�R&:G="K�R�O^K*H�<�J&@tH�K�ZB<�>IhvQCO
<pR+N3=GO�H�J�@BKI=�H&ObH�Nwd"J�NBdC@2L3@2H�<[H�:"<nM7N3U�@BKI=xJ�<iM7QGR+H�K�NB=$NBXfNB=G<
Z�@BJ�K\@2AG>I<VH�NwNBH�:"<�J5Zt@2J�K\@2A">�<?M7N3UV@2K�=GObQ"=�H�KI>e<�KIH�:G<�J�@yM7N3U�@BKI=$AC<iR+NBU�<iO5<�U^d"H�h{z|H�:"<



4A7§É§2wÊ5*-4þ(>2�Ê�Ï§.\Ý\<�798�*�äAï§2UÉ'ÓFÇ�7-034X.�03,�812U*-Êc?A2UÉ´Ûé*ð,17-:3Ï§.1037-4
0B,�ÌÍ79ÏA4+Éþ7-8�.1?A2ª4+7'ÉA2
Ë�Ï+,/.$(>2�,1ÇA:30g.1.12UÉ+Ý\Ô
×�7�ÇA8179Ç+*VÎX*�.j2$.1?+2}É§79Ë²*V034w8j2)É§Ï+Ê�.1037-4+,@03Ë«Ç+:;032)É"('Ñª*

gip
Ê�794+,`.j8j*-0;4X.U<X*�ä+8c,`.MÇ>7X,`Ó

,/03(A03:;0;.`Ñ»0B,s.j76Ï+,12u.1?A2w,12�.�7VÌ
Cedge

Ê57-4+,/.18c*V034X.j,�*9,�É§2�ä>4A2)Éþ034
,/2UÊ\.1037-4åøAÔ�ý$7�Ò�25È9258U<
Ò@2²Ê5*-46.c*VÕ-2u*-ÉAÈx*-4X.j*VÎ92�7-Ì@8j2),1ÏA:;.j,}7-(§.c*V034A2)É»Ò�?A03:;2²*9Êc?A0;2)È'0;4AÎ":3*-(>2):gÓIÊ�794+,103,/.12)4+Ê�Ñ�.j7
É§2�ä+4+2-YI.j0;Î9?9.j2585\}Ê�794+,/.18c*V0349.c,5Ô [�Ñ².j0;Î9?9.j258U<§Ò@2sËu2)*-4w.j?+*�.$2U*-Êc?�Ê�7-4>,`.j8j*-0;4X.M03,$ÉA2�ä+4A2UÉ
(XÑª*«,1Ëu*-:;:3258�Ûé7-8M2	�XÏ+*-:BÝG4'ÏAË�(�258M7VÌ!*V:3:;7�Ò�2)ÉªÊ57-ÏAÇ+:;2U,@7-Ì�È�*V:3ÏA2U,�,17�.1?+*V.�ÇA8j7-Ç>*VÎ9*V.1034AÎ
.1?A2)ËµË²*xÑª4+*-818j7�Ò É§7-Ë²*-0;4+,MËu79812�,/.18j7-4AÎ9:;Ñ9Ô
×M?A2°0BÉ§2)*�03,G.17«Ê�7-4>,`.j8j*-0;4²2U*-Êc?²Ç+*-0;8@7VÌoÈ�*V8j03*-(A:32),

(xu, xv)
*9,1,17§Ê�0B*�.12UÉuÒ�0g.j?w*�Ç>*V038

7VÌ�È-2)8/.j03Ê52),
(u, v)

7-Ì�.j?A2²ä+8c,/.�Î-8c*VÇA?».176.j*VÕ92u.1?A2)0;8�È�*V:3ÏA2),�Ò�0;.1?+0;4
.j?A2w,12�.�7-Ì�Ç+*V038j,
7VÌGÈ92581.10BÊ�2),

(u′, v′)
7VÌ­.j?A2u,/2UÊ�7-4>É6Î-8c*VÇ+?6,/Ï+Êc?·.1?+*V.z.j?A2uÉ§03,/.j*-4+Ê�2«(�2�.`Ò�25254

u
*-4+É

v03,«2	�XÏ+*-:�.17».1?A2ðÉ§0B,`.c*V4+Ê52"(�2�.`Ò�252)4
u′
*V4+É

v′
Ô�ÖI4+É§2)2)É�<­×M?+257-8j25Ë ù�ÇA8j7�È-2),�.1?>*�.²*

(A0 Ð`2UÊ\.j0;È92sÌÍÏA4+Ê\.j0;794ð(>25.`Ò@2)254".`Ò@7²Î98j*-ÇA?+,�0B,$*V4�0B,/79Ë«7981Ç+?A03,1Ë ÌÍÏA4+Ê�.1037-4ð0;Ì�*-4+É�7-4A:3Ñw0;Ì
.1?A0B,�ÌÍÏA4+Ê\.j0;794�Ç+812U,/2)81È92),O.j?A2�É§03,/.j*-4+Ê�2U,�(�2�.`Ò�252)4�2)È-258jÑ}Ç+*V038�7-Ì+È-2)8/.j03Ê52),�0;4�2)*9Êc?�Î-8c*VÇA?�Ô
×M?A258j2�ÌÍ798129<�.1?A2°Î-:37-(+*-:AÊ�7-4>,`.j8j*-0;4X.

gip(V, E, V ′, E′, L)
03,@,/2)Ëu*-4X.10BÊ5*V:3:3Ñ�2	�XÏA03È�*V:3254X.¬.17

*�,12�.@7-Ì�Y/ÉA03,/.j*-4+Ê�2 \$Ê57-4+,/.18c*V034X.j,@É§2�ä+4+2)Éª*9,¬ÌÍ7-:3:37�Ò$, K9ÌÍ7-8�*V:3:
((xu, u), (xv , v)) ∈ L×L,/Ï+Êc?".1?>*�.

u 6= v
<

Cdistance(xu, xv) = {(u′, v′) ∈ V ′ × V ′ | δ(V,E)(u, v) = δ(V ′,E′)(u
′, v′)}


z4A2�Ê)*V4·2U*-,10;:3Ñ6,1?A7�Ò .1?+*V.}2U*-Êc?»(A0;4>*V8jÑ�Ê57-4+,/.18c*V034X.
Cdistance(xu, xv)

0B,z.103Î-?X.12)8
.1?+*-4æÛÍ7-8z2	�XÏ+*-:o.17'ÝM.j?A2�Ê�79818j2),1Ç�7-4+É§034AÎ²(A034+*-81Ñ�Ê�7-4>,`.j8j*-0;4X.

Cedge(xu, xv)
É§2�ä+4+2)Éð034

,/2UÊ\.1037-4ðø K


 0gÌ�.j?A2°È92581.10BÊ�2U,¬7VÌ G *-,j,17'Ê503*V.12UÉ�Ò�0;.1?ª.1?A2$È�*-810B*V(A:32), xu

*V4+É
xv

*V8j2$Ê�7-4+4A2)Ê�.12)Éu('Ñ
*V4�2)É§Î92�0;4

G
<§.j?A254

Cdistance(xu, xv) = Cedge(xu, xv) = E′
<


 7V.j?A258jÒ�03,12-< Cdistance(xu, xv) ⊆ Cedge(xu, xv)
*9,

Cedge(xu, xv)
Ê57-4X.j*-0;4+,ð*-:;:

Ç+*V038c,M7VÌ�È-2581.10BÊ�2U,M7VÌ
G′
.j?+*�.z*-812s4A7-.°Ê�794A4A2)Ê�.12UÉ"('Ñ�*V4�2)É§Î92�Ò�?A258j2)*9,

Cdistance

Ó
(xu, xv)

7-4A:3Ñ�Ê57-4X.j*-0;4>,�.1?+2�Ç+*-0;8c,$7-Ì­È-2581.10BÊ�2U,�7VÌ
G′
,1Ï+Êc?ð.1?>*�.$.j?A2«ÉA03,/.j*-4+Ê�2�(�2�Ó

.`Ò@2)254å.1?A2)Ë 03,«2��9Ï>*V:�.17».1?A2ðÉ§0B,/.j*V4>Ê�2�(>25.`Ò@2)254æ.j?A2�È-2581.10BÊ�2U,«7VÌ
G
*9,1,17§Ê�0B*�.j2)É

Ò�0g.j?
xu

*-4+É
xv

Ô
ÿ ,s*"Ê57-4+,12	�XÏA2)4+Ê�29<OÇA8179Ç+*VÎ90;4+Îw*

Cdistance

Ê57-4+,/.18c*V034X.zÒ�03:;:¬*-:;ÒM*xÑ§,°8j25Ëu7�È-2�*�.s:;2U*-,/.
*-,�Ë²*V4'Ñ»Èx*-:;Ï+2),�*9,�ÇA8j7-Ç+*-Î-034AÎ�.1?A2wÊ57-8j812U,/Ç�7-4>É§0;4+Î

Cedge

Ê�794+,/.18c*V0349.U<o*V4+Éþ034æ,17-Ëu2
Ê5*-,12),�0;.$Ò�0;:3:o8j25Ëu7�È-2}Ëu7-8j2sÈx*-:;Ï+2),)Ô


A7-8�25ïA*VËuÇA:32-<§:32�.$Ï+,�Ê57-4+,103ÉA258M.1?+2�Î-8c*VÇA?
G
7-Ì 
!03Î+Ô>ø«*V4>É":32�.$Ï>,�É§2�ä+4+2�*V4A7-.1?A258

Î-8c*VÇA?
G′ = (V ′, E′)

.1?+*V.�03,}0B,/79Ë«7981Ç+?A03Ê�.17
G
*-4+É·,1Ï+Êc?·.1?+*V.s2U*-Êc?»È-2581.125ï

u ∈ V03,s8j254+*-Ëu2)É6034X.17
u′
0;4

G′
Ô�ñ»2²4A7-.12

xu

.1?A2uÈ�*V8j03*-(A:32«*9,1,17§Ê�0B*�.12UÉ6Ò�0;.1?þ2)*9Êc?·È92581.12�ï
u ∈ V

Ô§×M?A2z2UÉ§Î-2sÊ�794+,/.18c*V0349.�(>25.`Ò@2)254
x1
*V4+É

x4
Ê�794X.j*V034+,@25È9258jÑ«Ç>*V038@7-Ì�È-2)8/.j03Ê52),@7VÌ

G′
.1?+*V.°*V8j2s4A7V.$Ê�794A4A2UÊ\.12UÉ�(XÑ"*V4�2)É§Î92-<�çéè¨êUè3<

Cedge(x1, x4) = { (1′, 3′), (1′, 4′), (1′, 5′), (2′, 4′), (2′, 5′), (2′, 6′),
(3′, 5′), (3′, 6′), (3′, 1′), (4′, 6′), (4′, 1′), (4′, 2′),
(5′, 1′), (5′, 2′), (5′, 3′), (6′, 2′), (6′, 3′), (6′, 4′)}

Ò�?A258j2)*9,o.j?A2�É§03,/.j*-4+Ê�2MÊ�794+,/.18c*V0349.!(>25.`Ò@2)254
x1
*V4>É

x4
794A:;Ñ�Ê57-4X.j*-0;4>,�Ç+*-0;8c,!7VÌ+È92581.10BÊ�2U,

7VÌ
G′
.1?>*�.z*-812�*�.°*²ÉA03,/.j*-4+Ê�2�7-Ì

3
794A2sÌÍ8j7-Ëµ2U*-Êc?�7V.j?A258°*9,�.1?A2�É§03,/.j*-4+Ê�2�(�2�.`Ò�252)4

1



*V4+É
4
03,

3
<�çéè¨ê)è3<

Cdistance(x1, x4) = {(1′, 4′), (2′, 5′), (3′, 6′), (4′, 1′), (5′, 2′), (6′, 3′)}

ÿ ,M.j?A2�É§0B,`.c*V4+Ê52sÊ57-4+,/.18c*V034X.�(�2�.`Ò�252)4
x1
*V4>É

x4
03,�.j0;Î9?X.1258M.j?+*V4�.j?A2�Ê�79818j2),1Ç>794+É§034AÎ

2)É§Î92}Ê57-4+,/.18c*V034X.)<X0g.$Ê5*-4"Ç+8179Ç+*VÎX*�.12°Ë«79812sÉ§79Ëu*-0;4"812UÉ§Ï+Ê�.1037-4+,)Ô�
A7-8M25ï§*-ËuÇA:;29<'0gÌ
x1
03,

*-,j,/03Î-4A2UÉ6.j7
1′
<�*�ÌÍ7981ÒM*V8cÉ'ÓIÊc?A2)ÊcÕ'034AÎ"Ç+8179Ç+*VÎX*�.1037-4»7VÌ

Cdistance(x1, x4)
812UÉ§Ï+Ê�2U,s.1?+2

É§7-Ë²*V03467-Ì
x4
.17w.1?A2u,10;4AÎ9:;25.1794

{4′}
<>Ò�?A2)812U*-,}*²ÌÍ7981ÒM*V8cÉ'ÓIÊc?A2)ÊcÕ'034AÎ²ÇA8j7-Ç+*-Î9*�.j0;794�7VÌ

Cedge(x1, x4)
794A:;Ñ 812UÉ§Ï+Ê52),«.1?+2·É§7-Ë²*-0;4´7VÌ

x4
.17

{3′, 4′, 5′}
<¬.j?+*�.ª0B,)<¬.1?A2»,/25.ª7VÌ

È-2581.10BÊ�2U,@.1?+*V.°*V8j2}4+7V.$Ê�794A4A2)Ê�.12UÉw.j7
1′
('Ñw*-4"2UÉ§Î-29Ô

ÿ :B,/7><x*VÌ¨.12)8�.j?A2�,/Ï+ÇAÇA8j2),j,/037-4�7VÌ+È�*V:3ÏA2
1′
ÌÍ8j7-Ë .j?A2�É§7-Ë²*V034«7VÌ

x1
<V*-4 ÿ =þÇ+8179Ç+*VÎX*�Ó

.1037-4ª7-Ì
Cdistance(x1, x4)
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G′ = (V ′, E′)
0;Ì°.j?A258j2�2�ï§03,/.j,u*R,/Ï+(AÎ-8c*VÇA?

G′′ ⊆ G′

.1?+*V.s0B,s0B,/79Ë«7981Ç+?A03Ê�.17
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<
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d = n
Ô�ý$2)4+Ê�29<�.1?A2þÊ�79Ë«Ç+:;25ï'0;.`Ñ
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2�üªÊ�03254+Ê5Ñæ7VÌz.1?A2�ä+:;.12)81034AÎ><­*V4+É 2�ï§Ç�258j0;Ëu254X.c,«,1?A79ÏA:3É (�2ðÇ>2)8/ÌÍ7981Ëu2)Éæ.17
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